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The equilibrium thermodynamics of a one-dimensional system of bosons with repulsive delta-function
interaction is shown to be derivable from the solution of a simple integral equation. The excitation

spectrum at any temperature 7 is also found.

1. INTRODUCTION

The ground-state energy of a system of N bosons
with repulsive delta-function interaction in one di-
mension with periodic boundary condition was calcu-
lated by Lieb and Liniger.! The Hamiltonian for the
system is

N a2
H=-2——+230dx—x), ¢>0, (1)
1 8x,- >3
and the periodic box has length L. Using Bethe’s
hypothesis? they showed that the k’s in the hypothesis
satisfy

(—1)¥ exp (—ikL) = exp I:i 3 6k — k)], )
where ’

0(k) = =2 tan~! (kfc), —m <O <m  (3)

Taking the logarithm of (2) is a somewhat subtle
process. In this paper we shall first discuss this point
and show that all states of (1) are given by Bethe’s
hypothesis with real k’s. The main purpose of the
paper is to then evaluate the thermodynamical
properties of the system at a finite temperature 7.

While we try to maintain mathematical rigor in the
rest of the paper, it is to be emphasized that Secs. I1I
and IV are far from rigorous.

Ti. PROOF OF BETHE’S HYPOTHESIS
FOR ALL STATES

We first take the logarithm of (2):

kL = 2=, + > 0(k — k'), “®
where *
I, = integer, if N = odd,
I, + % = integer, if N = even. (5)

* Partially supported by NSF Grant GP8731.
1E. Lieb and W. Liniger, Phys. Rev. 130, 1605 (1963).
2 H. A. Bethe, Z. Physik 71, 205 (1931).

Now, for any set of real I's, Iy, I, - * + , Iy, Eq. (4)
has a unique real solution for the &’s, ky, ky, + * , k.
The proof of this statement (similar to but simpler
than the proof of a corresponding statement® for the
Heisenberg-Ising problem) follows. Let

6,(k) =J;k9(k) dk.

Define
N N
B(ky, ", ky) = lLEk? - 2"2’;’":‘
1

- %%91(’% — kg). (6)

Equation (4) is the condition for the extrema of B.
Now the second-derivative matrix B, of B is positive-
definite. [The first sum in (6) contributes a positive-
definite part to B,. The second sum contributes
nothing. Each term in the third sum is negative-
semidefinite, since 07(k) = ¢'(k) < 0.] Furthermore
for large values of Y k2, B— }L(3 k?). Thus, B has
one and only one extremum, namely, a minimum.

It is further clear from this argument that the
solution above represents a point S in k space which
moves continuously as ¢! is changed. [In fact,
dk;[d(c™*) can be computed.] Now when ¢! =0,
6; = 0 and the minimum of B occurs at

, = 2al,L. 7

Now the problem with ¢! = 0 is the problem of
free particles with the condition that y = 0 whenever
x; = x; (any i 5 j). All eigenfunctions of H for this
problem are easily seen to be the same as that of free
fermions in the segment 0 < x; < X, < X3 <+ K
xy < L. Thus, when ¢! = 0, all eigenfunctions are
of Bethe’s form, with the £’s given by (7) and with all
the I’s different.

3 C. N. Yang and C. P. Yang, Phys. Rev. 150, 321 (1966).
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By a continuity argument with respect to ¢~ we ob-
tain the following:

Theorem: For any set of I’s satisfying (5), no two
of which are identical, there is a unique set of real
k’s satisfying (4), with no two k’s being identical.
With this set of k’s, one eigenfunction of H, of Bethe’s
form, can be constructed. The totality of such eigen-
functions form a complete set for the boson system.

The numbers I are quantum numbers for the problem.

III. ENERGY AND ENTROPY FOR A SYSTEM
WITH N =

We now consider the problem for N = o and L =
oo at a fixed density D = N/L. For the ground state,
the quantum numbers I/L form' a uniform lattice
between —D/2 and D/2. The k’s then form! a non-
uniform distribution between a maximum k and a
minimum k. For an excited state, (5) shows that the
quantum numbers I/L are still on the same lattice,
but not all lattice sites are taken, and the limits
— D[2 and D/2 are no longer respected. We shall call
the omitted lattice sites J,/L. We would want to define
corresponding “omitted k£ values’ to be called holes.
This can be easily done: Given the I’s, Eq. (4) defines
the set of k’s as proved in the last section. Now,

Lh(p) = pL — %O(P — k) (®)

is a continuous monotonic function of p. At p = 4 oo,
it is equal to + co. Those values of p where Li(p) =
2wl are k’s. Those values of p where Lh(p) = 27J
will be defined as holes.
For a large system, there is thus a density distribu-

tion of holes as well as one of k’s:

Lp(k) dk = No. of k’s in dk,

Lp, (k) dk = No. of holes in dk. )

By definition, the number of k’s and holes in the
interval dk is the number of times Lh(k) ranges over
values 277 and 27J in this interval.

Thus,

dh(k)
dk

Equation (8) gives
h(k) =k —fme(k — K)p(k’) dK'. (10b)

= 27(p + py) = 2af (k). (10a)

Differentiation with respect to k gives

® k') dk
2af = 27(p + )=1+2cf L——
af Pr e+ (k— k)

(11)
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The energy per particle for the state is

@0

E/N = D™ f p(k)k? dk,

(12)

where

(13)

D= N/L =f°° p(k) dk.

The entropy of the ‘“state’ is not zero since the
existence of the omitted quantum numbers J; allows
many wavefunctions of approximately the same
energy to be described by the same p and p, . In fact,
for given p and p,, the total number of k’s and holes
in dk is L(p + p;) dk, of which Lp dk are k’s and
Lp,, dk are holes. Thus the number of possible choices
of states in dk consistent with given p and p, is

[L(p + py) dk]!
[Lp dk]! [Lp, dk]!"

The logarithm of this gives the contribution to the
entropy from dk. Thus, the total entropy is, putting
the Boltzman constant equal to 1,

S =3 {(Lpdk + Lp, dk) In(p + p,)
— LpdklInp — Lp, dkIn p,}

or

siv = o

—00

o)

[(p + p) In(p + p;)
—plnp—p,Inpldk. (14)

IV. THERMAL EQUILIBRIUM

At temperature 7, we should maximize the contri-
bution to the partition function from the states
described by p and p,. In other words, given p, p,
is defined by (11). One then computes the contribution
to the partition function

exp (S — ET™Y), (14)
where § and E are given by (14) and (12). The equi-
librium p is then obtained by maximizing this contri-
bution when p is varied subject to the condition (13).

The above described procedure leads in a straight-
forward manner to the following condition on the
equilibrium p:

—A+ K+ The
Pn
Y dq

94, ( ﬁ):o,
mJ-o c® + (k — ¢)° (+

P

where A is a Lagrange multiplier for the condition (13).
Writing

palp = exp [e(k)/T], (15)
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we have

- e _Te[® __ dg
e(ky=—A+k iy e "
x In {1 + exp [—e(g)/T1}. (16)

Equation (11) becomes

2af(k) = 2mp(k){1 + exp [e(k)/T]}

SN . (L iy
—w "+ (k—q)

It will be shown in Appendix A that (16) can be solved
for e by iteration. Equation (17) is then a Fredholm
equation for p. It will be shown in Appendix B that p
can be obtained by iteration of (17). The energy,
density D, and entropy can then be obtained from
(12)-(14).

In Appendix C it will be shown that the maximiza-
tion procedure that led to (16) can be more rigorously
treated and that the conclusion of the next section can
then be obtained without much algebra.

(17)

Y. A = CHEMICAL POTENTIAL

We shall now show that 4 is the chemical potential.
Multiply (16) with pD~" and integrate over k to obtain

A= D_lf p(k* — €) dk

—00

+ T f_idq[(zw)—l ~ @]
x In (1 +exp{_—T@})- (18)

In this formula, the square bracket is obtained from
(17). Now use (15) to rewrite (14) as

SIN = D"lf (p+ p)In(l + exp {—¢/T}) dk
+ (DT)_lf pedk. (19)
Thus, the free energy per particle is

FN'=(E—TS)N'= D f (K — ©)p dk

- TD‘IJ (p + p) In[1 + exp(—¢/T)] dk.

(20)

Comparison of (18) and (20) gives, using f = p + p,
FN1=A4 — T(277D)‘1f In [1 + exp (—¢/T)] dk.
21

If we now prove that the last term is —P D! (where
P is the pressure), then this formula demonstrates
that A4 is the chemical potential, since by thermo-
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dynamics
F = —PL 4+ N x (chemical potential).
Now, by (21),

-G

JoL/r
64 TN (= 1 1\ 0e 04

=—-N—=4+-—1| d - )==
oL + 2D ) 1] + e‘/T( T)aA oL
T

+—| dkln(l 4 7,
T J~w
where ¢ is considered a function of 4 defined by (16).
Differentiating (16) with respect to 4, we obtain

(ae) c fw dg (Gef0A)
l=—|—=})+- .
0A 7w+ (k — q)* 1 + &7
(23)
Comparing this equation with (17) we conclude,

by the uniqueness of the solution of (17) (see Ap-
pendix B),

_ O _ af (k) = €k)/T
oq = 20 = 2mplk)(1 + €.

The first two terms in the ¢xpression (22) for P now
cancel each other by (24) and (13). Thus,

(24)

_T f dkIn (1 + <®/Ty, (25)
27T -0

This proves the assertion that A is the chemical
potential.

We shall prove in Appendix D that P(4, T) is
analytic in 4 and T. To recapitulate: ¢ is defined by
(16) once 4 and T are given. Equation (25), then,
gives P as a function of 4 and T. The other thermo-
dynamical quantities are obtainable from the thermo-
dynamical relation

dP = (S/L) dT + (N/L) dA. (26)

If one wants to compute p, one uses either (17) or (24).

VI. SPECIAL CASES
A.c=o»

The integrals in (16) and (17) do not contribute.
Thus,

e=—A+ K
2mp = z exp (—k¥YT)1 + zexp (—k¥ T,

2mp, = [L + z exp (—K*T)] ™, X))

P = T(27r)_1’. dkIn [1 + z exp (—Kk¥/T)],
where o
z = fugacity = exp (4/T).
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These equations are those for a free Fermi gas, a
result that is anticipated, as discussed in Sec. IL.

B.c=0
Asc—0,
c(c® + xH) — 7 (x).

Thus, (16) gives
e=—A+k*—Tln[l 4+ exp (— €/T)]

(28)

or
exp (—e/T) = [z exp (K*T) — 1172,

where we have used the fugacity defined in (27).
Equation (25) now becomes

P= —T(21r)‘lf00 dikIn [l — zexp (—Kk¥T)]. (29)

Equations (28) and (17) give
2mp, = 1,
27p = exp (—e/T) = [z exp (K*T) — 1172 (30)

Equations (29) and (30) are precisely the corresponding
expressions for a free Bose gas, as they should be.

C.T=0

This is the case solved! by Lieb and Liniger.

It will be shown in Appendix A that e(k) is a
monotonically increasing function of k2. At T =0
assume the function to have a zero at k*> = ¢ so that

e(k) <0, k*<gqs,

(k) >0, k"> q3, (1)
e(gq,) = 0.
Equation (15) gives
p=0, for k*> q2,
on=0, for k*®<gq?. (32)
Equations (16) and (17) become
(k)= —Aa+kr4 S| Dde g
e+ (k — q)
© _ plg)dq

2np =1+ 2cf for k* < q2.

e+ (k — )
(34)
Equation (34) is the equation! of Lieb and Liniger.
Equation (33) will be useful in the next section.
VII. EXCITATION
Consider a state .S, with I’s and k’s satisfying

k;L =2ml; + 3 0(k; — k), (35)

C. N. YANG AND C. P. YANG

and a state S’, with primed I’s and k’s satisfying

k;L = 2nl; + z b(k; — k). (36)
We consider the case where
I =1;, except when j = a. 37

[Notice that I}, I,, - - - , I}, may not be a monotonic-

ally increasing series, since /, may be any integer for

N = odd and any integer +4 for N = even.]
Subtract (35) from (36) to obtain

(kj = k)L = 3 [0(kj — ki) — 0(k; — k). (38)
We now assume that, for all j # «, k; and k; are
approximately the same. This is the same assumption

as used by Lieb? for the excitations near the ground
state (i.e., T = 0). We write

(k; — k)L = y(ky), j#
Thus, we expand those terms in (38) for which i # «:

z(kj) =.§ 6'(k; — k)x(k,) — x(k)IL™*

00— k) ~ 00, — k) (39)
or
20 = [0k = )0 = x(aola) da
+ 0(k — k) — 0(k — k,). (40)

Now we differentiate (10b) and use it to evaluate the
coefficient of y(k) in (40). Writing

SR x(k) = g(k), 41)
we thus obtain
2mg() = = [0k — )5(0)
X [1 + exp {+e(q)/T}I " dgq
+ 0(k — ky) — 0(k — k,) (42)

or, explicitly,

" =5f°° g(q) dg
B0 = T (k= 9l + oxp @) T]

+ 1 tan (k= ket =L tant (k, = ke
ki w
(43)

This is a Fredholm integral equation which we shall
write in operator form

g=Kg+0G.

The momentum difference and energy difference

(44)

4 E. Lieb, Phys. Rev. 130, 1616 (1963).
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between the two states are
AK =S — k) = ki = ke + [ iop i 49)
and
AE = Z(k’f — ki) =k — k2 +fwx(k)2kp(k) dk.
J - (46)
We shall prove in Appendix E the following:

Theorem: The momentum difference and energy
difference® between the two states are

AK = h(ky)y — h(k,) (47)
and
AE = ¢,(k;) — €4(k,), (48)
where
e=¢+ A (49)

and A is an odd function of k defined by (10a). These
equations are accurate to the order N°, not just N
(Notice that in evaluating the thermodynamical
quantities, . such as the energy, we only maintain
accuracy up to the order N1.)

VIII. DISCUSSIONS

(A) It is easy to prove that, for a finite number of
simultaneous excitations,

AK = 3 h(k)) — 3 h(k,),

AE =3 ey(k;) — 2 eol(ky).

[ 4 a

(50)
(51)

Thus it is tempting to regard h(k,) and ¢y(k,) as the
momentum and energy of an elementary excitation.

To be more precise, we consider a system of non-
interacting fermions with its single-particle states
labeled by k. The momentum and energy of a single-
particle state k are taken to be h(k) and €,(k), respec-
tively. The number of single-particle states in the &
interval dk is f(k) dk. Such a system of particles wilt
be called a model system M. At a fixed fugacity z,
the model system has an average number of particles
in the state k given by

ze /T[] 4 ze /T~ (52)

so that the number of particles in the interval dk is
fdk times (52),which is also the same quantity in the
true system. The model system M and the true system
then have the same excitation spectra at T, provided

5In the limit 7— 0, the energy and momentum spectra are
reducible to very simple expressions, using (31)—(34). These spectra
have been obtained by Licb in Ref. 4. Reduction to such simple
equations as (33) is new.
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only a finite number of excitations are made from
thermal equilibrium. (Notice that the definition of
the system M depends on 4, €, and f.)

(B) The excitation k, — k, discussed in Sec. VII
occurs with an excitation function which is propor-
tional to a factor dependent on the method of excita-
tion. But, in addition, it is also proportional to the
number of I’s in the interval dI near I, and the number
of vacancies in the interval dI’ near I . Thus, to excite

from (k in dk) to (k' in dk')
there is an intrinsic excitation factor equal to
p(K)pu(k') dk dk’ = p(k)p(k")e™T dk dk’. (53)

APPENDIX A

We want to prove that (16) can be solved by
iteration. Define the right-hand side of (16) as Oe.
Define further

€y = _A + k2,
e, = O¢y, (Al)
€, = Oey, etc.

It is easily seen that

e1(k) > e(k) > e5(k), etc.

Next one can show that €,(k) is bounded from below.
To do this, one proves first by induction that e, — k2
is a nondecreasing function of k2. One then has

Tc(* dq
n OZ—A——f 3
€,41(0) 7w+ gt

X In[1 + exp {—€,(0)T" — ¢g*T™1}].
(A2)

Now define the right-hand side of (A2) as f[e,(0)].
That is,

fx)=—A+x~— Te ,,—dq——zln (5T 4 e=0'IT),
TJ-wC + ¢
(A3)

It is clear from (A3) that f(x) — x is monotonically
decreasing. It has one and only one zero. Call the
Zero x, so that

S(x0) = x,. (A4)
The right-hand side of (A2) shows that
f(x) is monotonically increasing (A35)
and that f(x) < —A. Thus (A4) gives
—A > f(xq) = x,. (A6)
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Equations (A4), (A5), and (A6) show that
€1(0) = —4 > Xo>
€(0) > f1e(0)] > f(xo) = %o,
€3(0) > flex(0)] > f(xo) = xo, ete.
Thus,

€'ﬂ(k) 2 en(o) > Xo- (A7)

Having shown that
lime,(k) = er(k)

exists, one can next prove that the limit €;(k) does
indeed satisfy (16). The main point is to show succes-
sively that (i), for € > x,,

iln(l + Ty > ———C-, where 0 < C < 1,
de T
and (ii) €, — €z, uniformly in k.

APPENDIX B

To show that (17) can be solved by iteration we
construct the symmetrized kernel
mc -4 3
K=——"(1+% ef(q)/T 1+ ee(k)/T -t
el X )

(B1)
If 9 is any normalized function and

o = [1 + ee/T]—iw,
then
7l ®
e+ (k — q)°
LSOO L [1 + /T yty,

y'K'y =0F

where x, was defined in Appendix A. Thus, the eigen-
values of K’ are less than unity and iteration of
(17) converges.

The solution of (17) so obtained evidently satisfies

p>0, p,=pexp[e/T]>0. (B2)

APPENDIX C

(A) We treat the maximization procedure leading
to (16) and (17) more rigorously here, showing that
the solution of (16) and (17) indeed leads to a mini-
mum of the free energy, i.e., a maximum of the
partition function (14').

Consider any p(k). If p(k) > 0 and the p,(k)
defined by (11) is everywhere > 0, we say that p is in
R,. It is clear that if p, and p, are both in R,,then
xp1 + (1 — x)p; for 0 < x <1 is also in R,. Thus
R, is convex.

C. N. YANG AND C. P. YANG

We define X(L, T, 4, p) by

X=LJ~ k2pdk+LTf [plnp + p,1np,

~ o+ pIn(p + pldk — L4 pak. (€D

Consider p = py + xp; where p, and p, are inde-
pendent of x. Assume p to be in R, for a real segment
of x. We can take the derivatives of X with respect
to x in this segment. A straightforward calculation
yields

ax _ prl dk{k2 —A—ek)y—T

dx

x [ B0 (1 + < 4. @
where ¢ is defined by
exp (e/T) = py/p (C3)
and
—1
Blk,q) = ——=C  — B(g, k). (C4
(k, 9) F1h—q) (g. k). (C4)
It is easy to show that
_T—l ai(k) _ p-.l[l + e—e/T]
ox
X {pl — [l + W J B(k, 9)pu(q) dq}. (C5)

Now,

d:x
e f pu dk

_ 9k coy/T\—1 9€(q)
x{ = +fB(k,q)(1+e yres dq}.

(Co)
The double integral in (C6), after the switch k <> g,
can be reduced through the use of (C5), giving
2 2
axX _ T“ILJ [Qe(—k)} p(l)[1 + e*®' T gk > 0.
dx* b
(7))
By (B2), the solution of (16) and (17) gives a p in
R,. By (C2), at that p, dX/dx = 0.
We conclude further, from (C7), that X has a
unique minimum in R, at the p given by (16) and (17).
(B) For given L, T, and A4, we denote the minimum
of X discussed above by Y = Y(L, T, A). Clearly,

oy

Y _Llpak=—n,
94 f”

o _

oT
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by (13) and (14). Further, since Y'is proportional to L,

dY= —NdA — SdT + (Y/L)dL.
Thus,

d(Y + NA) = —SdT + (Y/L)dL 4 A dN.
But Y + NA is the free energy. Thus,

A = chemical potential
and
Y/L = —pressure.

APPENDIX D

Write (16) symbolically in the form
e = WI[A, T, €. (DD

Consider two real numbers A4,, Ty > 0 and let ¢,
be the solution of

e = Wl[A4,, T, ¢]. (D2)

The existence of €; was proved in Appendix A. Now
for complex values of 4 and T in the neighborhood
of Ay, and T, we shall solve (D1) by iteration:

€ = W[A’ T’ €1],
€3 = W[A’ T, 62],
It can be shown that in a sufficiently small complex
neighborhood R, of (4, Ty),e, —> €, a8 n— o,
uniformly in k, T, and A. Since ¢, is analytic in 4 and

T within R, so is €, . It then easily follows that P as
computed from (25) is analytic in 4 and T within R, .

etc.

APPENDIX E
To prove (47) and (48) we define the kernel of (43):
—1
- a— . (ED)
[¢* + (k — q)°][1 + exp e(q)/T]
Equation (43) is then equivalent to

Kk, q) =

(1 - K)g = f “K(k, )1 + exp e(q)/T]dq. (E2)
Let
A+L)1-K =1 (E3)
or
L —-—K=LK. (E4)

Equation (E2) gives

g0 =[ Lk lt + ope@)TIda. (B

Now, the K’ of (Bl) is a symmetrical kernel with a

symmetrical inverse kernel. From that fact we easily

obtain

Lk, 1 + exp (9)/T] = L(g, k)[1 + exp e(k)/T].
(E6)
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Two other useful formulas can be obtained as follows.
Equation (17) can be rewritten as

(1 —-K)/=(@2m™
Operating with | + L on both sides we obtain

f=@nt+en?[ Lead.  ®)

Similarly, differentiation of (16) with respect to k
yields
de de

—=2k+K—.
dk + dk

Thus,

L f L(k, 9)2q dq. (ES)

dk -
Now, by (41),
xp = glll + exp (¢/T)].
Thus, (45) becomes

AK = k; pa— ka +f __..g_(.lﬂk___
- 1 + exp e(k)/T

o ko’
=k —k, +f dkf dqL(k, )
—a0 ka
X [1 + expe(q)/TI[1 + exp e(k)/TT™
o) ka'
=k -k, +f dkf dgL(g, k)
- ka

Ica,
— k= k+ f dq[2nf(q) — 1,
ka

yielding (47). Similarly we derive (48).
APPENDIX F

We shall prove here rigorously that, for the ground
state, the k’s of Sec. II approach a distribution
Lp(k) dk as L — o, N — oo proportionally. By con-
tinuing with respect to ¢! and the theorem of Sec. 11,
we know that for the ground state the I's form a
close-packed set of integers or half-odd integers.
We now define, as in (8),

h(k) =k — LY 6(k — k. (F1)
Clearly, *
dh 2¢ 1
— = — 25— > L F2
dk L§02+(k——k’)2> (F2)

Equation (F1) defines A(k) for all real values of k. At
the successive values of k;, the successive values of
h(k;) are 2ml;/L, by (4). Thus, the successive values
of A form a lattice, with a lattice constant of 27/L,
extending between +(N — 1)7L-1. It is sometimes
convenient to use /# as the variable rather than k.
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k(h) is then a monotonically increasing odd function,
defined for all real 4, and approaches co as 4 — co.
Differentiation of (F1) gives, writing dh/dk = h,,

2c 1
hk)y=1+—3 —————
() + Lkz'cz+(k—-k')2
¢ Na/L 1
=1+~ ~———————dh’ + residue.
+ T J‘-Nﬂ/L 4+ (k— k')

(F3)

The residue is in absolute value less than 4,L, since
the integrand has a bounded derivative. Thus,

hky=1+=%
w
h(k’) dk’' + O(L™),

(F4)
(F5)

Q 1
wl @ —
f—o 4+ (k— k)

Q
2Nw/L = f hy(k') di’.
-Q

C. N. YANG AND C. P. YANG

It is now possible to complete the proof. We first use
h; > 1 to obtain, from (F5),

Q < Nn/L. (F6)

With this fixed bound for Q, the inverse kernel for
the integral equation (F4) is also absolutely bounded
and we obtain

h(k) = 1(k, @) + O(L™), (F7

where 1(k, Q) is the solution of (F4) when O(L™) is
deleted. Integration of (F7) gives

Q

2N#/L = f 1(k, Q) dk + O(L™Y).  (F8)
Q

Thus, for fixed N/L, as L — o, Q approaches a limit

0, given by
2#NJL =fo 1(k, Qo) dk. (F9)
—Qo

The rest is easy.
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For a wide class of potentials, it is shown that N(), the number of bound states (including multiplicity)

of —A + AV, obeys the conditions

A1 < N < B2

for 4 sufficiently large. 4 and B are positive finite numbers. In the centrally symmetric cases, a related
growth condition on /max(4), the largest / channel with bound states, is also obtained, namely,

art < Imax(A) < bAY,

Finally, we discuss analogous results for a larger class of central potentials and for the many-body case.

I. INTRODUCTION

There are a fairly large number of results giving both
lower and upper bounds on the number of bound
states in a given / channel for a central potential.}—8
From these, limits can be developed on the growth of
the number of states in a fixed channel as the strength
of the potential increases. The strongest general result
of this nature has been obtained by Calogero.* If
n,(AV) is the number of bound states (not counting
multiplicity) of angular momentum / for the operator
—A + AV, then Calogero shows that

CM < n(AV) < DA}

for A sufficiently large (4 will always be positive in this
paper) and for a large class of potentials. C and D are,
of course, V- and l-dependent (actually, D can be
chosen independently of /).

For a restricted class of potentials (negative non-
increasing as r — 0), Chadan® has shown that

limn,(AV)/2¥

A0

exists and has a simple form in terms of V.
For some reason, there seem to be almost no
results on the growth of the total number of bound

* This research partially sponsored under Air Force Research and
Development Command contract AF49(638)1545.

+ National Science Foundation pre-doctoral fellow.

1V. Bargmann, Proc. Natl. Acad. Sci. U.S. 38, 961 (1952).

? F. Calogero, Nuovo Cimento 36, 199 (1965).

3 J. Schwinger, Proc. Natl. Acad. Sci. U.S. 47, 122 (1961); F.
Calogero, J. Math. Phys. 6, 161 (1965).

4 F. Calogero, Commun. Math. Phys. 1, 80 (1965).

5 F. Calogero, J. Math. Phys. 6, 1105 (1965); W. Frank, ibid. 8,
466, (1967); G. Ghirardi and A. Rimini, ibid. 6, 40 (1965).

8 K. Chadan, Nuovo Cimento 58A, 191 (1968).

7J. H. E. Cohn, J. London Math. Soc. 40, 523 (1965); 41, 474
(1966).

8 A complete and coherent presentation of Calogero’s results
(Refs. 2-5) can be found in F. Calogero, Variable Phase Approach to
Potential Scattering (Academic Press Inc., New York, 1967).

states (counting multiplicity)
N) =3 Q2 + DnyV).
1=0

In this paper we show that, for a large class of not
necessarily central potentials, there are nonzero
constants 4 and B such that, for sufficiently large
A (Theorems 2, 3, and 6),

A < N(AV) < BA. t))

We also show (Theorems 1 and 5) that the number
of angular-momentum channels with bound states
goes as A%,

The conditions we impose on centrally symmetric
¥V are the following:

(A) For all 4, —A + AV has no eigenvalues of
positive energy and the negative-energy spectrum is
purely discrete of finite multiplicity.

B IV) =g dr r[V()| < .

© mf [rV()]= —L > —oo0.

(D) For some a > 0, {r| ¥(r) < —a«} has a non-
empty interior.

The characterization of the negative spectrum in
(A) can be assured by very weak conditions.® The
absence of positive-energy bound states is assured by
fairly mild conditions.2?

(B) is the standard condition of Jost and Pais.!! It
can be replaced by the alternate condition:

(B’) ¥ is minorized by a monotonically increasing
potential ¥ with

o(7) = f a7 < co.

* T. Kato, Progr. Theoret. Phys. (Kyoto) Suppl. 40, 3 (1967); R.
Courant and D. Hilbert, Methods of Mathematical Physics (Inter-
science Publishers, Inc., New York, 1953), Vol. I, p. 448.

10 T. Kato, Commun. Pure Appl. Math. 12, ;403 (1959); F.
Odeh, Proc.” Am. Math. Soc.' 16, 363; B. Simon, Commun. Pure
Appl. Math. (to be published); J. Weidmann, Math. Z. 98, 268 (1967).

11 R. Jost and A. Pais, Phys. Rev. 82, 840 (1951).
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We prove our results initially in the centrally sym-
metric case and discuss the easy extensions to the
noncentral case in Sec. V.

II. THE UPPER BOUND

First we remark that there is an upper bound
weaker than ours implicit in Bargmann’s result! that
m(W) < I(W)[21 + 1 @

for any potential W. For then n,(W) = 0, if 2/ + 1 >
I(W), so that

[(I-1)/2)
Z 21 4+ Dny(w)
< 1{1 + [3( — D]} < (I + 1)
For W = AV, (W) = AI(V), so we see that
NQV) < 3MAM + 1) < 1222, A> (D

Our stronger result is obtained by a better estimate of
the maximum /-channel with a bound state in it; we
designate this I-value . (4).

NW) <

for

Theorem 1: 1f (A) and (C) hold, then for all 4,

Proof**: Since —d?/dr? is a positive operator and
—A + AV has no positive eigenvalues, there are no
bound states in the / channel, if

I+ D + AV(r) > 0, forallr.
But
WA+ Djr2 + 2V > r2[l(l + 1) — AL],

som(AV)=0,ifI(l 4+ 1) > AL; i.e., if
I> (ALY}, then n,(AV) =0, (A < (AL)E
Q.ED.

Le.,

Theorem 2: If (A), (B), and (C) hold, then, for all
A> L,
NQOV) < [2LA0N38.
Proof: By Bargmann’s condition (2),
@I+ Dn(AV) < A,

SO
lmax
NGV) < 2 Q1+ Dn(AV) < (AN + 1)
< (u)(,#Lf + 1) <228
if AL > 1. Q.E.D.

If (B’) holds instead of (B), we replace Bargmann’s
bound (2) with that of Calogero? (see also Ref. 7):

n,(V) < 2/m)Q(¥), forall L. &)

12 An alternate proof can be based on the bound given in F.
Calogero and G. Cosenza, Nuovo Cimento 45, 867 (1966).
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Theorem 3: If (A), (B'), and (C) hold, then for all

A> L,

N(AV) < (8/m)LQ(V)A2.

Proof: From Calogero’s condition,

n(AV) < B1R2/me7),
so that

lmax

N@V) < ;ﬁ[ Q(V)] St

= QMO ax + 1)

< 2@/mLo(),
if AL > 1.

III. A STRONG RAYLEIGH-RITZ PRINCIPLE

The nub of the proofs of the lower bounds is a form
of the Rayleigh-Ritz principle which is more explicit
than is usually found. While Theorem 4 is no doubt
well known, its value for proving the existence of
bound states does not seem to have been fully appre-
ciated. It is essentially the principle used by Kato in
his proof that the helium Hamiltonian has at least
25 585 bound states.!3

Theorem 4: Let H be a self-adjoint operator on a
domain D and let

sup { inf
@, >, 0y | FEU (@, - -

(¥, H%},

yOp—1)

fon =

where

U@, -,0,.)
= {¥|¥eD,|¥|=1and (@, ¥) =0}

Then for each fixed n, either

(a) p, is the nth eigenvalue counting multiplicity
or

(b) p,, is the bottom of the essential spectrum and
Mn = Uil = Mppg = """

Moreover, there are at most # — 1 eigenvalues less
than u,, . (The essential spectrum is the set of points in
the spectrum which are not isolated points of finite
multiplicity.) The theorem holds if we replace D in the
definition of U, by D,, the domain of H as a bilinear
form, i.e., the domain of |H|? as an operator.

We do not write out a proof of this theorem, as it is
completely straightforward if one is willing to use a
little spectral theory. The power of Theorem 4 comes
when it is combined with condition (A); for if u, is
negative and (A) holds, then (b) cannot be true and so
(a) must hold. We remark that in application, H is
either —A 4 ¥ or —A + V restricted to an angular-
momentum subspace.

13 T, Kato, Trans. Am. Math. Soc. 70, 212 (1951).
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We first prove some corollaries which we need.

Corollary 1: If (D) holds, then —A 4+ AV has a
bound p-state for 4 sufficiently large.

Proof: Pick a smooth function ¢ of r of compact
support, so that support of ¢ is contained in the set
with V(r) < 0. Let ¥(r, 0, ¢) = r¢(r)Y2(0, ). Then
(¥,V¥) <0 and so, for A sufficiently large,
—(¥,AY) + (¥, VY¥) <0, ie., ~A+ AV has a
bound p-state.

Corollary 2: n(AV) is a monotonically increasing
function of 4.

Proof:
—A + 2W = do(—A + W) + (1 — Z)(=A).

For 2, > 1, (1 — 45)(—A) is a negative operator, so
that by Theorem 4 applied to the operators on the
space of functions of angular momentum /, n,(4,W) >
n, (W), for all W. Letting W = AV and A = 4;, we
see that n,(4,V) > n,(AV)if 2, > A

Corollary 3: For any central potential ¥, and for
1>1,

m[3I + DV] = m(V).

Proof:
d I+ I+
- + |4
dr2+ re 2
2
=M{—£—+2+V}

2 dart  r®
2—l(l+1)( dz)
42T 04 @

2 dr? @
where

=

is negative, so that the left-hand side of (4) has at
least as many bound states as the right-hand side, i.e.,

m3l + DV] = ny(V).

Corollary 4: Let V1 obey condition (A) and let V, by
any potential with V,(r) > Vy(r) for all r. If all the
negative-energy eigenfunctions of —A 4 V, are in the
domain of —A + ¥V; as a bilinear form, then N(4V})
is at least as large as the number of negative-energy
eigenvalues of AV,.

The proof is trivial; however, we remark that care-
ful applications should not ignore the domain con-

1125

dition. We do not have a pathological ¥, in mind
when we distinguish the negative-energy eigenvalues;
rather we will not require ¥, to go to.0 at o and, in
fact, will take ¥, — o0 as r — oo,

IV. THE LOWER BOUNDS
Theorem 5: Let V obey (A) and (D) and suppose
n:(AV) > 1. Then, for 4 > 4,,
Inax(®) 2 (325828,
[Note: By Corollary 1, (D) implies that some A, exists.]
Proof: By Corollary 3,

n3l(0 + DV > 1.

Thus, if 2 > 13,0(I + 1), n,(A¥) > 1 (by Corollary 2).
Thus, if / < (A/A)¥ and [ > 1, n,(AV) > 1; ie.,

1

N2 BT
lmax}‘}_ . > i), if l_>_}~
w2 |(3)]1236) 1 24

Corollary 5: If V obeys conditions (A) and (D),
then, for all 1 > Ay (4, as in Theorem 5),

NQV) > 22,
Proof:

N > 3@+ 1) = (e + 1

> {[(JA)}] + 13* 2 4/%,.  QED.

To get an improvement on the growth rate of
Corollary 5, a comparison with specific potentials
seems necessary. A comparison proof is also possible
for obtaining the upper bounds.

Lemma 1: Let D be the region of R3 with

[x — x| <L, l)’—}’o| <L,

IZ - ZOl < L;
and let
—P, xeD,

Voi(r) =
o) w0, xeD,

with P > 0.

Let N(AV,) be the number of bound states of negative
energy for —A + AV;. Then for 4 sufficiently large,

NV, > Aib,
Proof: The eigenvalues of —A + AV, are
En(2) = (7[2L)%(n% + ni + nl) — AP,

where n,, n,, ny are positive integers. Thus, N(AVy)
asymptotically approaches the volume of an octant
of a sphere of radius CA:. As a result, N(AV,)/A
actually approaches a limit which is positive.
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Theorem 6: Let V obey (C) and (D) and suppose
D(H, + AV) > D(Hy) N D(V), where D(X) is the
domain of X as a bilinear form. Then, for A sufficiently
large:

NQGV) > AAL.

Proof: Pick a ball B in R3 so that V(r) < —P in B.
Inside B, find a region D as in Lemma 1 and let ¥,
be as in that lemma. The eigenfunctions for the square
well are in D(V) by (C) and they are in D(H,) [they are
not in the domain of H, as an operator; to be in
D(H,), they need only possess L? first derivatives];
thus, from the domain condition, Corollary 4, and
Lemma 1, the theorem follows. Q.E.D.

We remark first that condition (C) is much stronger
than what we need. It is sufficient that } be negative in
some ball B for which

f [V(r)|?d®r < co.
B

We also remark that it is almost inconceivable that
one can make sense out of H, + V without having the
domain condition hold. Examples of classes of V" for
which it must hold are:

(1) Ve L? + L™ (Kato potentials);

(2) V bounded below, H, 4+ AV defined by the
Friedrichs’ extension method;

(3) Ve L® + L}, in which case one can show that
H, + AV is bounded below and so Friedrichs’ ex-
tension can be used.

SIMON

V. EXTENSIONS TO MORE GENERAL CASES

To N dimensions: It is a little enlightening to note
that in N dimensions 4% is replaced by AM2; for
example, our comparison potential, the harmonic
oscillator, has N(AV,) ~ 2¥2, Thus, we can under-
stand the fact n,(AV)~ A} by realizing that the
single-channel Schrodinger equation is essentially
I-dimensional.

To noncentral potentials: The proof of Theorem 6
carries over without change to the noncentral case.
To obtain an upper bound, we need only a simple
comparison potential. Let

Viin(r) = min V(r).
[r)=r

Then, since V,;, < V, we have N(AV,;,) > N(AV).
If Vi, obeys (A), (B), and (C), the upper bound
given by Theorem 2 yields an upper bound for N(AV).

To the many-body case: As with most problems in
nonrelativistic potential theory, things really get
interesting in the many-body case. Also as with most
problems, the two-body methods are not capable of
extension. In this case, there are negative-energy
continua (due to relative motion of bound clusters)
which complicate the analysis and invalidate all the
arguments we have used in the two-body case.
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The basic idea of super Hilbert space is to represent physical states by continuous linear functionals on
a space of good functions, rather than by functions in a Hilbert space. Since L, is in one-to-one corre-
spondence with a subset of super Hilbertspace, everything that can be done in L, can be done in super
Hilbert space. In addition, however, it is possible to have a time operator and thus to base relativistic
quantum mechanics on covariant four-dimensional commutation relations.

1. INTRODUCTION

There has always been a certain tension in modern
physics caused by the fact that special relativity
demands that space and time be treated on an equiv-
alent footing, whereas nonrelativistic quantum me-
chanics (and ultimately all quantum mechanics) is
based upon the three-dimensional commutation rela-
tion

(L.hH)

The fourth component of the commutation relation
in (1.1) would naturally be

[ b, é] = ~ih.

(A, T = —ih, (1.2)
where A is the Hamiltonian and 7'is a Hermitian time
operator.

As Pauli! pointed out long ago, no such operator
can exist in Hilbert space. The reason for this is the
following: If T is a Hermitian operator in Hilbert
space and o is a real number, then exp (ixT) is a
unitary operator in Hilbert space. (In fact, every
continuous one-parameter group of unitary trans-
formations {u,} in Hilbert space can be written
4. = exp (iad), for some Hermitian operator A.2)
Then, if 7 satisfies (1.2) for some Hermitian operator
H and yg is an eigenfunction of A with eigenvalue
E, exp (iaT)yy is an eigenfunction of A with eigen-
value E + a/i. Since « is an arbitrary real number,
then, if T is a Hermitian operator in Hilbert space and
satisfies (1.2), A must have a continuum of eigenvalues
from — o0 to 0. The result of this old argument is
that for any Hermitian operator in Hilbert space A
which does not have a continuum of eigenvalues from
— 0 to o0, no Hermitian operator 7 exists in Hilbert
space which satisfies (1.2).

We call pairs of operators which satisfy (1.2)
canonical conjugates. It is not only the Hamiltonian
which has no canonical conjugate, but also such

1 W. Pauli, Handbuch der Physik, Vol. 24(1, p. 143.
? F. Riesz and B. Sz.-Nagy, Functional Analysis (Frederick Ungar
Publ. Co., New York, 1955), p. 385.

operators as the z component of the angular momen-
tum and the number operator. In fact, § and p and
linear combinations of them are the only operators
which do have canonical conjugates in Hilbert space.

In the “super Hilbert space” which is developed in
Sec. 2, the above argument does not hold and we
show in Sec. 3 how to construct a canonical conjugate
for a broad class of operators. In Secs. 4 and 5 we
discuss the classical and quantum-mechanical time
operators and solve for them explicitly for the free
particle and the harmonic oscillator. In Sec. 6, we dis-
cuss the time-delay operator in scattering theory.
In Sec. 7 some comments are made on relativistic
quantum mechanics in super Hilbert space. In Secs.
8 and 9 we discuss norms and the uncertainty principle,
respectively.

The basic idea of the super-Hilbert-space treatment
of quantum mechanics is to consider the state of a
quantum-mechanical system to be represented by a
continuous linear functional on a space M, rather
than by a function. Since there is an isomorphism
between L, and a subset of all the continuous linear
functionals on the M’s chosen, everything that can be
done in L, can be done in super Hilbert space, but
the reverse is not true.

Commonly used functions, such as exp (ikx),
|x], and d(x), do not exist in L,. Furthermore, even
though Hamiltonians containing potentials which are
inverse powers of x are commonly considered oper-
ators, inverse powers of the operators p and § are not
operators in L,. For example, if we define § by
§*f(x) = xff (x) for all B and f(x), then for any
f > 0 we can find an « such that x~* exp (—x2) € L,,
but §Fx2exp (—x?) = x*Pexp (—x®) ¢ L,. We
have only to pick « so that 1 >« > 1 — 8. The
argument is the same in three dimensions except that
% is replaced by 3. In super Hilbert space, the existence
of all the derivatives of every member is guaranteed
and all the commonly used functions, such as
exp (ikx), |x|, and 8(x), can be represented as func-
tionals in super Hilbert space.
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The real importance, however, of the super-Hilbert-
space formulation of quantum mechanics lies in the
ability to base the difference between classical and
quantum mechanics on four-dimensional commuta-
tion relations, such as [p*, §,] = —ikdé*. From this
basis it may be possible to construct a natural and
manifestly covariant relativistic quantum mechanics.

2. THE MATHEMATICAL STRUCTURE

In the interests of simplicity and clarity we discuss
the structure based on L, and consider only one-
dimensional space. The results can easily be extended
to any Hilbert space.

Consider first the set S of functions which are
everywhere differentiable any number of times and
such that they and all their derivatives fall off at
infinity faster than the inverse of any polynomial.
We call such functions “good functions,” after
Lighthill.® Under the usual concept of convergence in
L,, S is an everywhere-dense subset of L,. In this
paper, however, we define convergence in any linear
function space M which contains S as follows. {®,},
a sequence of functions in M, is said to converge to a
function ®(x), if—for all j (including zero), in every
bounded region in which ®(x) has j derivatives—the
first j derivatives of all the @, exist and converge
uniformly to the corresponding derivatives of ®(x),
and if the @, satisfy the condition that the constants
Cim(mM<L jik=0,1,2,-+")in

v d”
X ——0,(x)| < G 2.1
dx™
can be chosen independent of # in every closed set in
which @ (x) is defined and has m derivatives. &£ o are
counted as points in the definition of “closed” here.

Consider the space M* of functions which are the
complex conjugates of the functions in M. If M
and M* contain the same elements, we call M “sym-
metrical.”” We assume that all function spaces used in
this paper are symmetrical. A linear symmetrical
space of functions which includes S will be called a
“fine” space.

The dual space of M, M’, is the set of all continuous
linear functionals on M. In order to make this
meaningful, we must define “continuous.” The de-
pendence of a general element of M7, called a
“‘generalized function,” on the space M can be written
F(f)or (F, f), where fis an element of M and F is the
particular functional in M. For a particular f and F,
(F,f) is a complex number. A linear functional F is

3 M. J. Lighthill, Fourier Analysis and Generalized Functions
(Cambridge University Press, Cambridge, England, 1959).
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said to be continuous at f if the

lim (F, f,) = (F, f)

n=* w0

2.2)

for every sequence of functions in M, {f,}, which
converges to f. Itis a well-known theorem of functional
analysis? that if a linear functional F is continuous at
some point (f;) of M, then it is continuous everywhere
in M.

A given generalized function F is defined on some
space M = S, which we call the “domain” of F and
write as D(F). A sequence of generalized functions
{F,} is said to converge to the generalized function F
if D(F,) 2 D(F) for all F, and if, for every f(x) in
DF),

lim (F,,f) = (F, f).

n-

(2.3)

Let W be the set of all continuous linear functionals
whose domain is a fine space. Addition of two elements
in W is defined by

(Fi+ F,, f) = (F.f) + (F.0), (2.9

for arbitrary fin D(F,) N D(F,). Multiplication of an
element of W by a complex number « is defined by

(oF, f) = o*(F, ), (2.5)

for arbitrary fin D(F), where the * denotes complex
conjugation. Multiplication of an element in W by
a complex infinitely differentiable function a(x),
bounded by some polynomial, is defined by

(@(0)F, f) = (F, a*(x)f), (2.6)
for arbitrary fsuch that a*(x)f € D(F). F* is defined by

F*, ) = (F,f5*, (2.7)
for arbitrary f such that f* € D(F).
We now define the bilinear form (f, F) where the
element on the left comes from M and the element
on the right from M1 by

(f, F) = (F. /)*. (2.8)
Note that (F,f) as defined above is a symmetric
bilinear form. As such it fulfills all the requirements
of an inner product except that, since the left and
right components are drawn from different spaces,
the additional requirement of being strictly positive
has no meaning here. We now proceed to give it a
meaning.

We can define a *“natural’” one-to-one correspond-
ence between the elements of the space § and a subset
of elements in W. This can be seen as follows. With
every function f(x) in .§ we can associate a functional

* A.N. Kolmogorov and S. V. Fomin, Elements of the Theory of

Functions and Functional Analysis (Graylock Press, Rochester,
1957), Vol. I, p. 77.
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Fin W whose domain is S, by

(F, D) =f FH)D(x) dx, (2.9)
for every function @ in S, where the integral is a Rie-
mann integral. The integral in (2.9) converges for
every f(x) and @(x) in S. Let W be the set of all
complex-valued functions defined on a subset of the
real line. We will define the zero elements in W and
W by

(F,00=0; (0,f)=0, (2.10)

for all Fin W and fin W. Through (2.9) a given fin
S has a unique counterpart Fin W. If there were in S
two functions, f; and f;, which both had the same
counterpart in ‘W, then from (2.9),

[Cute =gt ax=0 @

for every ®(x) in S. But one such ®(x) is fo(x) — f,(x).
Thus,

[Cw —sorac=0. @
Since fy(x) — fi(x) satisfies (2.12), is continuous
everywhere, and goes to zero faster than the inverse
of any polynomial, then fy(x) = fi(x) everywhere.
Thus we have proved that there is a one-to-one
correspondence between the elements of S and the
elements of a subset of W defined by (2.9). If F, is an
element of W and is in one-to-one correspondence
with an element f; of S through (2.9), we say that F,
and f; are “counterparts” of one another. In the
same way we could show that there is a one-to-one
correspondence between a subset £, of W and L,. In
fact, the substitution of f(x) for f*(x) on the right-
hand side of (2.9) defines an isomorphism between
£, and L,.

The analog of the strictly positive requirement in
the definition of an inner product can now be given.
If F, is an element of W which has a counterpart f; in
S, then we define (F,, @) by

R0 = Jr0@ s @1
for all ® in S. It then follows that
(F1,/) 20 (2.14)

for all f; in S and (Fy,f)) > 0, unless f1(x) = 0. Thus
(F, f) is a generalized inner product. For the purposes
of this paper we refer to it as the inner product. In
order to clarify which element is in which space we
henceforth write (F, f) as (F|f), the angular bracket
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indicating that the element inside is in W and the
round bracket indicating that the element inside is in
D(F). To simplify the notation further we adopt a
Dirac-type notation and write elements in W as |f)
and elements in W as (F|. Using this notation we
write the counterpart of | f) in W as (f].

There is a one-to-one correspondence between M
and M*. If f(x)e M, then we put f*(x) in M* in
correspondence with it. We write the vector in M*
which corresponds to | f(x)) in M as (f(x)|. The space
of all continuous linear functionals on M* we denote
by (M*)', Since there is a one-to-one correspondence
between M and AM*, there is a one-to-one correspond-
ence between M' and (M*)!. We write the vector in
(M*)! which corresponds to (g| in M' as [g). The
particular correspondence is that which makes [see

Q2.8)]:
@ f) = (f0) | ), (2.15)
for every | f(x)) in D({g]). Thus | f(x)), (f(x)], |/}, and

(f| are in one-to-one correspondence and are called
“counterparts” of one another.

Note that neither |f(x)) nor |f) is a Dirac ket
vector. | f(x)) is a function of x in Wand |f)is a linear
functional in W*, whereas the Dirac ket |y)is a linear
functional on a Hilbert space. [We nonetheless call
|f) a ket and (f| a bra. Perhaps we should call (/] an
arb and |f) a tek.] Thus for any |g(x)), |h(x)),
lg()) 1h(x)) = |g(x)h(x)). Ig) /), however, has no
meaning.

Since there is an isomorphism between L, and a
subset of W, we call W ® W* “super Hilbert space”
and denote it by 3. We denote the space W@ W*
by Z.

The derivative (dh/dx] of a generalized function

d)(x)) = -/ h

(h| is defined by
d(D)
\ dx)’

Jdh
\dx
for every |®(x)) such that d®/dx € D((A|).

We define an operator as a linear mapping from a
subspace of 3 into 3. Since the domain of an operator
may be smaller than its range, we must take care in
applying an operator more than once.

The operators § and p are defined as follows:

gL =1 B = ikdldx) | f).  (2.17)

We now show that (2.17) is sufficient to define § on
all of W*.If | /) is any ket in ‘W*, it is easy to show that
|xf) is linear on D(|xf)). Further, since for any (gl in
S*, (xgl is in S* and, since (g|xf) = (xg|f), it
follows that |xf) is defined on every (g| in S*. It
remains to be shown that |xf) is continuous on S*,

(2.16)
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If g® is the kth derivative of g,

(xg)™
1

- X (gle=1) _ gle=)
go( ) (gn )

1
<3 (1) w1t = g1 2t

Thus if {g®} converges uniformly to g*) for all k in
every bounded interval, {(xg,)®'} converges uniformly
to (xg)® for all k in every bounded interval. Also,
since
WH(xg,) ™) = dk(xgm + mgin)

< lxk+1g(m)| +m lxkg(m—l)l’ (219)
if {g,} satisfies (2.1), {xg,} also satisfies (2.1). Thus if
{g.} converges to g, {xg,} converges to xg. It follows
that the continuity of [xf) on S is assured by the con-
tinuity of |f). Therefore, for all |f) in W*, |xf) is in
W* and the domain of 4§ is indeed all of W*. The
corresponding proof that (2.17) defines  on all of W*
is even easier and will be left to the reader.

We denote by 8 the set of elements in ‘W which are in
one-to-one correspondence with § through (2.9).
Since the domain of § and p is all of W*, any poly-
nomial in  and § is an operator. It is also true that any
polynomial in p and § takes an element in 8* into
an element in 8*. But d|f)/dx = id |f) does not in
general 1mply If) = exp (ixA) |f), for some |f(0)),
evenif 4 is 1ndependent of x, since exp (ixA)is an
infinite expansion.

We denote the complement of 8§ in W by W — 8&.
We now show that there exist operators generated by
X and p which take any element in §* into W* — §*,
Consider the operator defined on 8* by

I(xgn)(k) -

D™ = Ntexp (=Ng. (2.20)
For any |f) in 8*
DM |fy = |Ntexp(—NxDf).  (221)

|N¥ exp (—Nx%)f) is in 8* for any N > 0. We show,
however, that the limy._,, D™ |£) is in W* — §*,
For any (g(x)|] in 8%,

I(2(x)l (N/"f exp (—Nx¥)f) — £*(0)g(0)|
f (f) exp (= Nx®)f*(x)g(x) dx — F*(0)g(0) ]

~—00

f_i (g)% exp (—Nx*)(f*(x)g(x) — £*(0)g(0)) dx
I (% soc-erma

(=Nt -0,

< max

j—’- (F*®)2(x)
X

as N — oo,
(2.22)

= max

f (F*(0)g(x)
X
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Thus D! exists as an operator and

74D |f) = | 7(x)0), (223)
where [f(x)d) has the property that, for any |g(x))
in §,

(f()8 | g()) = (3| f*(g(x) = f*(0)g(0). (2.29)
We define the linear functional (§| on all f(x) defined

at x = 0 by
@|f () =£(0). (2.25)

Thus there exist operators generated by ¢ and p

which take elements of 8* into elements of W* — §*,

In addition, there exist denumerable combinations

of § and p which are not operators at all. For example,
1

EN = Z )71 ¢ (2.26)

is a well-defined operator for any N. It takes any |f) in
8* into

in 8* which is defined for any (g(x)| in S* by

(9] £ 207 ) =3 L [ oo, @
The operator
E®' =1lim E™N = fj 1 q (2.28)
N-wo j= j

does not exist, however, since £ |exp (—ax?)) =
lexp [(1 — «)x?]), which is not in general in W*,
since (exp (—px?)| is in S*, but

(e—ﬂm’I e(1—a)x“> =f°°

—0

(1—a—p)a?

dxe (2.29)

does not converge for (« + ) < 1.

A. Inverse Functionals

In order to understand inverse operators we must
first understand inverse functionals and the process of
the regularization of functions with removable singu-
larities.

By removable singularity we mean that, if /' (x) has a
singularity at x = y and if [x — y| < e, then |f(x)| <
|x — y|=¥ for some N(e).

Let f(x) be a function locally summable everywhere
except at xo, where it has a nonsummable singularity
[for example, f(x) = x71]. Then in general,

F(®) = f FHOOR) dx, B(x)e S
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will diverge. The integral will converge, however, if
®(x) vanishes in a neighborhood of x = x,. A func-
tional with the same value as F for every O(x) in its
domain which vanishesin a neighborhood of x,is calied
a regularization of f. Gel’fand and Shilov® show that
every function f{x) which has at most a finite number
of removable singularities can be regularized. It is also
true that no function having an infinite number of
singularities in any finite interval can be regularized.
We now define a “quasigood” function as any
function f(x) which has the following properties:

(1) f(x) is regularizable.
(2) Every derivative of f(x) is regularizable.
(3) There exist real numbers € and N(¢) such that if

[x] > e, then | f(x)] < |x]V.

It follows that if f(x) is a quasigood function, every
derivative of f(x) is a quasigood function.

E is said to be a “regularization rule” for a set of
regularizable functions C, if for every function f{x) in
C, E defines a unique generalized function (R(E, /)| on
a fine space (which is the same for all functions in C),

such that
REN|D =" 0@ @0

for every ®(x) in its domain which vanishes in a
neighborhood of every locally nonsummable singu-
larity of f*(x). (R(E, f)| is here called the regulariza-
tion of f(x) according to rule E.

We now show that there is a one-to-one correspond-
ence between a subset ¥, of W and a set of equivalence
classes of functions J;, which are regularizable by rule
E,. Let J; include only functions which have at most a
finite number of discontinuities in any finite interval,
Since (R(E,,f)|, feJ;, is by definition a unique
functional, it remains to be shown only that for two
distinct (i.e., from different equivalence classes)
functionsin C, fi(x)and f5(x), (R(E;, f)l # (R(E;, fo)l.
Let @(x) be a function in D((R;, f]) which vanishes in
a neighborhood of every locally nonsummable singu-
larity of f¥(x) and fJ(x). Then if (R(E,,f)| =
(R(E;, )] on D(R(E,, f)]), we have

f_ "0 ~ S0 dx =0 231

for every such ®(x).

The function f;(x) — fz(x) has a finite number of
singular points in any finite region. Let z be a non-
singular point of fi(x) — fy(x). Then fi(x) — fo(x) is

5 1. M. Gel'fand and G. E. Shilov, Generalized Functions, Vol. 1
(Academic Press Inc., New York, 1964), Chap. I.
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continuous in some neighborhood of z. Assume
fi(z2) — fos(z) #0. Then in some neighborhood,

z—e<x<z+e¢, fi(x) — fo(x) is continuous and
everywhere positive or everywhere negative. But if we

pick
_ fi(z) = f(2)

=@ —hen

e
€ — (x — 2)?
z—e<x<Lz+4e

elsewhere,

O(x) = o(z) exp [— } (2.32)

for
=0,

the integral in (2.31) is greater than zero. Thus
f1(2) — fo(2) = 0 and fi(2) = f5(2) except at most of
the finite number of points at which [fi(z) — f5(2)] is
not defined. The equivalence classes are thus made of
those functions which differ only on a set of measure
Zero. Q.E.D.

Let J be the set of all quasigood functions. We can
divide J into mutually exclusive sets J;, such that J, in
J is in one-to-one correspondence with F; in W. The
&; are not necessarily disjoint. We denote by ¥ the
union of all these &;. We denote J U J* by K. And
defining §* to have the same relation to J* as ¥ has to
J, we denote § U §* by X.

Let Q, , be the set of all functions which are
everywhere differentiable any number of times and
which rise less fast than x" ! as |x[ — o0. There are
many regularizations of x~®. The most obvious is

given by defining (x| on Q,_, by

0 n—1
x| 9) = f_ dxx—n{cb(x) - 3 (mmhoig),
(2.33)

where (Y = [(d™/dx™)P(x)],_q, -

It is easy to show that (x| is linear on Q, ;. In
view of the linearity of @, ,, it is then sufficient to
show that (x™"| is continuous at x = 0. Let {®,} be a
sequence in @, which converges to zero.

If we let )

n—1

A(x) = Ox) — 3 ("[mOY®) = B, + iC;, (2.34)

where B, = Re (4,) and C, = Im (4,), then B, and
C, can be written in the form?

B(x) = O (x)x"n!; Cy= ®P(x)x"n!, (2.35)

where @, is the real part of @,, ®,, is the imaginary
part of @,, and 0 < x; < x.
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For any b > 0,

(x~" | P) = :bdxx_"At(x)
+ fbwdxx_”At(x) + fjbdxx""At(x). (2.36)

Since {*,, dxx~"A,(x) converges, for any given  we can
make b sufficiently large so that the absolute value of
the sum of the first two integrals on the right-hand
side of (2.36) is less than /2. Also,

b b
f doxAx) = L f XL (x,())
—b n! —b

+ %f_bdxq’i?’(xl(x)). (2.37)

Since {®,} converges to zero, for any given b we can
find ¢ sufficiently large so that

|D!"(x))] < n!€/(8b). (2.38)

It follows that
[D{(x))] < nle/(8b); |Di(x)| < nle/(8b). (2.39)

Thus, for any given b, we can make ¢ sufficiently large
so that

b €
f dxx"Ax) < —.
—b 2
Thus if {®@,} converges to zero, it follows that for any

given € we can find a ¢ sufficiently large so that

(x"" I (Dt) < e

Thus, {x~"| is continuous on Q,_;.

(2.40)

B. Adjoint Operators, Compatible Spaces, and
Eigenvalues

We have previously shown that any polynomial in
% and p maps from 8 into 8. Similarly, any finite
combination of positive or negative integer powers of
% and p map from & into XK.

Let G be any set in 3. G* will denote the set whose
elements are the counterparts in 3 of those in G. It
follows that for any such G, G** = G. Though the
* operation here is really counterpart conjugation, it is
analogous to complex conjugation in Z, and we call it
complex conjugation here also. With this usage it
follows that (M7)* = (M*)!, and we here drop the
parentheses and write just M1* or M*1.

If 4|f) e M*1, then (4 |f))* € MT. We define A*
by

LA = )" (2.41)
Since (4 |))** = ((f| A*)* = A |f), it is natural to
define A** = 4. Also it follows from (2.8) that for any
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/) and (gl,

(f1A*1g) = (gl A1)+ (2.42)

If Xis a set of functions, and Y is a set of continuous
linear functionals each of whose domain includes X,
then X is said to be “in the domain of” Y,

Let F and G be fine sets of functions. Let F and §
be sets of continuous linear functionals such that F is
in the domain of § and G is in the domain of . Let
(gleS; lgpeG; (fleF; |f)eF. If it is possible to
establish a one-to-one correspondence between ¥ and
F, where |f) denotes the function corresponding to
(f|, and a one-to-one correspondence between § and
G, where |g) denotes the function corresponding to

(gl, such that
glH=«lo* (2.43)

for all |[f)in Fand |g)in G, then F, G, 5, and § are
said to be “compatible.” Note that |f) is not neces-
sarily in the domain of (f|. f F=Gand ¥ =G, F
and F are said to be “self-compatible.” For example,
L, is self-compatible. An example of compatible but
not self-compatible spaces is provided by the follow-
ing. If J, is a set of functions including S which are
regularizable by rule £, and §, is a subset of ‘W, which
is in one-to-one correspondence with J; through
putting (f| = (R(E, f)| as in (2.30), then if F = J,;
F =%, G=5;and if § is defined as the set of all
(g| defined by (2.43), then J,, §;, S, and § are com-
patible.

Using (2.15), which defined [f) in terms of (f],
(2.43) can be written

glnH==@lnN. (2.44)

Let F, G, 7, and G be compatible sets. 4 is said to be
“Hermitian™ or “self-adjoint” on these compatible
sets if

GlALlf) =gl 4* 1), (2.45)
for all (f]in & and (g| in G.
[f) will be called the solution to
Al =g, (2.46)
if and only if
(kI Aify=(n]g) (247)

for all (A in D(|g)). The eigenvalue equation for 4 is
Alfy=81/, (2.48)

where the number f is an eigenvalue and |f) is an
eigenket. Equation (2.48) implies

f14* = (fI *. (2:49)
If (f] is a member of some set of functionals that is
self-compatible, then (2.48) and (2.49) together imply

(FI1ALfy = (fLA* =B — B f). (2-50)
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It follows that if 4 is self-adjoint on a self-compatible
set of functionals, the eigenvalues of A associated
with eigenkets in the set are real.

C. The Fourier Transformation

Two functionals that play very special roles are the
Fourier transformation and the {(§|. The Fourier
transform of every |f(x)) in S is in S. In fact,® the
Fourier transformation maps S onto S. If every ele-
ment of a space D has a Fourier transform, we call D
a “Fourier space.”” We call the space whose elements
are the Fourier transforms of D the “Fourier trans-
formed space of D.” Let M be a fine Fourier space.
Let |g) be the Fourier transformation of |f{(x)),
f(x) € M, and let (9| be the Fourier transformation of
(yl, (p| e in MT. Then (y | f(x)) exists and we define

(@] by
@|g)=wl|N, (2.51)

for all |f) in M. Thus every (y| in M' has a Fourier
transformation. Further, any series in the form

Y a,exp (inx),
whose coefficients increase no faster than some power
of n as n — oo, can be put® in one-to-one correspond-
ence with an element of ‘W.

We have previously defined the functional (J| by
(8|f(x)) =f(0). Now we define a one-parameter
class by (6(k) [f(x)) = f (k). The domain of {(6(k)| is
all those functions g(x), for which g(k) is defined. If
g(x) is such a function, then (8(k)|g(x)) = g(k).
When several variables, x, y, z, etc., are involved we
write (d(k — x)| to indicate that (d(k)| is a functional
on those functions considered as functions of x. We
define {a(x, k)é(k — x)| on the set of all f(x) such that
D;f(x) exists at x = k, and where a(x, k) is a quasi-
good function in x such that lim,_,, (x — k)%a*(x, k) is
finite and « is the smallest nonnegative number for
which it is finite, by

(a(x, k)d(k — x) | f(x))
= lim [a*(x, k)(x — k)*T ' (« + 1) D2 f(x)],

x—k

(2.52)

where I'Y(a 4 1) refers to the inverse of the usual
" function. D2 is defined on all f(x) for which the
integralin (2.53) converges for « > 0, by

p 1 [® a

Dif(x) = f x — )P —f(H) dt, (2.53
f(x) () =D dtmf() (2.53)
where m is the least integer greater than o and
m—oa=p Thus, 0 <p <1 If « is an integer,

8 W. Kaplan, Advanced Calculus (Addison-Wesley Publ. Co., Inc.,
Reading, Mass., 1952), pp. 357-358.
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D2 = d*/dx*. The definition of D* is a slightly
modified version of the usual definition of differentia-
tion to fractional orders. Note that {a(x, k)d(k — x)|
is not a point function and that

(a(x, k)o(k — x) | f(x)) # (8(k — %) | a*(x, K)f (x))
unless a*(x, k) is infinitely differentiable for all x.
[See (2.6)]

D. Orthogonality and Multidimensional Spaces

IfF, G, F, and § are compatible sets A is said to be
an operator “upon” them if it maps & into ¥ and §
into 8. Let 4 be an operator acting to the right upon
the compatible sets F, G, ¥, and §. That is, for every
[f)inF and |g)in G,

ANy =Ih); Alg) = Ihy), (2.54)

for some |h,) in & and |A,) in G. We now define 4
acting to the left on these compatible sets by

GAINH= @Al

for all {g|in 6* and |f) in F

It follows from (2.55) and (2.45) that A is Hermitian
if and only if 4 = 4*.

Let F be a self-compatible space and 4 an operator
on it. Then if for some number § and some | f) in F

Alfy =811, (2.56)

it follows from (2.55) that, since by (2.43) (f]f) is
real,

(2.55)

SLAN = (1A =B | 1) =B Q25T
Equation (2.57) implies that
(flA= 1B+ @, (2.58)
where (h] satisfies
hify=0. (2.59)

We say that a set of kets {| f(n))} in a self-compatible
space arc “‘orthogonal” if (f(m) | fin)) =0, for
m % n. If |f(n)) is an eigenket of 4 with eigenvalue
B(n), it follows from (2.58) that, for n s m,

0 = B(m)(fin) | fim)) = (fim] 4| fim))
= (fim)| 4|f(m))
= B){f(n) | fim)) + <h(n) | f(m)) = (h(n) | f(m)).
(2.60)

But since (2.59) tells us that (i(n) | f(n)) =0, h(n)|is
orthogonal to every eigenfunction of A. Thus if the
eigenfunctions of 4 form a complete orthogonal set
in &, (h(n)] = 0.

Let B be an operator on the self-compatible space
JF whose eigenkets form a complete orthogonal set in
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F. Let |f(n)) be the eigenket of B with eigenvalue
B(n). Then if 4 is an operator with domain G which

satisfies
[B,Al= BA — AB = —ih (2.61)

on F N G, it follows that for |f(m)) and |f(n)) in
FNnS,

—ik(f(m) | fin)) = (fim)| BA — AB|f(n))
= (B(m) — Bm)(fim)| 4 | f(n)).
(2.62)

Consider a linear functional (F| defined on an
appropriate set G of functions x and y. That is,
(F | f(x, y)) is a complex number for every | f(x, y)) in
G. Now consider a function of the form |K(x, y)) =

|f(x)) [g(»)). Then
(F| K(x, ) = (F| fx)) 183)

is a number. (F | f(x)), however, is a functional on the
appropriate set of functions of y. Similarly, we define

«F | fx)g(»)) by
LF| f)g) 1h(»)) = (F | f(x) Ilgh(). (2.64)

That is, if (F | f(x)) = (E|, where (E]| is a functional
on the appropriate set of functions of y,

LF | f0g(») = (g*GEI.

For some general function L(x, y) in the domain of
(F|, we mean by ,(F | L(x, y)) that functional on the
appropriate functions of y which is arrived at by
considering y as a fixed parameter and calculating
(F| L(x, y)) as if L(x, y) were a function only of x.

For each n we can view (f(m) | f(n)) in (2.62) as a
functional on a set of functions of the variable repre-
sented by m. In fact, we could write it (f(x, m) ]f, n,
where the fin the ket denotes the functional acting in
x space [in this case the counterpart of f(x)] and the
n denotes the functional acting in m space. By con-
vention the order of variables in the function is made
the same as the order of the indices in the functional
acting on it, the index in the functional being in the
same position as the variable acted upon. Thus for any
(j(m)[ in the domain D of both (f{x, m)|f, n), and
(Bm) — B@)(f(x, m)| 4|f, n),, we have

lh(j(m)' (f(x, m) If, n>w>m

(2.63)

(2.65)

= (J(m)| (B(m) — B)(f(x, m)| A|f, 1)) (2.66)
A solution to (2.66) is
(fGx, m)| 4| f, n),
= ih(B(m) — B (fx,m) | f,n),. (2.67)
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It is unique in the sense that if (k(m) | N), is also a
solution,

(jOm)| [iR(B(m) — BE)(flx, m) | £, n),
— (k(m) | N)D),, = 0 (2.68)
for all (j(m)| in D.

Thus we have solved for the “matrix elements” of
A, that is, the linear functional on functions of m,
(f(x, m)| 4 |f, n),. Note that no inherent restrictions
(such as being in S) have been placed on the functions
of m and that m itself might even take on only discrete
values.

We consider one specific example. Assume that m
I8 a continuous variable and that f(m) takes on all
values in a certain range. Then letting |g(m)) be the
eigenket of B with eigenvalue m, Eq. (2.67) can be
written, for m in this range,

(g(x, m)| A |g, n), = ili(m — n)™(g(x, m) | g, n),.
(2.69)
If, in addition,

(m - n)_l(g(x9 m) | g’ n>a:

= [(m — n)¥(n — m)), (2.70)

we get from (2.52) that, for all (j(m)| with continuous
first derivatives in a neighborhood of m = n,

((m)l (gCx, m)| 4 |8, M)y
= ih(j(m)| (m — n)7(n — m)),,

= il di | 7*(n)). 2.71)
n

The unique solution to (2.71) is
3 M ., d
(g(x, m)| 4 |g, m), = lh@ 16(n — m)). (2.72)

Canonically conjugate operators play a fundamental
role in this development of quantum mechanics. In
the following section we show how, given two canoni-
cally conjugate operators § and p (not necessarily
space and momentum), one can find the canonical
conjugate of any function of these operators if the
canonical conjugate exists and is “expandable,” that
is, can be written in the form

oo

2 a;;4'p’

J=—o0

(a;; = const, all i,j).

E. Representable Operators

Consider an operator 4, defined for all |yp) in its
domain D(4) by

Aly) = 10(y)). (2.73)
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We can define a function (g| by demanding that, for
every (f] in D(R(4)),

Elyy =00 = (141,
where R(A) is the range of A. If such a (g| exists for

each (f], it is unique and we call 4 a “representable”

operator.
If 4 is a representable operator, we can define its

action on every (f] in D(R(4)) by

(2.74)

gl = (fI 4 (2.75)
Similarly the complex conjugate of (2.74) implies
A*|f) = lg). (2.76)

It follows that we can define a representable operator
A by specifying a linear mapping (also denoted by 4)
from D(R(A)) into D(D(A)). Such a specification of a
representable operator 4 is called a “representation”
of A. For example, (2.16) and (2.17) define £ and p
in terms of representations.

3. EQUATIONS FOR THE CANONICAL CON-
JUGATE OF AN ARBITRARY OPERATOR

The domain of - consists of all those generalized
functions whose domain includes (g/x| for all (g| in
S*. We define §~* on this domain by §* | f) = [x7Yf),
where [x~1f ) is defined by (g | x~f) = (x"'g | f) for all
g in D(x7f)).

p71 is defined on all of W* by g |f) = |p7Y),
where |p~Yf) is defined on all (g| such that

(| ave| s 201

by
gl = (é f_:dyg(y) ’f >
Since if (g| € S*,

(] are

It is easy to prove that |p7If’) is linear. What is more,
since, for any sequence of good functions {g,(»)}, if
{g.(»)} converges to zero,

{ f_:dygn(y)}

converges to zero, then |p~If) is continuous.
It follows from the above definitions that
Fp=ppr =1,
where [ is the identity operator for all of W*, It also
follows that

€ S*, then D(p7f) = S.

1% = £21 = J(#Y),

where /(£71) is the identity operator for D(£-1).
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In the following the formulas are true, of course,
only insofar as the functional acted upon is in the
domain of the operators concerned.

In a previous paper” we have shown that'if § and p
obey [p, §]1 = —ih, for any integers « and B, positive
or negative,

[p‘a, qﬁ] = (1— 61,0)(1 - 6[1,0)
5 (1 + (= 18t=)
m=1 m
y (Iﬂl + (m - 1)0(—/3))
m
X (l-h)m(_l)o(a,ﬂ)mm! qAﬂ—mp*a—'m’ (3'1)

where (%) is the binomial coefficient, a!/b! (a — b)!

6(g) =0, for ¢<0,
for ¢ >0;

o(x, #) = 1, when « and § have the same sign,
= 0, when « and § have different signs;
Q(a, f) = the smaller of the two, if both « and S are
positive,
= the positive one, if « and g are of different
signs,
= +o0, if « and f are both negative.

It should be emphasized that (3.1) is an operator
relationship and that there is no question of the
convergence of the series on the right until the matrix
elements of the operator have been formed.

We can now attack the problem of finding the
canonical conjugate of any given operator if it exists
and is expandable. If £(4, p) and G(¢, p) are operator
functions of § and p and if

[£(¢, §). G(¢, )] = —ih, (3.2)

then £(4, p) and G(¢, p) are called “canonical con-
jugates.” Consider a function F(q‘, D) in the form

Flp=3 S

k=—0 n=—o

=1,

kan

Bnd D" (3-3)
An operator function £ of § and p with the §’s to the
right of the §’s in each term is said to be in “normal
form” and will be written £(¢ | §).
_ We ask for the set of all canonically conjugate
G(4, p) in the form

G§|H=23 3 b7

y=—00 j=—0c0

(3.4)

Thus we require

0

Z aknbw[qkﬁn’ qvﬁj] = —ih.

?:9,k,n=—00

? D. M. Rosenbaum, J. Math. Phys. 8, 1973 (1967).
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This leads easily to

o0

2 (aknby:i - avibkn)q‘k ﬁn9 qy]ﬁj = _lh' (3'5)

Vs 9,k n=—00

Putting [p*, 7] into (3.5) from (3.1), we get

S (1= 8,01 — 6, )b,y —

¥»3,k,n=—c0

ﬂ‘ﬁv)(m + (m — 1)6(—n)) (h/l + (m — 1)9(—7’))

aw'bkn)

X

m=1 m m

X (l-h)m(_l)a(n,y)mm! q"y-Hc—mﬁHn—m = —ih. (36)

This can be rewritten as

S S (=600 -8,0

a,f=—c0 ¥,n=—00

Q(n,y)
X §=:1 O(/‘H—m-—y,nby,az+m—1'z - ay,a+m—nbﬂ+m—y,n
% (Inl + (m — 1)9(—?!)) (IVI + (m — 1)0(—7))
m m

X (iB)™(—=1)7"""mm) §Pp* = —ih. (3.7)

Equating the coefficients of §#p* on each side of

K e o]
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(3.7), we get
S (L= 6,01 = 0,0

y,m=—00
Qln,y)

X 2 (aﬁ’+m—y,nb7,a+m—n - av,a+m—nb,8+m—v,n)
m=1

[n| + (m — DO(—n)\ (I7] + (m — 1DO(~y)
S R [
X (iB)™(—1)°™ ™ mt = — i, 40y - (3.8)

For a given set of coefficients a,,,, Eq. (3.8) deter-
mines the coefficients b;;. When an infinite homogene-
ouslinear set of indicial equations determines an infinite
set of two-indexed coeflicients, as in (3.8), there are in
general an infinite set of arbitrary constants un-
determined. The above procedure gives the most
general canonical conjugate.

In general, we insist that G(p|4) be Hermitian.
This can always be done if F is Hermitian, since then
the adjoint of (3.2) is

[F, G*] = —ih. (3.9
From (3.2) and (3.9) it follows that (G + G*) is a
Hermitian operator which is canonically conjugate to

F. We wish to have this operator in normal form,
however. From (3.4), we have

G*=3 I i =3 bGP+ ¢ = 3 bff{‘iyﬁj+(1 — 8;,0(1 — d,0)

y=—00 f=—0o0 Vs d=—o
X

m=1 m

0 v{y.9)
= > b;",-{l + (1 —=9,_00—9;_) z_l(l -9

P i=—w

x (lm +jl + (m — Di(—m _j))(ih)m(—l)a(m+y’m+j)m!}tjyﬁj,

m
where

v(y,j) = ©,

—j—1,

“‘ﬁ”([ﬂ + (m — 1)9(—)’)) (|j| + (m — 1)0(—j))(ih)m(_l)a(y,i)mm!
m

m,—y)(l - 6m,—j)

q"i—mﬁa'—m}
(lm + 9l + (m = D)f(—m — y))
m

(3.10)

if y>0 and j>0,
—y—1, if y< -2 and j>0,
if y>0 and j< -2,

= the smaller of (—y — 1) and (—j — 1),if y < —2 and j< -2,

In the next two sections we discuss the time operator, the canonical conjugate of the Hamiltenian.

4. CLASSICAL CANONICAL TIME

We write the Poisson bracket of two variables 4
and B as {4, B}. If g and p are canonically conjugate
variables, then

4.1)

For a given Hamiltonian H(q, p), we search for
T(q, p), such that

{g.p} = L

(T, H} = 1. 4.2)

The change in any U(g, p) under an infinitesimal
canonical transformation generated by 7 is, for
infinitesimal e,

oU = (U, T}. “.3)
For e = —dE, U = H, we get
O0H = dE, 4.4
and integrating we get
H=H, + E. 4.5)
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Thus T(g, p) is the generator of energy transformations
in just the same way that H(g, p) is the generator of
the system’s motion in time. Just as quantities whose
Poisson bracket with H vanishes are constant in time,
quantities whose Poisson bracket with T vanishes are
constant under changes in energy.

From (4.3) we also find

ép =dE{p, T} = dE a7 , (4.6)
oq
or
8q = dE{q, T} = —dE—. 4.7
ap
A. The Free Particle
For a free particle, (4.2) is just
e _y, 48)
og m
which gives
(g, p) = (mip)g + f(p) 4.9)

where f(p) is an arbitrary function of p. This can be
written

g = (p/m)T — pf (p)im. (4.10)
If, for some constant g(0), we pick
S (p) = —(m[p)g(0), (4.11)
then (4.10) becomes
q = (p/m)T + 4(0). (4.12)

Thus one of the possible canonically conjugate
T(q, p) is just t(g, p), the inverted solution to the
dynamical equations. This is true for any Hamiltonian
since, T(g, p) not being an explicit function of time,

dT orT

dt { } ot (4.13)
Thus T can differ from #(g, p) at most by a constant.
Finding T(g, p) for an H(g, p) is, in effect, a solution
of the dynamical equations of motion for the system
represented by that H(g, p) and can be used as a

method for solving such equations.
From {4.9) and (4.6),

dp = dE(m/p), (4.14)
or
r (Z
— d(p¥) =] dE. (4.15)
2m 5008 Eg
If p/(2m) = E,, then (4.15) gives
E = p*|(2m). (4.16)

Thus, if T generates a change E in the energy, it
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changes p just enough to keep (4.16) true. From (4.12)

and (4.7), _
dq = dE(mg[(p*) — df]dp). (4.17)

If we choose f(p) as in (4.11), (4.17) integrates to give
q = qo(p = Po)lpo- (4.18)

B. The Harmonic Oscillator

We will not go through the derivation of the anal-
ogous results for the harmonic oscillator, but simply
state them, For o = (k/m)}, ¥V = }kq?, K = (p*[2m),

T = (1/w) tan~* (V/K)}, (4.19)
P = plEIE)}; g =qu(E] Ep?. (4.20)
Once again, since Ey = (pi[2m) + ikq?,
E = (p*2m) + Yhq®

Note that 7'is just the dynamical time ¢ and that time
is cyclic; i.e., unless one can count cycles, only the
phase is meaningful.

These classical results constitute the boundary
values for the corresponding quantum-mechanical
problems via the correspondence principle.

5. QUANTUM-MECHANICAL TIME OPERATOR
We define the time operator T by

(A, T1= ~ih. .0
Tis a function of § and p and never depends explicitly
on time unless # does. It follows from (5.1) and the
Heisenberg equations of motion that if 7'is considered
as a Heisenberg operator 7, and does not depend
explicitly on time, then

o _

dt (52)

If (5.1) and (5.2) are true for the Heisenberg
operator 7y, they are also true for the Schrodinger
operator T’ = exp (iHt/W)T, exp (—iHt(k), assuming
that it exists.

The eigenvalue ¢ of T is just the parameter time
which appears in the Hilbert-space formulation of
quantum mechanics. If we measure the energy of a
particle exactly, we force it into an energy eigenstate
whose eigenvalue is the measured energy; if we measure
when a particle experiences an event, we force it into
a time eigenstate whose eigenvalue is the measured
time.

Now we consider some specific 7’s. For any given
H, Eq. (3.8) can be explicitly solved for T just by
methodically solving the equations.
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A. The Free Particle

In order to illustrate the method of solving (3.8)
we derive the solution for the free particle in detail.
For the free particle # = $2/2m, and the coefficients
a,, in (3.3) are

Ay, = (Zm)*l 6k,06e,2' (5.3)

Equation (3.8) then becomes

7(2,3)

3 0= 003 tubiarna())
% (Ill + (n - 1)6(‘1))(1-}»"(_1)5(2,1’)"”!
n

= "'2ihm61’06ﬂ’0 . (5.4)

Splitting the sum over { into three pieces, we get

> { > 6i,n+ﬂbi,a+n_2(j)(m)"n! (" T ")

n=1 li=—w0
+3 6i,n+ﬂb,-,a+n_2(2) (’ ) (—iﬁ)"n!} — 2iA8y0by s
=2 n n
— —2mifb,o0p0. (5.5)
Recall that
6)=1, x>0,
=0, x<O0. (5.6)

Then (5.5) becomes

3 (01 = 1= Bbucpena(2) (717 P

n=1

L0+ B~ 2)bn+ﬂ,n+a_2(j) (f’ + ﬂ)(—iﬁ)”n !}

n

- 2iﬁ6ﬂ,0bl,a—l = ‘—zihmaa‘oép,o. (5.7)

Doing out the sum over n, we get
(B + Dbgs1,aa(0(8 — 1) + 6(—5 — 2)

— [3(B + D(B + D)iliby2,(0(B) + 0(— — 3))
+ 0p,0b1,0-1 = M0, 005,0. (5.8)

Equation (5.8) can be written as

(B + Dbgr1,e1 — BB + DB + DNiR)bg2,4

= muodpo. (5.9

The choice f = 0 gives
by, = (ih)—l(bl,a—l -
The choice § = —1 gives nothing and § = —2 gives
b (5.11)

md, o). (5.10)

= 0.

—1,a

Lastly, we get

2 1
Bprrans = (I;),s—ﬁ by (B%1,0,—1). (5.12)
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Equation (5.11) and (5.12) together lead immediately
to

by.=0 (B<0). (5.13)

The determining set of Eqs. (5.10)-(5.12) leaves the
b, ,'s and by ,’s arbitrary but gives, through (5.10) and
(5.12), the by ,’s (B > 2) in terms of these. Thus we
get

2V
b= (5) 5 Crancs = M G220 619

Thus the time operator for a free particle has the form

=3

k=—c0

+2(_lh)j~111 (brjor1-5 — MOy, ;2§ } 5, (5.15),

=2

{bo,,, + byad

where the b, ,’s and by ,’s are arbitrary. Since the
coefficients of ¢ for j > 2 depend explicitly on inverse
powers of i, we cannot pass to the classical limit by
letting / — O unless these coefficients are all zero. This
can be done by setting

bl,ﬁ = méﬂ’_l, (5.16)

for all 8. This gives

T = z bo 0" + mgpt.

=—00

(5.17)

As g and p commute classically, the different possible
forms in which an operator A(p, §) can be put using
the commutation rules give different classical limits.
We call the form }[A(G|5) + A | 9] the “mani-
festly Hermitian form” of A(p, §). We now make the
rule that an operator must be put in this form before
the classical limit is taken. Thus putting T in this
form we get [the b, ; here are different from those in

(.17,
T= Z bod* + 3m(dp + 579).

Je==—a0

(5.18)

Then for 7 to approach the classical ¢ as & — 0, we
must have

box ;77 —maedy, 1, (5.19)

where g, is an arbitrary constant. Then in the classical
limit we get

t = —mqypt + mgp~t. (5.20)
Inverting (5.20) we get

q =g + vt. (5.21)

It is often convenient to set all the b,, = 0 and
consider 7" as just

= ym(gp™ + 579). (5.22)
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Note that the domain of the 7' given in (5.22) is all such that

of W*, (A, T = —ikh. (5.24)
The eigenkets of T cannot be expressed as func-  |f we define

tionals on functions of x. The eigenkets of 7" are _in

functionals on functions of space-time, the eigenket G= T ; K= mk, (5.25)

with eigenvalue ¢, being [0(¢, — t)).
then (5.24) becomes

B. The Harmonic Oscillator
As in the classical harmonic-oscillator example, we X 4. 71+ 1 (% 1] = 26. (5.26)
do not go through the derivation, but merely display 2m 2m

a result. For reasons of space and because a following Let B(x) be the largest integer which is less than o

paper is planned giving the complete time operator . .
for the harmonic oscillator and some of its uses, we cqual to x. Then b“'ﬂ can be written in the form
mB[(a—Z)/4] K"

give here only a particular solution for the time
operator. To this must be added the most general bep = — o L Gle-tnn
operator function which commutes with the Hamil-

Ca,ﬂaﬂ,a—2—4n . (5'27)

tonian. The constants must then be fixed so that 7 This gives
approaches the classical T as # — 0. © o Bla=2/al
. o ‘2 Aq sq—2—4n
We display a 7 of the form Tr= z & Ga and P . (5.28)
T =¢§=:2 goba p4°F G-23)  Consider K/2m[q‘2, 11:
K 121 Bl(a—2)/4] K(n+1) arsa2dn <
m DN =3250 2 e o T4 629
But
L{a—2—4n,2) - _
7 1 = (L= by 3 ( 2 4") (2)(—2G)mm! Frpen(5.30)
m=1 m m

where L(x, y) is equal to x or y, whichever is least. Thus

K 2B[(a—3)/4] K(n+l) -
1= =200 2, G Contuanssd
1 13[(&-4)/4] K(n+1) 2 /4 —2 —4n 2
+ = C.z n —2G)"m! AG+2—m sa—2—4n—m
2a2a!l a0 GlED % 2:1( m )(m)( ) 1 ?
@ 2 K(n+1) 2B[(a—4)/4] K(n—H)
C "A4(n+1) ~ o — 2 _ 4n C ﬁa+1f~a 3—4n
n=0 (4" + 3)' G(2n+” tmto,nd a§2 a! 2o G(a—2n—2)( ) =nd

© 2B[(a—4)/4] K(n+1)
+2 =

a=2 o! n=0

Gla—2n—9) (=2 = 4n)(a — 3 — 4n)C, ,4°p* "+ (5.31)

By changing the summation indices in (5.31), we can write it in the form

T]——E K*

=1 (4z — 1)} GEV
2 Bl{«—1)/4] Kn

ass (e — 1)! o= Gl

24z
C4z—1,z—1 q

(0( — 4n + 1)Ca-—1 n—lqaﬁa—4n

M

2B(a/4) K"
+ Z prparveT (¢ —4n 4+ 2}« — 4n + 1c,, n_lqmﬁ’—“
e=2o! n=1 G
zB(a/4) K"
=201 2 Gewn (@ A+ e = dn + DCp gt
2 Bla/4) K"

M8

A= Dl & gemen @ T A+ DCa 5T -, (5.32)
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Consider 1/2m)[5?, T1:
B[(a—2)/4] K®

1 ‘2 13 a Aa—2—4n
P [p* 1= -5 g 2 G Conl % (5.33)
But
~2 4 AN m sa—m A2—m
(7 ¢ = z_l(m)(m)(—zc) m g=mpm, (5.34)
Thus
- p‘2 T] = — 3 2 Bllap/al K" qﬂ(a-—l)"a—d.n—l
2m Sa(a— 1) e G Can
< 2 Bitez2yal K" ~a—2) A(a—-4n—2)
+a§2 G—2 2 e Cend (5.35)
~ 2B[(a—1)/4] Kn a~z~ n Bl Kn ﬂaﬂa—tin
—_ —agl';'—' ngo _G(az—_Zn—l) Ca+1 nq 1 +a§0“' ngo G(a—Zn——l) ¢+2 nqp (5.36)
Thus
23(1/4) K" Aamz—dm © 2B[(az——1)/4] K™ .
[H, 7] ago ol nzo Gla—n-b CartndP T & S W:l_) Cartnd”

© 2B(a/4) K"

- O_C_' 1 G(a—2n—1) (a —4n + 2)(0( — 4n + I)Can lqaﬁa_hl
a=20l. n=
2 Blaj4) K* —
* 23 T 2 g & T4t DCe (5.37)

If we set C,, o = 1 for all n, the « = 0 term gives 2G and the « = 1, 2, and 3 terms equal zero. The n = 0
term equals zero for all « and (5.37) becomes

© 2B[(a—l)/4] K”» .
- O(' A G(z_zn_l) {Cz+2 n Ca+1,n + (O( - 4n + 1)[aca—1,n—1 (OL - 4n + 2)Ca n—. 1]} P = 09 (538)

for n < «f4, and for n = «/4 we get

2 K"
Z

2o G(a/z)_l {Ca+2 a/d + aca—l (a/4)—1 — 2C¢,(a/4)——1}q =0. (5'39)

Since ¢ and p are operators, the coefficient of g*p*~*" must vanish identically for all choices of « and ». This
is true if C, , satisfies

Coron— Copin + (@ —dn 4+ D[aCo_y,,; — (@ — 4n + 2)C, , 4] =0, (5.40)
for(@a—=2d>n>1,a>2;

C,o=1, for «>2; C,,=0, for n>(x— 1)/4 (5.41)

C,n =0, for « <2 or n<0O. (5.42)

It can be seen by direct substitution that (5.40) is satisfied if (5.41) is true and if (n > 1):

a—2n—3

Ca,n = z (OC —4n -2 — S)[(OC —4n -1 - S)Caz—3—s,n—1 - (OC -3 - S)Ca—4——s,n—1]' (5'43)

§=—1

(5.42) is automatically true because of the form we have chosen for b, ,, Eq. (5.27).
Directions for writing down the C, , explicitly are given in the Appendix.
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6. THE SCATTERING TIME-DELAY OPERATOR

In recent years there has been an interest in the
delay, whether positive or negative, in the motion
of a scattered particle due to its interaction with the
scattering center.®~1° Smith!! showed that the average
delay times are given by the eigenvalues of an operator
0. Lippmann observed that 0 could be written in the
form

0 = —STS*, (6.1)

where S is the S matrix and 7 is an operator whose
form in the energy representation is

T = —ihd/oE. (6.2)

Recently Lippmann'? has given an explicit form for
T while pointing out that T has no eigenfunctions in
Hilbert space. Lippmann’s T is the three-dimensional
form of the free-particle time operator written in
spherical polar coordinates. The result (6.2) is far
more general than this, however, since (6.2) is an
appropriate form for T'in the case of any Hamiltonian
with continuous energy eigenvalues.

7. RELATIVISTIC QUANTUM MECHANICS

The real significance of super Hilbert space lies in
relativistic quantum mechanics. Since a future paper
is planned on this subject, we mention only a few
points here.

A 4-operator, which transforms under the Lorentz
transformation like a Lorentz 4-vector, is called a
“Lorentz 4-operator.” Two Lorentz 4-operators B*
and 4, which satisfy

(B, 4] = —iho", (7.1)

where 6# is the Kronecker delta, are called “canonical
conjugates.”” If an operator has a canonical conjugate,
we call it a “canonical” operator. A Hermitian
canonical Lorentz 4-operator is called a “4-observ-
able.” Each of the four components of a 4-observable
is called an *“observable.”

Consider the 4-observable §* = (£/c, $/c, z/c, T),
defined by the representation (f|4, = (q,f|, where
the Minkowski metric implied has the signature
(1,1, 1, —1). The most general representation of a
4-operator p* which satisfies

[ﬁﬂ’ qv] = _lhéc

(f1 p* = (—ihof/oq, + A*f|,

8 D. Bohm, Quantum Theory (Prentice-Hall, Inc., Englewood
Cliffs, N.J., 1951), pp. 257-261.

® L. Eisenbud, dissertation, Princeton University, 1948.

10 E. P. Wigner, Phys. Rev. 98, 145 (1955).

11 F_T. Smith, Phys. Rev. 118, 349 (1960).

12 B, A. Lippmann, Phys. Rev. 151, 1023 (1966).

_ (1.2)
1S

(7.3)
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where A* is any 4-observable, defined formally by the
representation (f| A* = (4*f|, which commutes with
g,. The representation of p* implies that for any |y)
in D(p"),

P ly) = (—ihofog, + A*)|y). (7.4)
This is a generalized covariant Schrédinger equation.
Thus the Schrédinger equation is just a restatement of
the commutation relations and, as such, is not just a
nonrelativistic approximation, but is always true.
We can write (7.4) in operator form as

p* = —ihdjog, + A" (7.5)

In addition to the commutation relations, we must
have an invariant equation of motion which specifies
the system about which we are talking. The simplest
such equation which leads to nontrivial results is

(7.6)

where the me is introduced to make y, dimensionless
and p, is a numerical Hermitian Lorentz 4-vector.
If we take y, as the Dirac matrices, then (7.5) and
(7.6) give the Dirac equation. If we choose the
equation

v+ mel =0,

p'p, + mic*l = 0,
we get the Klein-Gordon equation.
If [4*, 9/dq,] # O for all u and v, or if the invariant
equation specifying the specific system involves both
p* and §#, the four components of p* do not commute.
By their definition, however, the four components of
g* always commute. The nonrelativistic 7" found in
Sec. 5 does not commute with % because the initial
function space is formed of functions of only space
variables.

(1.7)

8. NORMS AND THE SPECTRAL THEOREM

It is not possible to introduce a norm in W as a
whole and it follows that there is no spectral theorem
or resolution of the identity in ‘W as a whole. It is
possible to introduce a norm in certain subspaces of
W, however. For instance, a subspace J of ‘W can be
put into one-to-one correspondence with the space /
of all functions whose absolute square is integrable on
any bounded region and which are bounded by some
polynomial for sufficiently large x through the relation

(8.1)

for any « >0, (glel, fel, (F|€J. We then can
define the & norm of (F| by

(Flo =] drergt oo,

I<FIila Ef_w dxe® | f(DI* =(F[f). (8.2
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Note that one can introduce a norm in any self-
compatible subspace by letting || (F|| = ((F | f N A
measure space can be constructed on W as follows.
Let

Gy, A= {(f1: 4 <[l < 4} (83)

for all |g) in S, such that |{g ] 2! = 1. Then the set of
all G(4,, 4,) plus the empty set is a semiring. The set
of all finite unions of the G(4,, 4,) is the minimal ring
over this semiring. The union of all the semirings is
W. Since W belongs to the minimal ring [being G(O,
c0)], the minimal ring is a minimal algebra. Since the
algebra contains the intersection of any number of its
members, it is a Borel algebra and, in fact, it is the
minimal Borel algebra over the semiring. Now we can
introduce a measure x on the semiring by

u(G(4,, 4p)) = 4, — 4. (8.4

One spectral measure in W is to let the spectral
measure of a set M be its characteristic function.

Since a spectral measure can be found for W as a
whole, a spectral theorem can be proved in any self-
compatible subspace of W.

Since the whole spectrum of the usual operators
used in quantum mechanics appear as eigenvalues with
associated eigenkets in super Hilbert space, it is
reasonable to speculate that it is the eigenvalues of an
operator which represent the expected values of the
associated dynamic variable rather than the entire
spectrum, as in a Hilbert space.

9. THE UNCERTAINTY PRINCIPLE

Let 5 be a self-compatible subspace of W and let
(®|eF. Let 4 and B be canonically conjugate
Hermitian operators upon F. Let (@ |®) = |®]?,

for all (®| in F. Then, following von Neumann,?

2Im (@] AB @) = —i((D| AB|®) — (D] BA |D))
= —i(Q| 4B — BA|D) = i |||®)|2
9.1

Then, by the Schwarz inequality,

H®)2 = 2/h) Im (P| AB|®) < (2/K) (| AB|D)|

L @m) 1A 1D IBID). (9.2)

We can rewrite (9.2) as

IADIIBIO A
| 1@)® T2

3. von Neumann, Mathematical Foundations of Quantum
Mechanics (Princeton University Press, Princeton, N.J., 1955), p.
234.

(9.3)

DAVID M. ROSENBAUM

We define 4, B, AA, and AB by

A= (D] 4|9, B = (0| B|®),
a= ld—ADoy) o B = BDID)]
Hey I D)

9.4

Since (A — Af) and (B — BI) have the properties as-

sumed above for 4 and B, respectively, (9.3) holds for
them as well and we have

(AA)(AB) > hj2. 5.5)

Now consider a sequence of kets {|®,)} in F, each
satisfying the above, which converge to |®). If the
limits exist, we can define A4 and AB by

4 — 4,0 10|

AA = lim ,
i~ P
i el

Since (9.5) is true for all j,
AAAB = lim AA4;lim AB, = lim A4,AB; > h/2.

i+ k= jro
9.7

We call A4 and AB the uncertainty in state |®) of 4
and B, respectively.

Thus every pair of Hermitian canonically conjugate
operators 4 and B upon a self-compatible subspace of
‘W obeys an uncertainty principle with regard to kets in
that space and kets which are limits of sequences of
kets in that space, such that A4 and AB exist.

10. CONCLUSION

In addition to combining free- and bound-state
problems into a natural whole and allowing the
existence of a time operator which will be useful in its
own right, super Hilbert space allows relativistic
quantum mechanics to be based on a simple, natural,
four-dimensional commutation relation. It may be
that this basis and the representation of states by
functionals rather than functions will contribute to the
solution of some of the problems of relativistic quan-
tum mechanics.
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APPENDIX: DIRECTIONS FOR WRITING
DOWN C, .
C, » can now be written in terms of the symbols R
and F, which do not commute, as

C

a,n

= —=2[R(R + F)*1},,,, for n>0,
for n=0, (Al

=1,

where the subscripts «, n refer to the values to be used
in the rules below. Thus for n > 0, C, , has 2(»V
terms, each of which has 2" symbols. Consider a term
with Np R’s and Np F’s. We define A, as follows:

A4, =0,fori=0,
= A4, + 1, for an R symbol,

= A, ; + 2, for an F symbol. (A2)

Going from left to right in order, for the first R
symbol we write

a—2n—3

Y (a—4n—2—j)

j1=—1

(A3)

and for each succeeding R symbol

a—2n—2~1

.Z (0 —4n — 2+ 4,—j,),
r=dr—1 (A4)

where the index r refers to 1 plus the number of R’s to
the left of the R under consideration and the index ¢
refers to 1 plus the number of factors (R or F) to the
left of the R under consideration. For example, con-
sider

—2[2(n — 1) + 3]

r=1 23 4
RFRRFR
r=123456.

For each F we write

(@—4n—2—j +A)o —4n — 3 —j, + 4,),
(AS)

where i has the same value as that of the r in the first
R to the left and ¢ refers to the position of F, as above.

We now show that these directions specify a C, ,
which satisfies (5.41) and (5.43). Consider Cossn1-
The directions are to write

a—2n—4—s

> fo—4n—1—(ji+s)

i'=—1

(A6)
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for the first R,
=2[2(n —1—1)+ 3]

a—2n—3—r—s
X ¥ [a—d4n—1+4,—(;+9] (A7)

dr'=4r_1’
for succeeding R’s, and

(@—dn—1+4,~(j; +9)
X (@—4n—2+ A, — (j; +5) (A8)

for each F. If we define j, = j, + s + 1, the directions

become
a—2n—4

2 (a—dn—ji—1

jy=s—1

for the first R,

(A9)

—2[2(n — (t + 1)) + 3]
a—2n—3—r
X Y (e—4n—1+4+A4,—j,) (A10)

Jr=ir—1
for succeeding R’s, and

(x—4dn—1+A,—j)a—4n—2+4,—j)
(All)

for each F. We can get the directions for C, , , , , by
letting & — « — 1 in the directions for C, 5 , ,_,.If at
the same time we let j, — j, — 1, we get as the direc-
tions for C,_4 , .1

a—2n—4
> (@a—dn—j—1) (A12)
J1=8
for the first R,
—2[2(n — (t + 1)) + 3]
a—2n—2—{r+1)

X Y (a—dn—1+4+4,—j) (Al3)

Jr=jr_1
for succeeding R’s, and
(0 —d4n—1+A4,—j)o—4n—2+4,—j)

(Al4)
for each F. Thus the only difference between
Co3sna and C,_, .., is that the lower bound
on the summation for the first R is (s — 1) for

Ce-3-s,n1and (s) for C,_4 ., ;. Thus
(“ —4n—1— S)Ca—s—s,n~l -
= (—'471 + Z)Ca—4—s.n—1
+(—4n—1—s)a—4n—-95)D, 4 .,
(A15)

where D, 5 , ,, ; has n — 2 factors and is the same as
Cy—s-s,n—2, eXxcept that the first summation is dropped

(“ -3 - S)Ca—ti—s,n—l
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and the lower limit on the second summation is j, =
s — 1. Thus

a—2n—3
Copn= 2 (e—4n -2 —s)(—4n+ 2)Cy_4 4na
s=-1
a—2n~—3
+ > (x—4n—s)a—4n—1—y5)
s=-—1

X (6 —4n—2—$)D,_g 4. (A16)

Consider the first term. Let us rename the indices r,
t, and j, in the rules for C, 4 ,.,.1,80that t' =1 + 1,
r=r+1,and () =j,_,,and at the same time let
s = j,. Then the first two factors in the first term in
(A16) become

PACETEEE]

f1=-1
a—2n—14

X [:(—4n +2) > (a—4n—1 —jl)} (A17)
Jo=1y

which is just R?, and the directions for the rest of the

terms are just (we have dropped the primes on r, ¢,

and j,):

—2[2(n — t) + 3]
a—2n—2—4

X 3 (a—dn—1+Agq—Jj) (Al8)

Jr=Jr—1

DAVID M. ROSENBAUM

for each succeeding R (r > 2) and

(o —d4n — 1 —j; + Ayn)
X (@—4dn—2— )+ Ayyy) (AL9)

for each succeeding F (¢ > 2). Since the order of the
factors after R? is the same as the order of the factors
in C,_4_, ,; after R [the only difference being that
what was the jth factor in C, 4 ,, , is the (j + I)th
factor in the first term on the right-hand side of (A16)]
it follows that if we want the directions for deter-
mining A; to apply to the first term on the right-hand
side of (A16), where the index refers to the position of
a factor in that term, we must let 4, ; — (4, — 1) in
(A18) and (A19). Having made this change in (A18)
and (A19), we see that the rules for the first term on the
right-hand side of (A16) are the same as those for
R*R + F)r-2. Similarly, one can show that the
second term on the right-hand side of (Al6) is
RF(R + F)* 2. Thus

Con = R¥R + F)::;L2 + RF(R 4+ F)~*

o,n

=RR + F)R + F)};7 = R(R + F)&}}

N
a—-2n—3

= > (a—dn—-2—9)[(a—4n—1—5)

s=—1

X Ca——3—s,n——1 - (OC —-3- S)C¢—4—s,n-—1]' (A20)
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A new derivation of the Robertson-Walker metrics is presented which elucidates the relationship
between these spatially homogeneous and isotropic models and certain spatially homogeneous but
anisotropic models (‘“‘three-cylinder universes™). The evolutionary equations for Robertson-Walker
models containing as many as four distinct noninteracting relativistic fluids (each obeying a gamma-law
equation of state) are examined, and 25 exact closed-form solutions of this type are presented explicitly.

INTRODUCTION

Recently, several writers have discussed cosmo-
logical models of the Robertson-Walker type con-
taining bothradiation and incoherent dust (pressureless
matter).’”5 Under the assumption that the radiation
and the matter do not interact, exact solutions may be
derived®? which evolve, during early epochs, very
much like exact solutions containing only radiation,®®
and during late epochs, like the exact solutions of
Friedmann® which contain only incoherent dust.

In early stages of the expansion of the fireball when
temperatures are in the range of 10*2-10**°K or higher,
because of the strong interactions of the mesons (r,
K, etc.) which appear at these temperatures, the
equation of state of the matter (assuming thermo-
dynamic equilibrium) is not well known, but in any
case, the pressure due to matter is not negligible.
Accordingly, even if one ignores the actual interactions
which do in fact occur between the radiation and the
matter, it seems desirable to obtain still more exact
solutions of the Robertson-Walker type corresponding
to various equations of state for the matter. Eighteen
exact solutions which have not (to my knowledge)
previously appeared in the literature are presented
here, and for the sake of completeness, seven. pre-
viously published solutions are also given, using the
same notation throughout.

As an alternative to the homogeneous and isotropic
Robertson-Walker cosmological models, there has
been some interest recently in homogeneous but

* Work performed under the auspices of the U.S. Atomic Energy
Commission.

1 C. B. G. McIntosh, Nature 215, 36 (1967).

2 C. B. G. Mclntosh, Monthly Notices Roy. Astron. Soc. 138,
423 (1968).

3 K. C. Jacobs, Nature 215, 1156 (1967).

4 J. M. Cohen, Nature 216, 249 (1967).

5 J. P. Vajk, thesis, Princeton University, Princeton, N.J., 1968.

8 A. D. Chernin, Astron. Zh. 42, 1124 (1965) [Sov. Astron.~—AJ
9, 871 (1966)].

? R. A. Alpher and R. C. Hermann, Phys. Rev. 75, 1089 (1949).

® R. C. Tolman, Phys. Rev. 37, 1639 (1931); 38, 1758 (1931).

® A, Friedmann, Z. Physik 10, 377 (1922).

anisotropic models which are spatially closed in two
directions but open in the third direction (three-
cylinder cosmologies). Such models have been derived
by Thorne,'® Kantowski and Sachs,!! and Dorosh-
kevich.’? A new derivation of the Robertson-Walker
metrics is presented here which elucidates the rela-
tionship between the Robertson-Walker models and
the three-cylinder models.

Derivation of the Robertson~Walker Metrics

We assume that the space-time manifold is spheri-
cally symmetric and endowed with a sufficiently
differentiable metric tensor field. We further assume
that the matter in the space-time moves on a differ-
entiable congruence of geodesic world-lines. It is then
possible® to construct orthogonal comoving coordi-
nates (7, x,0,$) on coordinate patches on the
space-time. In terms of these coordinates, the metric
has the form®

ds* = dr® — f2(z, y) dy® — S¥z, ) dQ2, (la)
dQ? = db* + sin® 0 dg?, (1b)

where fand S are differentiable scalar fields defined on
each coordinate patch.

The scalar field $ may be interpreted as the intrinsic
radius of curvature of the two-sphere defined by the
locus of points = = constant, y = constant. It is
important to note that 4,5 (the four-gradient of S)
need not, a priori, be a spacelike vector: it may be
spacelike, null, or timelike, or it may vanish. Only if
4,8 is spacelike is it possible to write the metric in the
usual form

dst = A1, r)di® — BX(t,r)dr® — r* dQ2,
A2>0, B> 0.
(For a complete discussion of the role of 6,5 in the

10 K. S, Thorne, doctoral thesis, Princeton University, Princeton,
N.J., 1965; Astrophys. J. 148, 51 (1967).

11 R. Kantowski and R. K. Sachs, J. Math. Phys. 7, 443 (1966).

12 A. G. Doroshkevich, Astrofizika 1, 225 (1965).
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theory of spherically symmetric space-times, see
Ref. 5.)
The components of the Einstein tensor when re-

ferred to the orthonormal tetrad of one-forms
= S(r, x) do,
S(, x) sin 0 dé,

w® = dr,
ot =flr, ) dy, o= @

may then be found very efficiently by Misner’s pre-
scription for computing curvature.?® The Einstein field
equations without cosmological constant are then

GOO=§(§’ + 21)

S\s f
G=§—[§'=0, (4)
S fS
o p {25 (gm0
oumpls 53)f -3 5 o

where u is the proper mass—energy density of matter,
Py is the component of stress in the radial direction
(that is, in the y direction), p, is the component of
stress in the angular directions (that s, in any direction
tangent to a two-sphere 7 = constant, y = constant),
and « = 8=G/c* is the relativistic gravitational con-
stant. Differentiation with respect to 7 is denoted by
a dot; with respect to y, by a prime. The conservation
laws
™,=0

will also be useful in the discussion below; these are

L 40 =
/‘+#(f+2S)+Prf+ PaS 0, U]
P+ 2%’ (p, — p,) = 0. (8)

If we now assume that the distribution of matter on
each spacelike hypersurface = = constant is homo-
geneous, that is,

p=w(1), pp=pA7), Po= pu(r), %)

then p; vanishes identically. The conservation law (8)
may then be satisfied by any of the following choices:

(A) §'#0 and p,=p, = p(7), (10)
(B) S'=0 and p, #p,, )
(C©) =0 and p, =p, = p(7). (12)

13 C. W. Misner, J. Math. Phys. 4, 924 (1966).
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The choices (B) and (C) lead to space-times whose
spacelike hypersurfaces 7 = constant are three-
cylinders, i.e., to spherically symmetric space-times
which are spatially homogeneous but anisotropic.
Such space-times have been discovered by Thorne,*
Kantowski and Sachs,!* and Doroshkevich.!?

Our present interest, however, is only the choice (A).
Substituting (10) into the conservation law (7), we see
that the expression [(f]f) + 2(S/S)] must be inde-
pendent of y. Thus we conclude that

f ()8, x) = g(Dh(x), 13)

where g and 4 are as yet undetermined functions. Now
the field equation (4) may be integrated once to give

S'(r, 1) = m(p)f (=, 728 (14)

where m is an undetermined function.

What forms must f and S have in order to satisfy
both (13) and (14)? Solving (13) for S, differentiating
once with respect to y, and using (14), we obtain the
relation

—[h(x)]* P2 o ()[f G "’] (15)

f 0 8 )

F or each value of y, this relation must hold identi-
cally for all values of . This is possible only if f*/fand
f3[g are both independent of =, that is, if f can be
decomposed into a product of a function of 7 with a
function of y:

S ) = A()B(y), where A%(r) =g(r). (16)
We then find from (14) that S is also decomposable:
S(r, 1) = A(MM(y). (17

It is apparent from (16) and the form of the metric
(1) that there is no loss of generality in setting B(y) =
1; this corresponds merely to a suitable choice of the
coordinate y. Thus the metric becomes

ds® = dr®* — AX7)[dy® + M2(x) dQ2).  (18)

We now find that the field equations (3), (5), and (6)
can be written in the form

" n2
2%44— + (A;I) —Mlz—K'_3A2—KA,¢, (19)
N2
(%) - Miz =K = A% 4+ 244 + «A%p,
(20)
M _k=a + 244 + «A?p,
M
(21)

where we have introduced separation constants K and
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K’, since the left-hand member of each equation is a
function only of y and the right-hand member, a
function only of =. We find at once that

K'=3K. (22)

We may now integrate the left-hand member of
(21). Depending on the value of K, we obtain three
different results:

M(y) = Dsin [(|KD¥y + o, K <0,
=D'(x + B K=90,
= Eexp [—(K)¥y] + E'exp [(K)}y], K >0,

(23)
where D, D', «, B, E, and E’ are constants of inte-

gration.
Substituting these expressions into the remaining
field equations (19) and (20), we find

D=(K)* K<O,
D, = 1, K = 0) (24)
EE' = —1/(4K), K> 0.

Since «, f§, and E[E’ merely fix the origin of the co-
ordinate y and thus have no intrinsic geometrical
significance, we pick

o = ﬂ =0,

E=—F'. 25)

We next note that multiplying K by any positive
number 4 has the effect of changing the scale of y by a
factor of ()% Thus there is no loss of generality in
considering only K = —1, 0, or +1. We thus obtain
the three Robertson—-Walker metrics

ds* = dr?* — A¥(7)[dy? + sin? y dQ?), K= —1,
(26a)

ds* = dr* — A¥(7)[dy? + x2dQ?), K=0,
(26b)

ds® = dr* — A%(7)[dy® + sinh? y dQ?], K= +1.
(26¢)

These describe space-times which are spatially homo-
geneous and isotropic. The spacelike hypersurfaces
7 = constant are spaces of constant curvature, respec-
tively positive, zero, and negative. The space-times
described by the above forms will be referred to in the
rest of the discussion as closed, flat, and hyperbolic
Robertson-Walker space-times, respectively.

The function A(7), which describes the evolution of
the geometry, and the functions u(7) and p(r), which
describe the behavior of the matter in these space-
times, remain to be found. These functions appear
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in the three Egs. (7), (19), and (20); because of the
Bianchi identities, however, only two of these equa-
tions are independent. Thus, in order to obtain unique
solutions, it is necessary to provide additional in-
formation about these functions. This information may
be given most conveniently in the form of an equation
of state of the matter in the space-time, that is, in the
form of a functional relation between u and p.
[Alternatively, of course, one can simply specify an
ad hoc explicit form for A(r) and calculate x4 and p
from the field equations (19) and (20), as Mclntosh
has done.! There is no guarantee, however, that this
procedure will result in a physically reasonable form
of matter.]

With the aid of (10) and (17), the conservation law
(7) may now be written as

i+ 3(u + p)dja = 0. 27

Given the equation of state relating p and u, this

equation may be integrated (at least in principle) to

give u as a function of 4. The field equation (19) may

then be solved to obtain A4 as an implicit function of =:
dA

f K + bediu(F

where 7, is a constant of integration.

(28)

To»

Conformal Coordinates

As we shall see in the discussion below, there are
several cases of interest in which the solution (28) is an
elliptic function. In some of these cases, a coordinate
transformation which we now describe permits us to
reduce the relevant quadratures to elementary func-
tions.

If we define a new timelike coordinate by
dy = dr[A(7) (29)

and then express 4 as a function of ¥ instead of 7,
we can write the metrics (26) in the forms

ds? = A¥(p)[dy® — dy? — sin? y dQ?], K= —1,
(30a)

ds® = AXy)ldy* — dy® — * dQ?), K=0,
(30b)

ds® = A%(y)[dy® — dy® — sinh? y dQ?], K= +1.
(30¢c)

Since the metric forms on any two neighborhoods
of a (y, ) coordinate plane in such a spacetime are
conformally related, we call the coordinates y and ¥
conformal coordinates.
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We now find that A(7) may be given in parametric
form, with v as parameter. The expression (28) is then
replaced by

dA
=y, 31
f A[K + Al AP v 12

r— 1= J A(v) dy. (31b)
The expression (31b), of course, is essentially identical
to (28); in some cases, however, (3la) may be
expressed in terms of elementary functions, while
(31b) is an elliptic function. In such cases, an exact,
closed-form solution may be given for the metric (30).

Relativistic Fluids

We now consider the equation of state

p=@—Du, u+p=yu, 1<y<L2, (32)

where ¥ is a constant. (The limits on y result from the
requirements that the stresses be pressures rather than
tensions and that the speed of sound in the fluid be less
than the speed of light in vacuo.) For y =1, the
pressure vanishes, so that the equation of state is that
of incoherent dust. For y = 4, the equation of state
is that of a photon gas or a gas of noninteracting
relativistic particles.

For this equation of state, the conservation law (27)
may be integrated to give

p(r) = B/A¥(7),

where B is a constant of integration. We now see that,
for K # 0, (28) may be readily expressed in terms of
elementary functions or elliptic integrals only if
(3y — 2)is an integer (see, e.g., §2.29 of Ref. 14), that
is, if

(33

y=mn/3, n=3,4,5,6, (34)

while (31a) may be expressed in closed form for
arbitrary K and arbitrary .} Exact closed-form
solutions for these cases are presented explicitly in
Appendix A.

Consider now a fluid composed of two or more
components, each characterized by a different value of
y. If the various components are strictly noninter-
acting, then the conservation law applies to each
component separately, and each component then
satisfies (33). The total proper mass—energy density of

14 1. S. Gradshteyn and I. M. Ryzhik, Tables of Integrals, Series,
and Products (Academic Press Inc., New York, 1965).

15 The author is grateful to Lane P. Hughston for pointing out
that the solutions (A13) and (A15) can be expressed in closed form
(private communication, 1968).
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the fluid is then
B, B,
AP () T AP(e)

p= +o (35)

where y; characterizes the equation of state of the ith
component of the fluid, and the total pressure is

(y, — DB, | (yo — DB,
= + + .
P= " A(z)

(36)

The solutions (28) or (31a) may be readily expressed
in terms of elementary functions or elliptic functions
if there are no more than four components and if each
of the v, satisfies the condition (34). Closed-form exact
solutions for two- and three-component cases are
presented in Appendices B and C, respectively. Four-
component cases for which the y, satisfy (34) can be
expressed only in terms of elliptic functions for general
values of the integration constants B,.

APPENDIX A: SINGLE-COMPONENT
RELATIVISTIC FLUID CASES

Exact closed-form solutions for Robertson-Walker
cosmological models containing a single-component
relativistic fluid with equation of state

p=—Dhu

are presented below. For convenience, we have given
solutions for y = 1 (dust), y = 4 (radiation), y = £,
and y = 2 in addition to the solutions for arbitrary
y. A key to the solutions is given in Table I.

The behavior of the fluid (not given explicitly
below) is in all cases related to the metric function
A(7) or A(yp) by

# = B[A®, p=(y — 1)B/4%,

and the abbreviation
a = «BJ6

is used throughout.

TaBLE I. Summary of solutions.

y=1 yp==% y=4% y =2  Arbitrary y
p=0 p=u3 p=2u3 p=p p=( —a
K=—1 (AP (A  (A7F  (AIO  (AI3)
K=0 (A2F  (A5) (A8 (All)e (Ald)e
K=+1 (A3  (A6) (A9 (A12)e (Al5)¢

& Friedmann (see Ref. 9).
Tolman (see Ref. 8).
¢ Vajk (see Ref. 5).
d U. Gerlach, unpublished work, 1965.
€ Hughston (see Ref. 15).
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Solutions

y=1K=~—1:
2asin™ [A(n)2a) — 2ad(r) — 4D =7 — 7.
(Ala)

A(y) = a(l — cos ) = 2a sin® g ,

T— 7Ty =a(y — sin p) = 2a(§) - sin;fcos;i)).

(Alb)
y=1,K=0:
3
0= (F)e-wt  ew
a o
A(y) = L
r—ro=%yh (A2b)
Y= ]9 K = +1
[A%7) + 2aA()} — 2a sinh™ [A(n))2a} =1 — 7.
(A3a)

A(yp) = a(coshp — 1) = 2a sinhzg),

T — 7o =a(sinhy — yp) = 2a(sinh;£cosh—12£ - %))

(A3b)
y = %, K=-1:
A7) = [2a — (r — 7). (Ada)
A(y) = (2a)% sin p,
T — 7 = (2a)} cos . (A4b)
y=4%,K=0:
A(r) = Ba)i(r — o). (ASa)
A(y) = Qa)ty,
7 — 1= (@2, (Asb)
'}} = %, K = +l-
A = [(r — 0% — 2a]%. (A62)
A(y) = (2a)} sinh v,
T— 71g= (2a)‘} cosh . (A6b)
y = %, K=—-1:
A(yp) = Qa)fsin $y1E,
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y=%K= 0
3
A7) = 2—}‘) (r — 70 (ASa)
oa\t
A(y) = (1) W)
2
3/9a\F 4
— 7y =228 ot A8b
T— Ty 5( 2) L4 ( )
y=25K=+41:
A(y) = (2a)}[sinh 397},
r— 1= f A(y) d. (A9)
y=2,K=—1:
A(y) = 2a)(sin 29)%,
S f A(y) dv. (A10)
y=2,K=0:
A(r) = (18a)4(r — =)}, (Alla)
A(p) = (8a)tyt,
T — 1o = 38a)tyl. (Al1b)
y=2,K=+41,
A(y) = (2a)*(sinh 29)},
r ey = f A(y) dy. (A12)
Arbitrary y, K = —1:
—_ 2/(3y—2)
A(y) = Qa) m‘”[sin (3y 5 2) '/):I ,
=1, =fA(tp) dy. (A13)
Arbitrary y, K = 0:
A = (370" — 7). (Al4a)

A(y) = [(By — 2)%a)2]"/ B2y Br=2)

T— 7= 51; [By — 2)%aj2]V 2y 2 (A14b)

Arbitrary y, K = +1:

A(y) = (Za)l/(3y_2’[sinh (

3y — O\ T 2(3-2)
2

T T =fA(1p)d1p. (A15)
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APPENDIX B: TWO-COMPONENT
RELATIVISTIC FLUID CASES

Nine exact closed-form solutions for Robertson—
Walker space-times containing two noninteracting
relativistic fluids with equations of state

= (y1— Dy, pa= (y2 — Dy,

are given below for y, = 1, 4, or &, and y, = %, &, or
2, with p, < v,. In another nine such cases, neither
(28) nor (31a) can be readily reduced to closed form:
both expressions give elliptic functions. A summary
of these two-component fluid cases is presented in
Table II.

TasLE II. Summary of solutions.

V=% Vs =3 Ya=2 e

P2 = 1af3 P2 = 2u,/3 P2 = H2
Y1 =1 (B1)»-d Elliptic Elliptic -1
pr1=0 (B2)c-e Elliptic (B4) 0
(B3)e.d Elliptic Elliptic +1
yi=% Elliptic (B6) -1
= /3 (BS) (B7) 0
Elliptic (B8) +1
ri=1% Elliptic —1
P1=2u,/3 (B9) 0

Elliptic  +1

2 G. Lemaitre, Am. Soc. Sci. Bruxelles 47A, 49 (1927).
D Alpher and Hermann (see Ref. 7).
¢ Chernin (see Ref. 6).
d Cohen (see Ref, 4).
e Jacobs (see Ref. 3).
The total mass-energy density and total pressure in

these solutions are given by

= (Bl/A371) + (Bz/Asyz),
P = (1 — DBYA™) + (v — D(B,JA™),
respectively, with y; < y,. The abbreviations
a = kB,/6, b = B,/B,,

are used below. Note that, for b = 0 (i.e., for B, = 0),
these solutions reduce to the corresponding smgle—
component solution in which y = y,.

Chernin (see Ref. 6) has remarked that the param-
etrized solutions (B1b), (B2b), and (B3b) for uni-
verses containing both dust and radiation may be
written, respectively, as sums of the parametrized
solutions (Alb), (A2b), and (A3b) for universes
containing only dust and the parametrized solutions
(A4b), (A5b), and (A6b), respectively, for universes
containing only radiation. Hughston?¢ has obtained a
number of solutions (not given below) for two-
component fluids by generalizing this “superposition”

property.
¢ L. P. Hughston (submitted to Astrophys. J.).

J. PETER VAJK

Solutions

71=1a72=%,K=—12
1 A(@)—a

asin”! ——~4———
[aa + 2b)]F

— [2ab + 2a4() — A =7 —7,. (Bla)
A(y) = a + [a(a + 2b)]F sin o,
T —1y=ay — [a(a + 2b) cos y.  (B1b)
n=Ly$=4K=0:
[A() — 2b][AGr) + b]F = ( )*(T ~ 0. (B2a)
2 o
a .
A(y) = S ¥ b’,
T—Ty= ‘—6’ ¥* — by. (B2b)
n=Ly,=4 K= +1:
[4%(7) + 2aA(r) + 2ab}
— asinh™ M—“—é =7 —17,. (B3a)
la(a + 2b)]
A(y) = [a(a + 2b)]} sinh v — q,
T — 1o = [a(a + 2b)] cosh p — ay. (B3b)
=17y =2,K=0:
9a 2 ¥
A7) = b (r — 70 — b] . (B4)

’y1=%,'y2=%,K=0:
3b

A(r) — =
[() 5

2

b
+—lo
4

[4%7) + bA(D)]

2’T 'T% T é
g([A()+bA(>1 +A()+2)

= (8a)}(r — 7). (B5a)
[4%(y) + bA(p)IE
— 5 cosr? [ 22T _ oy,

r—my = f A(y) dy. (BSb)
M=tre=2K=—1:
A(p) = (a + [a(a + 2b)] sin 29)},
T — o= f Ay) dy. (B6)
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y=%v=2,K=0:

AD[AYD) + b]E — blog (A(7) + [4%(7) + b])
= 8a)}(r — 7). (BTa)

A(y) = [2ay* — b],
T—Ty= g Ray? — b]%

a\t ] 2 3
— b(2) log [(2a)*y + (2ay® — b)%].

(B7b)
=47 =2K=+1:
A(y) = ([a(a + 2b)} sinh 2y — a)?,
T—m=f4@du (B8)

=4%7v=2K=0:
[A(7) — bIF[34%(r) — 4bA(r) + 8b%]

=w€ﬁﬁ—%)(w@
[A(y) + bIF[A(y) — 2] = (22‘3)%1/),

T—To=waodw (BSb)
APPENDIX C: THREE-COMPONENT
RELATIVISTIC FLUID CASES

For Robertson-Walker cosmological models con-
taining three noninteracting relativistic fluids each

COSMOLOGICAL SOLUTIONS 1151

obeying an equation of state

pi=(yi_ 1):“1" i= 1’2’ 3’
where y, = 1, %, 3, or 2, the solution (28) or (31a) may
be readily reduced to closed form in only one case,
namely, y; =%, ¥ =%, y3 =2, K=0. The total
mass—energy density and total pressure are then

B, By By
ST
=L 4 =2y
SEVTRIEYORT

respectively. The functions A(7) and A(y) are given
below, using the abbreviations

kB,/6, b= B,/B,, c= ByB,.

Note that for ¢ = 0 this solution reduces.to the two-
component solution (B5).

N=%7%=%y=2K=0:

P@—%wﬁ@+umﬂwF+P§—ﬂ

x log ([A%) + bA@) + o} + A@) + ’5’)

= 8a)}(r — 7). (Cla)
[4%(y) + bA(y) + ¢}t

b 124y +b 4
— = cosh b — 4c]% = (2a)*y,
T— T, =JA(1p) dy (C1b)
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Spherical Symmetry
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Two methods of integrating the equations of the de Broglie wavefield are introduced. The first inte-
grating method does not seem to be as suitable for the domain of the microphysics as the second one.
According to the second integrating method, the equations of the de Broglie wavefield are solved for the
metric with spherical symmetry. In this case, the equations of the de Broglie wavefield admit of a solution
which includes both Schrédinger and Hamilton-Jacobi methods of description as particular cases.

I. INTRODUCTION

In Riemannian space-time, one can consider the
relativistic action function as a system of wave 3-
surfaces of a progressive wave called in this paper the
de Broglie wave. The first fundamental form of space-
time represents the elementary wave 3-surfaces of such
de Broglie waves and the relativistic action function,
regarded as the wave 3-surface, is an envelope of these
elementary wave 3-surfaces. The propagation of
de Broglie waves is given by the elementary 3-surfaces
which, however, are determined by the fundamental
metric tensor. Thus, the fundamental metric tensor of
space-time determines the propagation of de Broglie
waves. Such a description of propagation is given by
the homogeneous canonical system and corresponds to
the original formulation of Huygens principle.!

However, one can attempt to describe the prop-
agation of de Broglie waves in the spirit of Kirchhoff
formulation of Huygens principle, i.e., using partial
differential equations. This possibility of description
seems to be given by the equations of de Broglie wave-
field (briefly, field equations).? The field equations
describe the same wavefield as the homogeneous
canonical system, but from a higher analytical point
of view than the homogeneous canonical system does.
By an analysis of the continuation properties of the
field equations, we get the equation

(gab - xaxb) dxa dxb = 0,

which corresponds to the local light cone and where
the x* = dx“/ds are components of the unit normal
4-vector to the wave 3-surface of the de Broglie wave.

The field equations bear no obvious resemblance
to any equations of quantum mechanics. But we will
establish a close connection by considering, in Sec. V,
the de Broglie wavefield with spherical symmetry.
Mathematically, this case is comparatively simple and

1 J. Kulhanek, Nuovo Cimento 38, 1178 (1965).
2 J. Kulhanek, Nuovo Cimento Suppl. 4, 172 (1966).

the treatment is completely satisfactory. Thus, if we
have confidence in the practical validity of quantum
mechanics, we are in a position to compare the field
equations with physical reality.

It is quite possible, however, that another case of
symmetry (for example, axial symmetry) is more
suitable than the case considered.

II. FIELD EQUATIONS

The field equations are®?

R, — % X"Ry = (ER) (0] — 5,57, (1)

where g, = gy., ¥ is the rest mass, 4 is Planck’s
constant, and X are components of the unit normal
4-vector to the wave 3-surface of the de Broglie wave.
The system (1) is not symmetric. It can be easily
rewritten in a symmetric form. Contracting (1) we get

R — %"X’R,, = 33¢*/h®. @
Multiplying (1) by %, we have
R, %" = %, 3*%°R,; . )]
From (2) and (3) we obtain
RpX" = %R — 33 h?). “
Applying (4) we can rewrite the Eqs. (1) as
- Je? ¥ ..
Ry — xaxb(R -3 F) = ﬁ (8ap — Xo%p) (5)

and, hence, after simple rearrangement on the left-
and right-hand sides, we finally get

Jet Je? . .
Ry, —$Rg,, + F 8ap = — (R —4 —)(%gab — X Xp).

h2
(6)
The systems (5), (6), and (1) are equivalent.

® The Egs. (1) are introduced in Ref. 2 with a minus sign on the
right-hand side. In this case, however, the solution considered in this
paper does not exist. Because of this, we will consider the system (1)
with a plus sign on the right-hand side as basic form of equations of
de Broglie wavefield.
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On the left-hand side of (6), there is a well-known
tensor whose covariant divergence vanishes. Thus,
from (6) we have the four conservation equations

gbl[(R - 43@2/ hz)(%gab - xaxb)]llz 0 (7)
Because
g% %, =1 and hence X%, =0, (8)
we find from (7) that
1 ] oR
(= — - —————— %, 9
o 2 R — 43¢/ h? ox* ©
Consequently,
— 5 _— 27y 2k
A(—g) (R — 4K3[h*)*x - (10)
ox°
or
(R — 43¢/ h*)Ex, = O. (11
Thus there is a simple integral theorem
JeNE
fﬁ «(N) (R —4 ;—2) LN =0,  (12)
2 X

with the integral taken over any closed 3-space, where
N¢ is its unit normal and €(N) is the indicator? of the
vector N® The symbol dy denotes an invariant
element of 3-volume. The integral theorem (12) is an
immediate consequence of (10). Substituting from
(9) into (7), we get
? gea\E
Xy, = (8F — *%, -—~In( -4 ) 13
” ( a )axl hg ( )
The conservation equations (7) are equivalent to Egs.
(11) and (13). Let us introduce the 4-vector C, as

C, = f,, where f= (R —4¥}/n}, (14)
and the tensor®® Q, as
oC oC
Q= — — =2, 15
PTox o (13
Then we may rewrite (11) and (13) as
=10, C%Q,=0 (16)

Thus, from (6) and (16) we may construct a system

which is hyperbolic in the sense of Leray.??
Equations (1), (5), and (6) do not contain sources;

hence we are dealing with continuous and nondualistic

* For any vector V¢, the quadratic form g, VeV? is positive,
negative, or zero. If the value is not zero, we define the indicator of
V%, denoted by «(¥), to be +1 so as to make e(V)g,, VeV? > 0.

v A. Lichnerowicz, Recent Development in General Relativity
(Polish Scientific Publishers, Warsaw, 1962).

8 J. L. Synge, Proc. Math. Soc. (London) 43, 376 (1937).

? 1. Leray, Hyperbolic Differential Equations(Princeton University
Press, Princeton, N.J., 1951).

8 A. Lichnerowicz, Ann. Sci. Econ, Norm. Suppl. 8, 285 {1941).
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field theory. There are no reasons to distinguish
between exterior and interior solutions of Egs. (1),

(5), or (6).
1. FIRST INTEGRATING METHOD

For any given set of four functions %,(%*), suffi-
ciently smooth (for simplicity, let us suppose them to
be of class C?), for which we assume that

an
where the g are constructed from the g,, in the usual
manner, the system

Je%
Rab - %Rgab + = e 8ap = —"(

gabxaxb =1,

Je )(%gab xaxb)
(18)

is a set of ten nonlinear second-order partial differ-
ential equations to be satisfied by the ten unknowns
2.5 The four conservation equations

g" (R — 43 1*)(dgy — X)), =0 (19)

are consequences of (18) and imply no restriction on
the chosen X,(x*), since they contain the unknowns
Za» Nt only in the coefficients, but also in the deriv-
atives. Since the given X,(x*) do not uniquely deter-
mine the coordinate system, we have to add coordinate
conditions. These are only 3 in number because of (17)
which represents the fourth-coordinate condition.

Example: Let us consider X,(x*) given as (0, 0, 0, 1).
Then from (17) we obtain

gh=1. (20)

Putting g,4 =0 («=1,2,3), from (20) we get
g = 1. Thus we may solve (18), for example, in
Gauss normal coordinates.

IV. SECOND INTEGRATING METHOD

The components of 4-vector X, and the rest mass JC
are defined? as

P
T (&)t

where p, are components of the 4-momentum. We
may write! that

=gk (@

_aw_
Pa= oxe
where W(x*) is the covariant action function. The

3-surfaces W == const are wave 3-surfaces of the
de Broglie wave. Using (22} and (21) we have

(22)

W W

@MW)t K

it

(23)
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and
2 =g®Ww W,. 24
Substituting from (23) and (24) into (6), we get
J€2
Rab - %Rgab + ;; 8ab
Je? 1
= — (R =435 (ten = s ). @9

In (25) and (24) we have 1 + 10 = 11 equations to be
satisfied by the following 11 unknowns: g,,, W. On
account of a well-known argument,® we may consider
four of the ten g,, as arbitrarily given (sufficiently
smooth) functions. Thus, within the condition of
admissibility,’® we have liberty in the choice of co-
ordinates.

V. SOLUTION FOR SPHERICAL SYMMETRY

Spherical symmetry is interesting by virtue of its
comparative simplicity and the physical problems
associated with it. We will make our calculation for the
form

—dr* = e(dx")? + e’ [(dx*)? + sin® x*(dx®)*] — e'(dx*)?,
(26)

where o, 8, y are three functions of (x, x%).1* For the
form (26) we have

g, = diag (¢ e, ef sin® x%, —e), 27

all other components vanishing and J€ = —J¢212
where J€ is the rest energy of the particle. Then from
(24) and (25) we have

— ¥ = W] + e P[Wh + sin TP x*W3] — e W5

(28)
and
2

Ry — $Rgy — F Zrr

Je? 1
=—@+ﬁﬂem+ﬁme

33\ 1
Ry= —(R + 4F)— W.W,. (29)

JCZ
In the Ricci tensor, a component vanishes if it has
just one subscript 2 or one subscript 3, a fact which

? D. Hilbert, Ges. Wiss. Gdttingen Nachr. 18, 395 (1915).

10 We recall from Ref. 11 the assumed existence of admissible co-
ordinates in space-time, for which coordinates we have continuity
of g, and g, x across any 3-space Z. If ¥ is in some sense a 3-space
of discontinuity, the discontinuity can-occur only in the second or
higher derivatives of g,,, provided the coordinates are admissible.

11 J. L. Synge, Relativity: The General Theory (North-Holland
Pub. Co., Amsterdam, 1960).

12 When the signature of first metric form is +2, we put J¢% = — j¢2
and consider J as the rest mass. When the signature is —2 we put
Je? = J? and consider J as the rest mass.
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is easy to verify without calculation on the basis of the
symmetry alone. Now let us put

gs: = € = I*(= const). 30)

We can introduce coordinates x! and x? (isothermal
coordinates)'® such that (26) becomes

—d7* = e"(dr® — dff) + IX(d$* + sin® Gdé?) (31)
where r=x!, 9 =x% ¢=x% t=0x% and 1 is a
function of r, t. By direct computation under the

assumption that W, # 0 and W, # 0, the Eqgs. (29)
give two equations

¥, 0w O
R ot
From the first Eq. (32) we have

P=hx®, [I]=cm, 33

and we identify / as Compton’s wavelength. With /2

obtained from the first equation (32), the second

equation (32) gives

0%u

or?

Let us remark that the surface of a 2-sphere (r = ry =

const) is 4x/2 for the metrics (31), which is independent

of ry. The space-time is a manifold of constant

curvature R = —4JC*/h? = —4/I? and Eq. (7), there-
fore, holds identically. Equation (28) now gives

— 3 = eTH(W? — WE) + 2 (WP + sin® W2

ev. (34)

(35)
The solution of (35) is
W =u(r, 1) + vi(F) + vi(¢) (36)
and (35) with (36) gives
~3¢t = (% — %) + BYP, (37)

where B is a separation constant. The quantity v , is
total energy of the particle and v, is its momentum.
Hence, v% > ¢% and from (37) we see that

—B* — J¥2 < 0.
In (37) and (34) we have two differential equations,
w B + 3’
e == = ety 0=t = R
(38)

for two unknown functions u(r,?) and o(r,t). In
order to solve Egs. (38) we put

x= y=@ (39)

3'W. B. Bonnor, Recent Development in General Relativity
(Polish Scientific Publishers, Warsaw, 1962).
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and
x=E&+pu, y=§&—nu (40)
Hence,

E=3x+y), u=3ix-y. (41)

Using (39), (40), and (41), we may rewrite Eqs. (38)
as
Ug = —e', vp, = —}(B + XV (42)

The general solution of the first of Egs. (42) is given*
as ,
RS i A
(f + o
where f(£) and @(u) are arbitrary functions. It is easy
to verify that we may rewrite (43) in the form

=22 n(f+ «p)—ln(f+ ?).
Substituting Eq. (44) in the second of Eqgs. (42), we
have that

(43)

(44)

v = (B4 ¥R In (f + ¢)

is the solution of second equation (42). Further, Eq.
(43) may be written in the form

(43)

1
v = (46)
( [+ )2 65 ou
Now, if we put
=+ 9P (47)
Eq. (46) then gives
Y+ ey =0. (48)
In the variables r, t we have (48) in the form
Yorr — Y1t + 2l_zeu1/) =0. (49)

With the help of (45) and (47) we may express the y
function by means of the action function v. We obtain

v = exp [2(B? + Jex2)1y). (50

Equation (49) is the Schrodinger equation which
corresponds to the Hamilton-Jacobi equation (37)
and v is the wavefunction well known from quantum
mechanics. Substituting from (50) into (48), we get

2B + X o, + e + 2(B% + Jearzy—t

x [(B + ) Hop, —v,]=0. (51)
Because of (45) we may write
exp [2(B% 4 X2 Ho] = £ (&) + o(u)
and hence
{exp [2(B? + &) ~Ho]},, = 0 (52)

14 A. R. Forsyth, A Treatise on Differential Equations (Dover
Publications, Inc., London, 1921), p. 555.
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Owing to (52) and the second equation (42), we see
that (51) holds identically. The significance of all this
is that we have essentially two arbitrary functions

u,v and Eqs. (42) or functions u,y and the
equations

2 . 2 .
U, —uy+ e =0, yp,—y,+5ep=0 (53)

1 l

Now let us assume that the function u# depends only
on the variable r. Then from the first equation (53)
we have

2
d— + =e¢*=0 and hence du =4 Z(C1 — e“)‘l',
l2 dr I
(54)
where C, is an integration constant. The solution of
(54) is given as
C,=C">0, e*=Ch’C(rl™ — Cp), (55)

where C, is a second-integration constant. In this case
we can assume the function ¥ in the form

v = 2(NO().

From the second equation (53) we get

(56)

2
¥+ (k+2%e“)x=0, O+k®=0, (57

where for 12 we use (33) and k is the constant of
separation. The solution of the second equation (57) is

0 = ay exp [(—k)}] + azexp [—(—k)H], (58)

where a,, a, are integration constants. Substituting
from (55) in the first equation (57), we get

d2 Vo
+ E +— = 09
FET ( chzocr)x

where E = kh*2K, V, = XC?, « = CX/h, and we
put C, = 0. This equation is discussed in Ref. 15. The
spectrum of positive eigenvalues of the energy E =
kh?/2) is continuous, while that of negative eigen-
values is discrete. The energy levels are determined'®

as
hia? 8JeV,\2
E=——| 142 1+ =21, (60
SJC[(+n)+(+a2h2):l (60)

where n takes positive integral values starting from
zero. Substituting in (60) for ¥, and «, we get

(59)

E = — 1C%( — n). (61)

There is a finite number of levels determined by the

15 L. D. Landau and E. M. Lifshitz, Quantum Mechanics (Addi-
son-Wesley Publ. Co., Inc., Reading, Mass., 1958), p. 69.
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condition
83eV )\
2n<(1+51?) —1 (62)
In our case we have
n<l1 (63)
and, hence, n = 0. From (61) we get
E=—1C¥ or k= —(h)C. (64)

Thus we have only one level which corresponds to
number n = 0. Substituting &£ from (64) in (58), we see
that v is not periodical in time. On the other hand,
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however, for E > 0 and hence k > 0 the spectrum of
E is continuous and y is periodical in time.

VI. CONCLUSION

The solution of the field equations carried out in this
paper seems to be strong support for the idea that the
 function of quantum mechanics is in the immediate
connection with the metric field of space-time.
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The change in the character of electromagnetic radiation in the presence of a nondispersive, electrically
and magnetically uniaxially anisotropic medium moving uniformly in the direction of its axis of sym-
metry is investigated. Because of the existing symmetry, it is possible to obtain explicit time-dependent
analytic solutions for a longitudinally—and a transversely—oriented magnetic dipole current distribution
density using a spectral representation in the space-time Fourier domain. The supports of the resulting
fields are found to be oblate spheroidal wavefronts which enclose the source point if v < v;, where v
and v, signify respectively the speed of the medium and the phase speed of a wave, as measured by an ob-
server in the rest frame of the material, and move inside circular conical regions—a phenomenon known

as the Cerenkov effect—for v > v, .

1. INTRODUCTION

A resurgence of interest in the subject of electro-
dynamics of uniformly moving media has been
observed recently. The pioneering work of Minkow-
ski! and Sommerfeld® has been used to examine the
problem of electromagnetic radiation in a homogene-
ous, isotropic, dispersive and nondispersive, bounded
and unbounded medium for both nonrelativistic and
relativistic velocities.>~* More recently, Tai*®® in-
vestigated the first-order theory of the electrodynamics
of moving anisotropic media, and Lee and Lo*
formulated the problem of radiation in an anisotropic
plasma moving along a static magnetic field. In the
same vein, Chawla and Unz*? and McKenzie®
constructed the basic equations for a moving aniso-
tropic plasma following the microscopic Lorentzian
viewpoint.

The analysis of electromagnetic radiation arising
from elementary sources in the presence of a class of
“generalized” media—materials “‘extended” by the
addition of anisotropy and motion—is the objective of
this exposition. The fundamental work of Minkowski
is used throughout. According to this approach, the
properties of the medium, which are specified via the
constitutive relations in its rest frame, are assumed to
be known a priori. The Lorentz transformations of the
theory of special relativity are then applied to write
relations valid in the laboratory frame with respect to
which the material is moving with uniform, but other-
wise arbitrary, velocity.

It is our specific intent in this paper to examine the
modification of the character of radiation in the
presence of a nondispersive, both electrically and
magnetically uniaxially anisotropic medium moving
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condition
83eV )\
2n<(1+51?) —1 (62)
In our case we have
n<l1 (63)
and, hence, n = 0. From (61) we get
E=—1C¥ or k= —(h)C. (64)

Thus we have only one level which corresponds to
number n = 0. Substituting &£ from (64) in (58), we see
that v is not periodical in time. On the other hand,
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however, for E > 0 and hence k > 0 the spectrum of
E is continuous and y is periodical in time.

VI. CONCLUSION

The solution of the field equations carried out in this
paper seems to be strong support for the idea that the
 function of quantum mechanics is in the immediate
connection with the metric field of space-time.
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uniformly along its distinguished axis. By virtue of the
existing symmetry with respect to this direction,
explicit solutions are found for 2 longitudinally—and
transversely—oriented magnetic dipole by utilizing a
spectral representation in the space-time Fourier
domain.

2. THE MAXWELL-MINKOWSKI EQUATIONS
FOR AN ANISOTROPIC MEDIUM

Consider two inertial reference frames K and K’ in
relative motion. The primed coordinate system is at
rest with respect to a homogeneous, nondispersive,
time-invariant, anisotropic medium of infinite extent,
moving with a uniform velocity v relative to K.

In the laboratory frame the electromagnetic fields
must satisfy Maxwell’s curl equations

VxE=—0Bfor—17J,,
V x H=0D/or + J,,

(2.1a)
(2.1b)

where J, and J, are, respectively, the externally
applied current distribution densities.

In the light of the Lorentz covariance, Maxwell’s
equations must have the same form in all inertial
frames of reference. To render this set of equations
closed in K’, we specify the following constitutive

! H. Minkowski, Nachr. Kgl. Ges. Wiss. Géttingen 1, 53 (1908).
? A. Sommerfeld, Electrodynamics (Academic Press Inc., New
York, 1964), pp. 280-290.
8 G. Marx, Acta Phys. Hung. 3, 75 (1953).
4 C. T. Tai, Proc. IEEE 52, 685 (1964).
5 K. S. H. Lee and C. H. Papas, J. Math. Phys. 5, 1668 (1964).
8 J. R. Collier and C. T. Tai, Trans. IEEE Antennas Propagation
12, 375 (1964).
7 P. Penfield, Jr., Proc. IEEE 52, 1361 (1964).
8 H. G. Schépf, Ann. Physik 7, 41 (1964).
9 C. T. Tai, Trans. IEEE Antennas Propagation 13, 322 (1965).
10 R. T. Compton, Jr. and C. T. Tai, Trans. IEEE Antennas
Propagation 13, 574 (1965).
11 7. R. Collier and C. T. Tai, Trans. IEEE Microwave Theory
Tech. 13, 441 (1965).
121, j. Du, thesis, Ohio State University, 1965.
13 C. T. Tai, Appl. Opt. 4, 1347 (1965).
1.C. Yeh, J. Appl. Phys. 36, 3513 (1965).
151.. J. Du and R. T. Compton, Jr., Trans. IEEE Microwave
Theory Tech. 14, 358 (1966).
16V, P. Pyati, thesis, University of Michigan, 1966.
17.C. Yeh, J. Appl. Phys. 37, 3079 (1966).
18 R. T Compton, Jr., J. Math. Phys. 7, 2145 (1966).
18 1. M. Besieris, thesis, Case Institute of Technology, 1966.
20 R. M. Kalafus, thesis, University of Michigan, 1966.
21 1. M. Besieris, J. Math. Phys. 8, 409 (1967).
22 C. T. Tai, J. Math. Phys. 8, 646 (1967).
33 [. M. Besieris and R. T. Compton, Jr., J. Math. Phys. 8, 2445
(1967).
24 Y. P, Pyati, J. Appl. Phys. 38, 652, 4372 (1967).
% C. S. Tsai and B. A. Auld, J. Appl. Phys. 38, 2106 (1967).
26 C. Yeh, J. Appl. Phys. 38, 2871 (1967).
*7Y.J. Seto, Trans. IEEE Microwave Theory Tech. 15, 455 (1967).
8 H. Griinberg and P. Daly, IEEE Trans. Microwave Theory
Tech. 15, 636 (1967).
2% H. Fujioka and N. Kumagai, Radio Sci. 2, 1449 (1967).
30 C. T. Tai, Radio Sci. 69D, 407 (1965).
315, W. Lee and Y. T. Lo, Radio Sci. 1, 313 (1966).
32 B. R. Chawla and H. Unz, Proc. IEEE 54, 1103 (1966).
3 J. F. McKenzie, Proc. Phys. Soc. (London) 91, 532, 537 (1967).
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relations:
D/ — er . EI’
B =p -H.

(2.2a)
(2.2b)

The permittivity and permeability tensors are taken to
be independent of the space coordinates and time.

According to Minkowski’s theory, Egs. (2.2a) and
(2.2b) suffice to determine the corresponding auxiliary
relations for the unprimed field quantities if the
Lorentz relativistic transformations are known.

If the coordinate frames K and K’ are coincident at
t = t’, have the same orientation, and move with a
uniform velocity v with respect to each other, the
following expressions relate the primed with the un-
primed fields:

E =v:-E+ yv-B, (2.3a)
B =v:B— (y/c*)Vv-E, (2.3b)
D' =v-D+ (y/c®)v-H, (2.3¢)
H=v-H—-yv-D, (2.3d)

where
v=ol+ (1 =yt y=(1—f% f=of

I'is a unit dyadic or idemfactor, and the antisymmetric
tensor v is defined so that v.-F=v xF for an
arbitrary vector F.

Substituting Eqs. (2.3a)-(2.3d) into Eqs. (2.2a) and
(2.2b), one obtains, after a series of rearrangements,*

D=¢-E+ E-H, (2.4a)
B=C-E+ p-H, (2.4b)
where
€= (v+y% -v-vi-p vt
e v+ (A veoviav],  (2.5a)
®= (v-l—yzp.‘V'v‘l'G"V)‘l
v G v evev], (2.5b)
E=—(v+4 92 -v-vi-p vl
@IV — e Vv o], (2.50)
=4y v-vi e vl
ey —yp' - vevio€-v] (2.5d)

The expressions for D and B [cf. Eqs. (2.4a) and
(2.4b)] are introduced next into the set of Maxwell’s
equations in K to obtain the “definite” form

D; x E = ‘(a/at)ﬂ ‘H— Jm’
D, x H = (d/dt)e-E + J,,

(2.6a)
(2.6b)

where the symbols D, and D, represent the differential
operators V — E0/dr and V + §0/0¢, respectively.
Here, § and § are the axial vectors corresponding to

3 H. Chen and D. K. Cheng, Proc. IEEE 54, 62 (1966).
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the antisymmetric tensors § and § given in Egs. (2.5¢)
and (2.5d), respectively. These relations, commonly
referred to as the Maxwell-Minkowski equations, will
be specialized in the following section to the case of
a uniaxially-anisotropic medium.

3. SPECIALIZATION TO THE CASE OF A
UNIAXIALLY ANISOTROPIC MEDIUM

We assume here that the material is characterized

by the constitutive relations (2.2a) and (2.2b), with the
electric and magnetic permittivity tensors given as

! ’
el = el't + e:;azaz and p'l = ;ullt + :u;azaz’

respectively, in the principal-axes coordinate system.35
This presupposes the fact that the matrix representa-
tions of the dyadic permittivities must be semisimple in
the original coordinate system.3®

If the velocity of the medium is directed along the
axis of symmetry, i.e., v=oa,, the constitutive
relations in the K frame are found to be

D=¢c-E+4+ R x H,
B=-—91XE+p-'H,

(3.1a)
(3.1b)

accompanied by the following definitions:

€=al,+eaa,,

= allu;.lt + :uéazaz’

a; = (1= )1 — mp?),
ny = (e E0,‘40)%s

_ B~

ol —nmyp?)

A special effort has been made to keep the notation as
close as possible to that introduced earlier by other
workers.

On the basis of these assumptions, the Maxwell-
Minkowski set of Sec. 2 reduces now to the following
simplified form:

D,xE=—(@d)u-H—-1J,, (3.2a)
D, x H= (d/dt)e-E + J,. (3.2b)

D, designates the differential operator V — ,(0/0¢).

1

4. SIX-VECTOR FORMULATION: THE RADIA-
TION PROBLEM FOR ¢ IN THE DUAL SPACE

Define ® as an ordered pair of the vectors E and
H; similarly, define F as the ordered pair of the

35 With €; # €; and/or uj ¥ ug, the medium is called uniaxially
anisotropic. Often, the z’ axis is referred to as the ‘‘distinguished”
axis, or as the axis of symmetry of the material.

3 M. C. Pease, 111, Methods of Matrix Algebra (Academic Press
Inc., New York, 1965), Chap. 5.
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forcing function vectors J, and J,,, viz.,

P = ((I)I’ @y, -, (DG) = (Ea H), (413)

F=(F,F ", F)=0,,Jd,). (41b)
The Maxwell-Minkowski equations, as they appear in
the previous section, are two separate three-vector
systems for the electromagnetic field intensities E and

H. With the above definitions of ® and F, Eqs. (3.2a)

and (3.2b) are converted into a single, six-vector
system having the matrix representation®

C'0®/ot + 0P = —F, (4.2)
where
[ € | Ql:,
CO —_ >~-----"".E"—'T" s =
- -, 1
0 —0/0z 0d[dy
E = a/az 0 —a/ax N
—0/dy 0Ofox 0

Operating with the fourfold space-time Fourier
transform on the inhomogeneous equation (4.2)
results in

[Q6) — inCIR(s, 0) = —F(s, w), (4.3)

from which

P(s, w) = —[Q(s) — iwC°]F (s, w). (4.4)

The matrix Q(s) in the dual space is given by

-5, S 0

Primarily because the velocity of the moving aniso-
tropic medium is chosen to be along the axis of
symmetry (z axis), it is allowable to write

9(s) — iwC® = R(s') — iw§, 4.5

7 Our formulation of a specific problem has led us to a system
of partial differential equations [cf. Eqs. (4.2)], called the normal (or
canonical) form, which has several distinct advantages. It is not only
compact and suggestive, but, more importantly, it enables one to
include in a single general discussion a large number of physically
important problems, many of the similarities among which would
be, undoubtedly, not revealed without resorting to such a systematic
and unifying approach. Furthermore, most results of partial
differential equations are stated in terms of the normal form.
Specifically, statements concerning existence and uniqueness of
solutions, and classification as to hyperbolicity, ellipticity, etc., or
linearity, quasilinearity, etc., are made more conveniently in terms of
the normal form.
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in which

0 | —is’ €l0
W) = | b |, B = | S g
it 0 0iu

ands’ = s,a, + s,a, + (s, + wQpa,. With this trans-
formation, the analysis of the radiation problem,
at least in the dual domain, will be parallel to that for
a stationary medium having the same characteristic
properties. It must be emphasized, however, that this
analogy is due to the particular choice of the direction
of the velocity along the z axis. If, in contrast, the
material moves in any other direction, the matrices
€ and I in the X inertial frame are no longer uniaxial.

With the modification shown in Eq. (4.5), one
obtains

®(s, 0) = (4.6)

The inverse of the matrix within the square brackets
will be represented spectrally by means of a complete
set of eigenvectors of R(s") with & in the role of a weight
matrix operator. In order to accomplish this task it is
mandatory that the precise nature of the eigenvalues
and eigenvectors associated with this characteristic
problem be investigated first.

—[R(s") — i8] F(s, w).

5. PROPERTIES OF THE EIGENVALUES AND

EIGENVECTORS
Consider the expression
RP, =, 6P, i=1,2,---,6 .1
Since both ¢ and u are assumed to be real symmetric,
&' = §. However, for real s, R = —&, i.e., Risan

anti-Hermitian matrix.
Theorem: The eigenvalues «, of R are imaginary.

Theorem: The eigenvectors of (5.1) are & orthogonal,
viz, 3840 -

<(P1’ 8¢J> = z i (52)

The proofs of both theorems are easily obtainable.
Equation (5.1) may be now recast in the form

ML, = i Py; M= EIR, (5.3)

38 The matrix 8 in (tp‘ , 8<p,) is nonsingular and Hermitian, but not
necessarily positive definite. We specify that (¢, 8<p,) 7 0in order
to avoid the introduction of the concept of an “improper inner
product.” For further clarification, see Refs. 39 and 40.

3% M. C. Pease, Ref. 36, pp. 215-238.

40 W, C. Meacham, Phys. Fluids 4, 1517 (1961).
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Alternatively,

RE(EP,) = w,(EP) (5.4)

is a statement of the eigenvalue problem adjoint to
(5.3); namely,

M, = Y, (5.5)
since M! = —RE and «; = —«}. Hence, P, =
&, One may, /, therefore, substltute for (5.2) the
biorthogonality condition

(Pi» ﬂ)_ﬁ = T;0;.

6. EXPANSIONS OF FUNCTIONS OF M, AND
_‘{.K’_T IN TERMS OF & DYADS AND THEIR
ADJOINTS

By analogy to the outer unitary product of two
vectors, the & dyad E,; and its adjoint EJ; are defined
as followsit42:

(3.6)

E; = (1/T)p],
Ej; = (1T ).

Four significant relationships which are required in
our subsequent discussion are listed here:

(6.1a)
(6.1b)

@ I= gl E., (6.22)
Gy I =§ El, (6.2b)
() S = 31, (620
) S = SF(-E (620

These relations presuppose completeness of {¢,} and
{{,}—the set of eigenvectors of A and its Hermitian
adjoint JAG!. This, in turn, implies that both M and
At should be semisimple matrices. The validity of this
assumption will be investigated in Sec. 7. In the
meantime, properties (i)-(iv) will be considered valid.
In relation (iii), f(x) is a function expressible as a
power series whose radius of convergence includes all
the eigenvalues of AG. A similar statement holds for
relation (iv).

Consider now the coefficient matrix appearing
inside the square brackets in Eq. (4.6), viz.,

T=%R — iw§ (6.32)

or

I = §(M — i), (6.3b)

41 M. C. Pease, Ref. 36, Chap. 10

42 A. D. Bresler and N. Marcuvitz, Brooklyn Polytechnic Insti-
tute, Microwave Research Institute Report No. R-565-57, 1957,
Appendix I.
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so that property (iii) applies. Thus,

r= i('ﬂ- — i0)(1/ )80} 6. (6.3c)

Furthermore, the inverse of I' assumes the form

6

7= 30— i) A Dee. (64)

Equations (6.3c) and (6.4) for the expansions of
I" and ' can also be reached via property (iv). This,
of course, necessitates writing [' and I'? in terms of
M, viz,, [ = (— M! — jw8)E and

2—1 = §—1(_%T — iw!)—l.

That [ and I'? given in Eqs. (6.3c) and (6.4) are,
indeed, inverses of each other follows without
difficulty.

7. SYNTHESIS OF SIX-EIGENVECTORS FROM
TWO SETS OF THREE-EIGENVECTORS

On the strength of the transformation indicated in
Eq. (4.5), we shall be able to synthesize a complete
set of six-eigenvectors of the matrix AL from the
eigenvectors of two separate three- vector problems.
This, again, is possible because of the symmetry
present, and should not be thought of as a general
procedure.

It can be established that, corresponding to the
eigenvalue problem

D .Slli_ls'fi = );ee;,

one has the eigenvector set

(1.1)

=51, e=¢c'55,

=5
and the eigenvalues
Iy = —[(tayue)s)” + (1ayuie])s;’],
—[(ayses)si® + (Uazures:’,
13 = 0.

By direct analogy to these findings, given the charac-
teristic problem

(1I)

associated with the characteristic values

S'e'S'h, = y,ph, (7.2)

1= _[(1/01/4:;61)5;2 + (l/ai“{fi)slz],
Xe = —[(l/ahu{eé)s;z + (1/‘11.“151)5z I,
x3 = 03

are the eigenvectors

h, = p7§'§'a,, hy =97

w
-

IOANNIS M. BESIERIS

The eigenvalues and eigenvectors of the second prob-
lem have been labeled so that the eigenvectors e,
h;, i =1,2, 3, with the same subscript are referred to
the same eigenvalue 2, = y, 434

Theorem: If, given e, and h;, ¢, = (¢}, h)) is an
eigenvector of G or, equivalently, of R with respect
to the weight matrix &, corresponding to the eigen-
value «;, i.e.,

giq_)i = Kif;_‘gn (7.3)

then e; and h; are respectively eigenvectors of prob-

lems (I) and (II) associated with the same eigenvalue
K? .45

Proof: If @, = (e}, h) is substituted in Eq. (7.3),
by eliminating e; first and then h}, there result the
characteristic expressions

-1 ’ 2
S'u—S8'e; = rjee],

5;5—-15']1;_ = Kf/,t_h; R

(7.4a)
(7.4b)

which show immediately that the eigenvalues «, of
G occur in pairs as follows:

Ko = £, Ky, = £, (1.5)

This ordering of the eigenvalues is justified by the fact
that if @, = (e}, b)) is an eigenvector of A with the
eigenvalue «;, then Q5= (e, —h), i= = 1,2, is an
eigenvector of M associated with — ;. The valldlty of
this statement can be established without difficulty.

Consider formally the eigenvectors ¢; = (e, b)),
21’+3 = (E:, —h;)’ i= 15 25 (23 = (g:;! 0)’ and c_P_G
(0, h}). All that is known about this set is that it satis-
fies the eigenvalue problem (7.3). In addition to this
requirement, however, it is necessary that it also obey
the biorthogonality condition and the completeness
relationships.

We shall examine next the implications of these
restrictions. First it is specified that

(@i, ¥) =0, i#]. (7.6)

The only difficulty with reference to this condition
arises from the eigenvectors @; and @;i3, i =1,2.
More specifically,

<<Pi, "l"i+3> = N; — M: =0,
where N/ = (e, d}), = (k]

i i

kg = 0.

i=1,2, (7.7)
by and d;=

1> 73

43 G. A. Deschamps and O. B. Kesler, Trans. IEEE Antennas
Propagation 12, 783 (1964).

44 0, B. Kesler, thesis, University of Illinois, 1965, Chap. 5.

45 The prime signifies that e/, and h’ are suitably chosen scalar
multiples of e; and h; satisfying the biorthogonality condition
(p;, P,y =0, i #j. This point will be discussed in greater detail
again later in this section.
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b, = ph. Since the two terms on the right-hand side
cannot vanish individually, it follows that the sets
{e}} and {h}} must be constructed so that N; = M,
=1, 2.

Theorem: The eigenvector sets {e;} and {h’}, in the
sense defined in this section, satisfy the completeness
relations

3
[= 2(1 INpedt, 1= Z

The proof of the theorem follows easily since the
primed eigenvectors are scalar multiples of the
unprimed ones.

MYRbT. (7.8)

Theorem: The six-eigenvector sets {@;} and {{}
satisfy the completeness relation

6 6
I=3E;= Z 1/T)<Pz4% (7.9)
i=1 =1
Proof:
6 2
21 g (I/T)‘P q‘a + (YT +3)‘Pa+3'~l’:+3]
(1/T3)_‘£3\l‘3 (I/Ts)(Psq’e' (7.10a)
However, T; = T;,3 = 2N, j=1,2,and Ty = Ny,
Ty = M;. Hence,
3 + !
> (1Nped; 0
] &= = ;
z =it = “"""““"”'*"’“"""’ >>>>> T = !
=1
0 ZWMEW
(7.10b)

We conclude this section with an explicit repre-
sentation of the set {tp,}:

= (e;,h) Pz = (e, ~W), i=1,2,

P; = (9:;:0) P = (0, hy)

3
S+ o)(1Nde!

i=1

2(57 (U) = -
0

whence??
- 3
E=D=— 30+ o (IN)eM,, (8.8a)
=1
- 3
pH =B = — 3 (4, + o®)(1/M)bA{M,,. (8.8b)
uH 2

46 Here (*) denotes space—time convolution, whereas ;% stands
for the inverse fourfold space~time Fourier transform.
47 0. B. Kesler, Ref. 44, Chap. 3.
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with

¢ =552, ¢=c'SF, &=¢,
and

hi=u'S'Sa,, hj=|[s"|53,, hy=¢,
in which

1 —_
s = (usela) H(sia, + 5ia,) + ar'(uie) s,

8. SPECTRAL REPRESENTATIONS IN TERMS OF
SIX- AND THREE-EIGENVECTORS

With the expansion of I'! presented in Sec. 6, the
field vector P in Eq. (4.6) becomes

(s, 0) = — 3 (k; — i) ()@@l 0). ()

A premultiplication of both sides by & results in a
representation for the adjoint vector ¥':

‘g(sa (U) - Z(K - l(U) lEnF(S (IJ) (82)
or
_ Wis, 0) = —(; ~ i0) Es,0),  (8.3)
since
¥ (s, 0) = EM¥(s, 0), Fs,0)=E;Fis 0). (8.4)
In the space-time domain,
¥ = G(r, 1)« Er, 1), (8.5)
where?®
G0y = =7 [ S0 = w01 Tbl| B0

is the matrix representation of the dyadic Green’s
function of the problem under consideration.

In the previous section we succeeded in constructing
a complete biorthogonal six-eigenvector set out of two
three-eigenvector sets. Here we shall reverse the
procedure and show that the spectral resolution of
W(s', w) in (8.2) leads to a representation of ¢E in
terms of {e;}, and gH in terms of {h;}. More spec1ﬁ-
cally,

0 M,
3 ) 8.7
3 (5 + @')(1/M)bA || M,
i=1
The effective forcing functions are given by
M, (s, w) = iwd, — iS'uJ,, (8.9a)
M, (s, w) = iwd,, + i8¢, (8.9b)

It should be noted that for a moving medium, in
the laboratory frame, ¢E represents only a part of the
electric displacement, “and uH only a part of the
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magnetic induction; hence the above definitions of

the quantities D D and B

One may arrive at “the three-vector spectral repre-
sentations exhibited in Eqs. (8.8a) and (8.8b) directly
by eliminating E and H from the original set of the
Maxwell-Minkowski equations and proceeding along
parallel lines. We chose, instead, to reach them via a
more general six-vector formulation.

9. THE CASE OF A LONGITUDINAL
MAGNETIC DIPOLE

We undertake here the task of determining the
radiation arising from a z-directed magnetic point
dipole described by the current density distribution

J, =08 —r)(t — ta,. ©.1)

The effective forcing function M, appearing in the
spectral representation of D [cf. Eq. (8.8a)] is then

M,(r, 1) = —d0(t — )1 /uy)Vo(r — r') x a, (9.2)

in the space-time domain, and, from Eq. (8.9a),
M, (s’, w) has the form

Me(sla 6()) = _(l/ll't:;)g,_a_z

X exp (—is-r' + iot) = M,(s, w) (9.3)
in the dual space. Since it turns out that only the
component of M,(s’, w) along d, is present, a longi-
tudinal magnetic dipole excites only the first mode;
namely,

D(r, 1) = [F3" - Iy(s, O]+ 7 (=M,)]. (94)
In this equation,
I(s, 1) = F" (&g + )
=0, 1 <0,
= ayejuju; exp (—iwg)(sin oytfwy), t >0,
(9.5)

with

Wy = ufsz(Ql/al),

wy = ul(uifus)sy® + b2,

ur® = ayequy — Qifay,

b® = a7 + ul(Qifad).
The inverse spatial Fourier transform of /,(s,?) is
given by

Lr,)) = 531 Ii(s, 1) = 0
for t < 0 and

Iy(r, ) = arbusei(uy/4mr)d(ust — ry) (9.6b)
for t > 0, where

(9.6a)

r, = X3, + x,a, + (x3 — y'NHa,; ¥ = uibQ,/a,
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and

with
(w0 0
A=| 0 (um)t 0
0 0 1/b
The inversion of the second portion of Eq. (9.4) yields

I = 571 (=M, = (ijuz)d(t — t)Vo(r — ') x a,.
9.7
Therefore, finally,
Dy(r, 1) = I(r, 1) ¥ I(r, 1)
= V x [a,;b(u,[47R,)0(uym —

in which r = ¢t — t" and

Ryla,, (9.8)

-+ (=¥

+ ﬂz — 5 v(nf _ 1) 5t
n1(1 - /32)[ ny — p* } } '
We distinguish the following two cases: If n;5 < 1,
i.e., if the speed of the medium is smaller than that of
propagation of light along the x axis of the material,
the wavefronts, which, for constant 7, are ellipsoids
with semiaxes 7(uje)) 2, 7(ue))t, and b (uje)?
along the principal axes, enclose the source point
resulting in what we shall, henceforth, call ordinary
radiation. On the other hand, however, for n,8 > 1,
the wavefront surfaces expand and move inside a
conical region, thus giving rise to the Cerenkov effect.
By an analogous procedure, it is found that a
longitudinal electric dipole excites only the second
mode. The above discussion applies here unaltered
except that the wavefronts now are oblate spheroids
with semiaxes (eju))?, 7(eju;)t, and b1 (euy)t,
that is, they are dual to the prev1ously found ones.
These two distinct types of radiation have been
referred to in the literature as the ordinary and extra-
ordinary waves, respectively. This is due primarily to
the fact that, in working with stationary uniaxially-
anisotropic media, the magnetic permittivity is usually
assumed to be a scalar quantity. Since, however, in this
exposition, both waves are ‘“‘extraordinary” in the
sense that neither corresponds to a spherical wave-
front, we shall no longer adhere to the established
nomenclature; instead we shall refer to them as waves
of type I and II, respectively.
The conical regions within which the Cerenkov
phenomenon occurs for the two types of waves, al-
though of the same general orientation, do not have in

R, = {’ij [(x
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general identical half angles. We shall return to this
point in the next section where the radiation emanating
from a transversely oriented magnetic dipole is
examined.

10. THE CASE OF A TRANSVERSELY
ORIENTED MAGNETIC DIPOLE

The illustration of the general formalism is con-
tinued in this section by examining the radiation
emanating from an x-directed magnetic dipole which is
described mathematically by the current density
distribution

I, t) = 6(r — ¥')0(t — t)a,. (10.1)

Since the source is not aligned with the axis of sym-
metry of the medium, one would, in general, expect
the excitation and, consequently, the coupling of at
least two modes. Of course, the matter is settled
immediately by expanding the effective source func-
tion M,(s, w) in terms of the eigenvectors {d,}.

Corresponding to the prescribed current—density
distribution in Eq. (10.1), one has the effective source
function

M,(r,t) = —0( —t)V x p1-6(r —r)a, (10.2)
in the space-time domain, and, from Eq. (8.9a),
M,(s, ) = —(ifays;)S'a, exp (—is - ¥’ + iot)
(10.3)

in the dual space. The components of M,(s’, ) along
the “adjoint” eigenvectors d;, i = 1, 2, 3, are given by

M, = (1/N)deM,, i=1,2,3. (10.4)
Specifically,
M,i(s, w) = (ifayu;)(ss;/51°)S',
X exp(—is-r + iwt’), (10.5a)
M,o(s, ) = —(ifa,u;)(s,/s:)S'S"a,
X exp (—is-r' + iwt’), (10.5b)
M,(s, w) = 0. (10.5¢)

It is seen, therefore, that the total field l_~)_ will consist
of a combination of waves of types I and II. The
spectral representation in Eq. (8.8a) enables one to
find each mode separately.

The individual modes él and Qz are written as
follows:

Dyr, t) = Ft - {[—F31 - IV, w)]
* [F31-IV(s, )]}, (10.6a)
Dyr, 1) = —F3' - {[—F3* I?s, w)]

+[F5H I¥Gs, )]} (10.6b)
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in space-time. The functions I), I{?, i = 1, 2, are to
some extent arbitrary. Their choice, however, should
be made judiciously in order that the task of carrying
out the integrations be less formidable. Suppose that
I'(s, 0) = (A + @) 'sis, 7, (10.7a)
1(s, ©) = (A4 + ©®)7s)s\ 72, (10.7b)

LG, @) = (ifayp)s,S'8, exp (—is - ¥’ + iwt),
(10.7¢)

exp (—is-r + iwt').
(10.7d)

With this selection, the second parts in the right-hand
sides of Eqgs. (10.6a) and (10.6b) can be integrated out
without too much difficulty. Actually,
IV, 0) = 55 - 1(s, 0) = (1/ays)
x exp (iot)[—i(8/02)V' + wQ,V'16(r — ') x a,
(10.8a)

L¥(s, w) = (i/a,u))S'S'a

&2z

and
IP(r, ) = 531 - 18(s, o)
= —(ifayuy)exp (iot )W’ x V' x 6(r — r')a,.
(10.8b)
The differential operator V' is defined as
V' = a,(9/0x) + a,(9/dy) + a,(3/0z + iwQ,).

The first parts on the right-hand sides of Eqs. (10.6a)
and (10.6b) can be written down explicitly as follows:

I'(r, )

= —5;* 1V S, W) = al,u{e{f exp(is-r
s " Ii'(s, w) Qn) Jz, p( )

1 1 -1
: l:'if i+ — (s, + 0Q)) — ahuie;wz] 5,57 ds,

] 51
(10.9a)
I(r, w)
= —F;+ 1 S, W =9_1ﬂ§1f exp(is-r
s I (s, 0) ) I p(is-r)

€3 ay

4 —1
. |:§-} s34+ 1 (s, + 0Q)? — al,u{e{wz} 5,57° ds.
(10.9b)

It remains now to carry out these integrations. Since
the elements of €' and x’ are positive real numbers by
hypothesis, any difficulty which may arise in per-
forming the integrations will be due entirely to the
sign of @, which is positive for 7,8 < 1 and negative
for n;8 > 1. It is imperative, therefore, that we
differentiate between these two cases.
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Case (i): mp < 1. To avoid disrupting the continuity
of the main theme of this section by an excessive
amount of details, we shall present here the final forms
of the integrals (10.9a) and (10.9b), and include the
highlights of the derivations in the Appendix:

. 1! % ~t0Q2
1(21)(1_’ ©) = ia(et1)” € : . X A
47 i x"4y
x [exp (ikory) — exp (ikea? [2])], (10.10a)
1, o) = Dy
4z iw x4y
x [exp (ikors) — exp (ikgal |z[)], (10.10b)
where

ko = (e,

ro= ) + ) + ai2'T,

ro = (ele)(x* + 1) + auz’]F.

It is interesting to observe that /{*' can be obtained
from I{! by replacing x with y and substituting 4’ for
€', and vice versa. Henceforth, I, i =1, 2, will be
considered as dual quantities in the sense described
above.

If it is born in mind that the convolution is a com-
mutative operation, and that Lu = Ld*u for an
arbitrary differential operator and a suitable function
u, it develops that

D,(r, w) = IP(r, w) * I(r, )

\d
: (il) efw"(—i v lev')

" 4n

#1 z
X 3 e—iwﬂlz X
i w X4+ Y?
x [exp (ikoRy) — exp (ikoa? |Z])]
(10.11a)
and
Dy(r, w) = I2(r, w) * I2(r, w)
1 (G{)% iwt'vy ’
= ——|=]e"V x V' x a,
4\
e—iwﬂlz Y
X —
io X4 Y?
x [exp (ikoRy) — exp (ikoai |Z))],
(10.11b)

wherenowX =x — x', Y=y — ), Z =z — 2/, and
Ry = [(4/n)(X* + Y*) + a2,
Ry = [(e)e)(X* + ¥*) + a2

A distinctive feature in Eqs. (10.11a) and (10.11b)
is the appearance of terms proportional to

exp (ikoat (Z])

IOANNIS M. BESIERIS

besides the usual factors proportional to exp (ikoR,),
i =1, 2, after the indicated differentiations have been
carried out. This feature, however, is characteristic of
the individual modes, but not of the total field. The
separate fields associated with D, and D, are connected
with current distributions on the plane Z = 0, which
have singularities at the source point, and spread over
the entire plane when thought of as surface currents.*®

We present now the fields D, and D, in space-time:
1 (e J

Dy(r, f) = — (—) "% az{—X—————
47 \py X?+ v?

’ 3 Z 7/ 4
x [al(aleiulﬁ E}sh + 0z — (alsluo*Rl]},

1

(10.12)
~ et o, d Y z
Dy(r, 1) = — L;(i) a;(ay€14) H:Vt (Xz + V2 E)
! 2

o Y ] 2 ) 1 }
~8_1 L (Zx+Zy|—

e XP+ Y? (ax dy /R,
x Ofr + O, Z — (ale;y;)m]}. (10.13)

The support of the fields are two impulsive wave-
fronts which correspond to waves of type I and II,
respectively. Their mathematical description is found
by setting the arguments of the Dirac ¢ function in
Eqgs. (10.12) and (10.13) equal to zero, viz.,

(i) 7+ QZ — (ayefu)'R, = 0, (10.14)
(i) 7+ UZ — (ayefp))iR, = 0. (10.14b)
These expressions appear to be of a different form
compared with previously encountered wavefront
equations. They can, nonetheless, be converted into
the standard ellipsoidal formulas*®
(X2 + Y)/A2+ (Z —ZB =1, i=1,2,
(10.15)
with
Ay = ()1 = B))(nk — pA)ker,
A2 = (/)1 = P} — B)Per,
B = mer(1 — f)(n] — £°),
Z, = fer(ni — Di(ng — £7).

An observer at an arbitrary field point will experience,
in this case, the effect of two distinct impulses.

48 p_ C. Clemmow, Proc. IEEE 110, 107 (1963).
4% A similar conversion has been carried out by Tai (cf. Ref. 22)
for a moving isotropic medium.
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Case (ii): m B > 1. It is shown in the Appendix that

_iaj(eup® exp (i0Qjz) _ x
Y w x* 4y

x (sin gor| — sin qoa;t |zI) (10.16a)
for ajtz > [(uy/u))(x® + y¥)]E, and

I1(r, ®)

_ iai(eup? exp (i0Qiz) _y
27 o xt 4 P
X (sin ggory — sin qoa’l% |z}) (10.16b)
for a}z > [(esfe))(x* + y?)]E. Both IV and I{¥ vanish
outside these regions. The following notational
definitions have been used:

I8(r, w)

a,=—a, Q=—Q, g =olajep)?,
r = lajz® — (uslu)( + 1,
ry = [az® — (/eD(® + YOI

The fields ]~)1 and 1~)_2 in space-time are identical with
these in Eqgs. (10.12) and (10.13), except that R, and
R, must be replaced by

R} = [01Z" — (uiu)(X* + YOI,
Ry = [@,Z% — (4fe])(X* + YO,

respectively. In addition, the supports of the fields are
now the impulsive wavefronts

() 7—QZ — (aleu))’R{ =0, (10.17a)
(i) 7 — QZ ~ (aje[u))R, = 0, (10.17b)
which may also be rewritten as in Eq. (10.15).

In conclusion, the range of validity of the solutions
in Eqs. (10.16a) and (10.16b) is a strikingly clear
mathematical evidence of the Cerenkov effect which
occurs in two conical regions in this example. Al-
though these regions (corresponding to waves of type
I and II) are of the same orientation—they have a
common vertex at the source point and their common
axis is parallel to the z axis—they do not have the
same half angles, unless e;/e; = p,/u, .

The entire space, therefore, can be divided into
three parts: (a) the region outside both cones where
no radiation fields are present; (b) the part between
the inner and the outer cones where a wave of one type
only can exist; and (c) the intersection of both cones
which, of course, coincides with the inner or smaller
cone in this case, where an interaction of both modes
takes place.

11. CONCLUDING REMARKS

If the uniaxial medium is in motion with a uniform
velocity directed along, say, the x axis, i.e., v = va,,
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it can be shown that the dyadics € and @ have a
diagonal form in the unprimed coordinate frame.
This is a direct consequence of the choice of the
motion along one of the principal axes. However,
because the motion does not take place along the
axis of symmetry of the medium, both € and w have
now a biaxial character; that is, their diagonal
elements are, in general, distinct.® In other words,
apart from the intensification of the degree of aniso-
tropy, a change in the type of anisotropy has also
occurred. The tensors § and § (see Sec. 2) are trans-
pose with respect to each other.

In the case of the “‘effectively” biaxially anisotropic
material described above, although it is possible to
determine the eigenvalues of JM(s) (cf. Sec. 8)
explicitly, and, formally, find a complete set of eigen-
vectors which can be used as a basis, the exact evalua-
tion of the integrals, if not altogether impossible, can
be achieved with great difficulty because of the com-
plicated form of the eigenvalues and eigenvectors.
This is, in turn, due to the involved nature of the
resulting dispersion or wave-normal surface.®

In light of the biaxially anisotropic nature of the
medium as seen by an observer inthe laboratory frame,
it is no longer expected that z-directed electric and
magnetic dipoles give rise only to one type of radiation
field, nor should it be expected the conical regions
within which the Cerenkov effect occurs will be
circular any longer.
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APPENDIX

In this appendix we provide an outline of the steps
followed in the transition from Eqs. (10.9) to (10.10),
on the one hand, and from Eqgs. (10.9) to (10.16), on

50 In the nonrelativistic limit, € = €’ and @ = p’; that is, the
medium presents to an observer in the laboratory frame a uniaxial
character, even if the motion is not in the direction of the axis of
symmetry.

1 For a stationary, biaxially anisotropic medium, the wave-
normal surface is a quartic or a fourth-degree surface, symmetric
with respect to the origin, and not factorable into irreducible terms
of lower order. The latter is a characteristic property of both a
bona fide uniaxially anisotropic medium whose dispersion surface is
reducible to two second-order surfaces, and an isotropic medium
the fourth-degree wave-normal surface of which is twofold de-
generate, that is, it can be written as a product of two identical
second-order factors.
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the other hand, accordingly as a, is positive or
negative.

Case (i): n;8 < 1. In Eq. (10.9a) let s and r undergo
an affine transformation which takes s to s, = 4s + 1
and r to r, = A7'r with

(it 0 0 0
A=| 0  (uut o | 1=| o0
0 0 (lapt Qa7
and31,52 3 5
I, = 2 ;x;, S = Z a,s; .
i=1 i=1
Under this transformation,
10 ) = ale(ui) e ™™ oo
X | e™vro(sE — kayls;so2 dsy.  (AL)

E3
The presence of the terms s, and s2, suggests a further
transformation of the variables s, and x,, i = 1, 2, 3,
into cylindrical coordinates, viz.,

Sy = psin g,
X, = yx sin a,

S1=pC0S1/), S3 = S3,

X3 = X COS «, X3 = Xg.

Written in terms of the new variables, Eq. (Al)
assumes the form

I(l) T, — L ST, %e-il-ro
2 (r, ) = aje;(pips) 2n)?

w0 ffo 27
NG B
0 —© JO

exp i[py cos (y — o) + X355]
X cos y dy ds; dp. (A2)
The integration over the variables y and s3 can be

carried out without encountering any particular
difficulty:

27
f cos yexp [ipy cos (y — a)] dy = 27=iJ,(py) cos «,
0
| pe (A3)
= | €(sh 4 p — ko) dss
27 J-oo
_exp [— %l (p° — kY]
2p* — k2 '

If the last two results are substituted back into Eq.
(A2), one has

(A4)

; e
I(r, ) = alej(uiu)te ™™ 1o cos
w

= exp [—|xsl (p° — K3)¥)

52 G. Birckhoff and S. MacLane, A Brief Survey of Modern
Algebra (The Macmillan Co., New York, 1962), pp. 212, 254.

dp. (AS)
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The integration over p can be effected with the aid of
the well-known Sommerfeld formula

® exp [—|xg] (p* — k)
J; Jo(vp) pl (,|)23|_(I]’(g)% 0) ]pdp
_exp [ike(s® + x3)?]
e
Let us multiply both sides of this equation by » and

integrate over » from 0 to x.%® If, furthermore, the
relation

(A6)

o f “Toew dv = 111(2p) (A7)

is taken into account, it follows that

o exp [=Ixl (p° — k)]
L J1(xp) o — ) dp
1 r exp [iko(»® + xD)]
Sl G+t
The integration in the right-hand side can be com-

pleted by a simple variable substitution. Finally, in
terms of the original variables,

vdy. (AB)

—iwQ;z x

x2 + y2
X [exp (ikyry) — exp (ikoa? |z])]. (A9)

The function I{?(r, w) is the dual of I{V(r, w) with
respect to x, y, €, and u'.

. rond
Jid T, 0) = iay(eypy)® e
2 (r, @) 47 iw

Case (ii): ;8 > 1. Through the affine transforma-
tion s, = As + 1 and r, = A7'r in which 4 and 1l are
prescribed as

(it 0 0
A= 0 umt o |,
0 0 (Yap?
0
1= 0 ,
—wQa;?
a, = —a;, Q=-Q,
and
3 3
Sy = gl as;,, Tp= gl ax,,
one has

3
1y _t

IV(r, 0) = —a el(y{/yg)‘ke_""“

@m)*

iSg T 2 2 231 —2
xf e (55, — 53+ qg)7 5,54, dsy.
K3

(A10)
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Resorting next exactly to the same transformation to
cylindrical coordinates as in Case (i), we may write

~ilrg

IO, 0) = —aei(uyfps)te

(2m)?*

w [t 27
Xf f f (p* — s34+ g
0 ~w J0

X exp i[py cos (y — &) + x;55]
X cos p dy dsg dp. (A11)

The integration over the azimuthal variable y is the
same as before [cf. Eq. (A3)]. However,

1 » 18 T
2| et — (pt + I ds,
27T —o0
_sinxg(p® + gB)*
(0 + g}
The integral vanishes otherwise. The last integration is
evaluated by means of a contour integration in the
complex s; plane.
There still remains the integration over the variable

p:

Xs > 0. (Al12)

)%e—a.ro

1y ! ! r i
I;”(r, w) = —algel(ulya — COSs o
2

. 2 nE
sin x3(p° + o)

w [ 7om) dp (A13)
L et
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for x3 > 0. I{(r, ) vanishes for x, < 0. Consider
now the tabulated Hankel integral transform

® sin x5(p? + ¢2)}
[ T L)
0 (p” + 90)

_ cos ot — )t

2)b
(A14)

(x5 —»

for v < x3. This integral vanishes otherwise.®® If,
again, both sides of this relation are multiplied by »
and integrated over » from O to g,

® sin x4(p? + g2)t
[Cnp T
0 (p° + 4v)
1 [resati
0

2 (x2 — )} (A1)

vdy, v < X,
the right-hand side of which is readily integrable.
Finally,

o'z

X2 + y2
X (sin qor, — sin o |z]) (A16)

iajein)® e

27 w

[P(r, ) =

in the region ajfz > [(u}/u})(x* + y?1E. The function
I{2(r, w) is the dual of I{V(r, ») in the sense mentioned
earlier.

53 A. Erdélyi, Ed., Tables of Integral Transforms (McGraw-Hill
Book Co., New York, 1954), Vol. II.
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Generalized Bose operators b which reduce by two the number of quanta of a Bose operator a are
studied in the Fock space of a. All representations of the 5’s as normal-ordered (infinite degree) power
series of the a’s are found. The unitary operators relating the irreducible components of b to a are also
exhibited. The analogous result for 5*’s which reduce the number of @ quanta by & is given and the limit

k — oo is discussed.

I. INTRODUCTION

Free fields and canonical quantization are important
in quantum theory. Besides describing the motion of
noninteracting systems, these quantization methods
allow treatment of in and out fields for theories with
interaction and of fields for quasiparticle excitations.
From the mathematical point of view, free and canoni-
cal fields can be used to construct more complicated
fields; for example, in the neutrino theory of light! and
in the theory of superconductivity.? Few exact explicit
results are available for fields whose representation in
terms of a free or canonical field contains terms of
arbitrarily high degree. Several theorems state that
only infinite-degree series in a free field can give
nontrivial theories.?

In the present article, we study a very simple
problem leading to infinite degree series, but we try
to give a thorough treatment. Our original stimulus
was the article of Streit,* in which unitary equivalence
properties of representations of the inhomogeneous
Lorentz group are used to establish the existence of
generalized free fields in the Fock space of an irre-
ducible free field.* We plan to study the power-series
representations of such generalized free fields in a
later publication. In the present article we study
generalized Bose operators, which we define (in
analogy to generalized free fields) to be operators

* Supported in part by the U.S. Air Force Office of Scientific
Research under Grant AFOSR 68-1453.

t Supported in part by the National Science Foundation under
Grant NSF GP 6036.

1 See A. S. Wightman, in High Energy Electromagnetic Inter-
actions and Field Theory, M. Lévy, Ed. (Gordon & Breach, Science
Publishers, Inc., New York, 1966), and references therein.

% See, for example, J. Bardeen, L. N. Cooper, and J. R. Schreiffer,
Phys. Rev. 108, 1175 (1957).

8 See, for example, K. Bardakci and E. C. G. Sudarshan, Nuovo
Cimento 21, 722 (1961); O. W. Greenberg, J. Math. Phys. 3, 31
(1962); O. W. Greenberg and A. L. Licht, ibid. 4, 613 (1963).

* L. Streit, Helv. Phys. Acta 39, 65 (1965).

® Such generalized free fields are equivalent to infinite-degree
normal-ordered series in the irreducible free fields. No finite-degree
series will suffice to give a c-number commutator, since if the highest
degree term has degree N, then the commutator will contain a
normal-ordered term of degree 2N — 2 which cannot be canceled
by any other term.

whose commutator is a c-number and whose anni-
hilation part annihilates the vacuum state, in the Fock
space of a Bose operator.

After a review of the theory of a single Bose oper-
ator g in Sec. 11, we define in Sec. 111 generalized Bose
operators b which reduce the number of a quanta by
two. We consider both irreducible and reducible 5’s
and consider the unitary equivalence between the
irreducible b’s and the a’s. In Sec. IV, we find repre-
sentations of the &’s as infinite-degree power series in
a and a*, valid on the domain spanned by the eigen-
vectors of the number operator N of the a’s. This
representation then determines b on its full domain by
closure. We find power-series representations of b and
b* directly from their Bose commutation relations
and, independently, using the relation (which we
derive) N = 2b*b + A_, where A_ is the projector
onto the odd-quanta subspace JC_ of the a Fock
space J€.* We show in Sec. V that the representations
of b found in Sec. IV are the most general power-series
representations. We construct the unitary operators
U, relating the irreducible b, and a in Sec. VI. In
Sec. VII, we show that the algebra 4, of even powers
of a and a* is irreducible, and we represent the irre-
ducible b, , which acts on the even-quanta subspace
¥, of X, as a power series in A, . In Sec. VIII, we
give the power series for a reducible 5 which reduces
the number of a quanta by k and discuss the limit
k — co. Finally, we make some concluding remarks in
Sec. IX.

II. REVIEW OF THEORY OF A SINGLE
BOSE OPERATOR

We consider the Hilbert space J¢ of sequences
p={c,|n=0,1,2,--} such that Y |c,|® < oo,
with the usual inner product, etc. We write

y=2c,ln),

with {|n) | n=20,1,2,---} a complete orthonormal

¢ Another derivation has been given by A. L. Licht (private com-
munication) in terms of the projection operator [0)0|.
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basis of JC:
<n I n/> = 67m"

We define the usual annihilation operator a on this
basis by

alpy=ntln—1), n>0, al0)=0.
The unique closure of a is given by?
ap =3 (nie, In— 1)
on its domain
D, =3 calmy| 3 lentn < oo}
The adjoint a* of a satisfies
a*|ny =+ Dtn+ 1)

and the domain of its closure is also D,. Thus, the
number operator
N = a*a
satisfies
Nin)=n|n)

and its closure has domain

j‘)N = {z Cr In> | z Icn|2 n? < w}

On Dy, the commutation relation
[a,a*] =1 )

is valid so that (a, J€) is a representation of the abstract

commutation relation corresponding to (1). This

representation is irreducible and any other irreducible

representation of (1) by closed densely-defined oper-

ators on a Hilbert space is unitarily equivalent to it.?
We note finally that the relations

[N,a] = ~a, [N,a*]=a* @)

are valid on a suitable domain.

III. GENERALIZED BOSE OPERATORS
WHICH CREATE AND DESTROY
TWO a QUANTA

We consider the subspace

%, = {Z Ca [27) eJG}
n=0
of J and define on it the operator b, by

b, |2n) = e®nxm)t |2n — 2), b, 1) =0, (3)

with 6,,, i=0,1,2,---, arbitrary real numbers.

? See C. R. Putnam, Commutation Properties of Hilbert Space
Operators (Springer-Verlag, Berlin, 1967), Lemma 4.43. This book
contains references to the original literature.

8 See Ref. 7, Theorem 4.5.1. This theorem requires a more precise

statement of the conditions needed for uniqueness. Our operators
always satisfy these conditions.
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Then,
b¥ 12n) = e o(n + 1) 20 + 2) (4)

and the closure of b, has domain D, N ¥, . We see
immediately that

N, =blb,

has domain Dy N J, and satisfies there N = 2N, .
On Dy N X, the commutation relation

[b,, bl =1

is valid so that (b, , &,) is another representation of
(1). Since (b,,J,) is isomorphic to (a, ¥) under
a<> b, |n)y <> |2n), it is, in fact, another irreducible
representation of (1).

Similarly, we can consider the subspace

Je— = zc2n+1 [2" + 1> EJ€
n=0
of J€ and the operator b_ on J_ defined by

b_2n+ 1) =e®m 2n — 1), b_[1)=0, (5)

with 6,,,, i=0,1,2,--+, again arbitrary real
numbers. Then

b 2n + 1) = em(n + DE 20+ 3. (6)
The closure of b_ has domain D, N ¥K_ and
N_=b*b_
has domain Dy N J_and satisfiesthere N = 2N_ + 1.

On Dy N J_ the commutation relation

[b_,b¥] =1

is valid so that, since (b_, € ) is isomorphic to
(a, J6), (b_, J_) is another irreducible representation
of (1).

The irreducible representations (b.,JE.) of (1)
possess vacuum states |«.), where x, =0, x_ =1,
and there exist unitary operators U, on J¢ such that

U =X, @)
and
Ui'b U, = a. ®
Explicitly, we can take
Up n) = 2n + k).

Now X is the direct sum
=%, %K.

Writing A, as the projection operator onto X, we
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define an operator b on X by
b=b A, +b A_. )]

Then, the closure of b has domain 0, and the closure
of
M=0b*b=NA_ + NA_

has domain D and there satisfies
N=2M+ A_.
The commutation relation
[b,p*] =1

is valid on D so that (b, J€) is a reducible representa-
tion of (1) with irreducible decomposition (9).

Let us write the above b, defined by (3) and (5) as
b,(0,), where 0, is symbolic for the set {0, |i=
2j + k3 j=0,1,2,- -} Then if 6, are any other
sets of real numbers, the corresponding b,(0,) = b,
also define irreducible representations of (1). Thus
there exist unitary operators

Uy(By,0.), UD'(6.,0)) = Uu0.,06,),
such that
U.(0., 60b (00U (01, 0,) = by(6,). (10)

If V., (r; «,) are the unitary operators inducing the
transformation b.(6,) — b.(00), with

65”:0,‘; for i#r, 0£T)=61+ar’

then the general operator defined by (10) can be
written

U.bs, 0) = 11 Vi(r; 6, — 6,). (1n

We note that the simple unitary transformation
b(ﬂ') — eiaNb(e)e—iaN
is an example of (10) with

0; =0, — 2.
Thus,
b(6') = e~ **b(h),

corresponding to the commutation relation
[N, b] = —2b,

which is easily checked on a suitable domain. Another
simple transformation is

b(0') = €“Vb(6)
which gives
0, =06, + no.
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We conclude this section by exhibiting some easily
verifiable relations valid on obvious domains:

AL =41 emv)’
[N,b,]= —2b,,
a*a = 2b¥b, + K,
a*a =2b* + A_,
U'btb U, = a*a,

Uila*aU, = 2a*a + A_.

Note that Eqs. (9) and (3)-(6) give the most
general representations of a b and »* which satisfy
[b,b*] =1, [N, b] = —2b, and D, > X = the sub-
space of J€ spanned by finite linear combinations of the
states |n).

IV. POWER SERIES REPRESENTATIONS OF b

We want to find an expression for b as a power
series in @ and a* on the subspace J. Then the closure
of this operator will coincide with the most general b
operator of the previous section. We search for all
power-series representations on J. of operators b
which satisfy the commutation relations

[6, b*] =1 (12)
and

[N, b] = —2b. (13)

These power series will be found to satisfy Egs. (3),
(5), and (9); again the b(6) of the previous section are
the only representations of (12) and (13).

Equation (13) holds if and only if b has the form

oo
b =Y aa*a’t
i=o

(14)

This expression is well defined on X, since only a finite
number of terms will contribute when it operates on
any vector in X. We must now determine the o; so
that (14) satisfies (12). We first note that since (14)
annihilates both {0) and |1), it must define a reducible
representation of (12). Writing

b, =bA, (15)
so that

=b, +5b_, (16)

we see that b, satisfy (12) and (13). Clearly (b, , X,)
are irreducible representations of (12) so that (16) is
the irreducible decomposition of b.

It follows from Eq. (14) that

$\ _ ex n!  (n+ 2)!
b'm_gﬁﬁn—mun—@!

3
:I |n + 2)
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and
n+2)! n! :l
bin+2)= ,§, [(n - Pt(n—=N! i
so that
bb* |n) = F(n) |n) (17
and
b*biny = Fn—-2)|n), n2>2, (18)
where
n 2
F(n) =nl(n + 2)! 2 19)
=0 —J)'
Thus Eq. (12) requires that
Fn—Fn—2=1, n>2. (20)
Furthermore, use of (12) and (17) with |n) = |0),
I1) gives
F(0) = F(1) = 1. 21)
The solution to (20) and (21) is
Fem)y=F2m —1)=m+1, m=0,1,2,--,
(22)
or
F(n) = }[n + % + 3(-=D"] (23)

Now, from Eq. (19) we find that
$ E(n)
el
i=o n—])' nl(n + 2)!
with {0,} arbitrary real numbers. Thus,
“f(—l)k _ (—l)k
Sotn—k — k! k!

We next sum Eq. (25) from k = 0 to k = n and inter-
change the j and k& summations to obtain

L
} ¢ = R(n), (24)

n—k

R(n — k). (25)

P § (n —:’](—ll)c)' k! —kgo( k!) Rin = b. (26)
Using the identities
Lo (=DF _ [0, r>0,
k=0 (r — k) k! 1, r=0,
Eq. (26) becomes
v =3 R =) =3 IR

or, with (23) and (24),
L (=1 [2r +3+ (=0}
r-0(j =L 4(r))(r 4 2)!

=, z ( ) l)j‘r[zr + 2 + (—1) i\eia'.

2jls=0 r+2)r+1

oy =

@7
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Thus, Eqgs. (12) and (13) require that b have the form
(14) with the {«;} given by (27). Conversely, any b
having the form (14), (27) will satisfy (12) and (13)
on X. We have, therefore, found the most general
power-series representation of b on X.

Equations (19) and (23) were deduced above by
applying the commutation relation (12) on an n-
particle state. An alternate, and instructive, derivation
of these equations proceeds as follows. The irreducible
components b, of b, defined by Eq. (15), each satisfy
(12) and (13):

[b%,b.] =1, (28)
[N,b.] = —2b,. (29)

Since the (b, K.) are irreducible unitary operators,
U, exist satisfying (7) and (8). Multiplication of (29)
by U3! on the left and U, on the right gives

[UNU,,a] = —2a,
from which one concludes that on X,
U3'NU, = 2N + f,(a)

for some functions f,(a) of a only.

Since (30) must be Hermitian, however, the £, (a)
must be constants, say A.. Finally, application of
(30) on the vectors |«,) gives A, = k. Thus we have
derived the relation

(30)

U'NU,. = 2N + «,, (31)
so that
N =2b%b, + k.
on X, or
NA, =2b%b, A, + x A,
on Ju. We can also write on X:
N = 2b*b + A_. (32)

Application of (32) on the state [n + 2) now gives the
relation

+ 1 - (=1)"],

(33)
which is precisely Eqgs. (19) and (23). We saw above
that (27) is the most general solution to (33).

We have seen that (12) and (13) imply (32). We also
see that (13) and (32) determine the most general
solution of (12) and (13). Thus, given (13), Egs. (12)
and (32) are equivalent in X.

n+2=2n!(n+ 2)! i

(n— M

V. EXPLICIT VERIFICATION THAT THE REPRE.
SENTATIONS OF SECTION IV SATISFY
EQUATIONS (3) AND (5)

In Sec. IV we found all the representations of (12)
and (13) as power series in a on J&. We know, in
principle, that any representation of (12) and (13)
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must satisfy (3) and (5) with some real numbers
0,]i=0,1,2,---}. We now verify explicitly that
this is the case.

We apply the expression (14) for b, with «; given by
(27), on the vector |n + 2) to obtain

2 nl(n+ 2P

bin+2) =Ya, - |
i=0 (n— !
12 (= 2r 434 (=Dt
2§zr'(]—r)'[(r+2)(r+1)]
% [n!(n + 2)'] ¢ |y
(n — !
., AR 43+ (=
= Hnt(n + 2 rgor![ r+20+ 1)
0 X (=D
X e gr(j ot =) |n). 34
Now,
n (_1)]'—1' n—r (—l)k

nr

EG—Pl(n—j) &kln—r—k!

so that (34) becomes

bin +2) = 2n + 3 + (=) |n), (35)

which is precisely equivalent to (3) and (5).

VI. CONSTRUCTION OF THE UNITARY
OPERATORS U, RELATING b, AND a

Next we explicitly construct on X the unitary oper-
ators U, defined by Eqgs. (7) and (8). It follows from
(31) that U, must satisfy

U, [m) = [2m + w e (36)

for some set {¢* |j=10,1,2,--} of real numbers.
We first construct the U, = U,(¢.) for arbitrary
{¢;"} = ¢. and then determine the specific set {¢}
appropriate to the b* defined by {61}

We can write

U__‘: — zﬂ:}:a*2j+xiaa'Pi , (37)
i=o
where P; is the projection operator onto the one-
dimensional subspace of J containing | j). Explicitly
_sin (N — )
TN =)
Application of (37) to the vector | j), using (36), gives
it
= (38)
Y2 + <]
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The unitarity of the resulting U, on J can be explicitly
verified by applying UL U, on the general vector |n).

The above U, (¢,) will satisfy (31) for any set ¢, .
To determine the ¢ such that

U:i—:l(qsd:)b:i:(ej;)U:t(Sb:t) =a,

we apply the inverted equation

U($)aUs!($) = bu(6.)

on the general vector |2m + «.) with m > 0. We
obtain

(m)'% 12m — 2 + Ki>ei(¢m_1:t_¢mi)
= (m)*} 12m — 2 + x)ePrm-rere
so that we require

$E = gt

m m—1 02m-2+ni, m > 0.

Thus,
m—1
¢:1|l:1 = ¢i)t - 2002:i+xis
j=

with ¢F arbitrary.
As a special case we explicitly consider the unitary
operators V. (r; «) such that

Vﬂ_:l(r§ “)bi(ej;)V;t(r§ o) = bi(ﬂ;)
where
0;=10,, for ss#r,
and

0,=0,+
From (3) we see that (r even):
ViNr; )b (0)V.(r; )

= exp { ioc[sh;g\gN_: 1_2)2)j|} b, (6,).

Assuming that ¥ (r; «) is a function of N,

V.(r;o) =V (N;r;a),

we need only solve
VIN;r )V (N —25r0) =exp{--}. (39)
Writing
V+(N; r; o() — eiR(N;r;a)’
with R Hermitian, (39) becomies

sin m(N — r — 2)

R(N —2;r;a) — R(N;r;o) =« ,

( ) ( ) wN — 1 —2)

which has the solution

R(N;r;a)
_alN—r-2|+N—r—25inw(N——r)

AN — r —2) (N — 1)
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Thus, V,(r;«) is given and the general operator
U,(f,,0,), defined by Eq. (8), is given by Eq. (11).
Similar results hold for V_.

VII. THE IRREDUCIBLE ALGEBRA A, OF
EVEN POWERS OF a AND a*

We show that the algebra of operators

= {Z 2, ci(a*)a®
1=0j=0
is irreducible on ¥, . Clearly |0} is cyclic in 3¢, for the
set {(a*)¥, j=0,1,2,---}. Now we show that A,
contains the projection A_, onto [0) in J€, . We assert
that
sin 7N

A_o—__—_ N NOEJ‘(', ’
HN}

N, |2n) = 2n [2n). (40)

We have N, € A, on X, the polynomial subspace in
¥, , because (40) has the following solution: Let

N, = zc’.(a*)zjaz{ (41)
i=1
Then (40) implies
k
C; 1
= . 42
;(Zk—Zj)! 2k — 1! (42)

Multiply? (42) by >, (ix)*~1 on both sides. Then,
after interchanging the order of the j and k summa-
tions,

© (ix)2k—1 ©

563 -3 W

55k = 2)! &2k — 1)!

or, recognizing the trigonometric functions,

¢;(ix)* ' cos x = isinx

It

and, after multiplication by x sec x on both sides and
repeated differentiation,

Y] 2j
c; = — —(—)(—d—) (xtan x)|__, (43)
(2j)!'\dx o=
or, in terms of Bernoulli numbers,
V19202 _ )

2hH!

By closure, (41) can be assumed to hold in J¢,. The
relation N = N, in X, ,ie., a*a = 37, ¢;(a*)¥a¥ in
X, implies that A is the algebra generated by a2 and

? This solution is due to D. 1. Fivel (private communication).
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(a*)?, since

[@® (a*)?] =2 + d4a*a = 2 + 4D c(a%¥a® (45)
j=1
in e, . ’
To find the power-series representation of b, in J,
in terms of operators in /£, , we use

2b*b, |2n) = 2n |2n)

and
b, = Zﬂj(a*)zjazj+2. (46)
We find -
< Bi et 1
2 = ;
=0(2n — 2j)!  [2(2n + D)J* 2n)!
and, following an argument similar to that just given,
—Vi/ g\ .
B, = Q(E) Px) (47)
2)1\x/) cos x |,
where
iwn s 2
o) =3 (ix) (48)

=0 [22n + DPECEH)!’

p, real, arbitrary.
N_ and b_ can be found on their domains in a
similar way.

VIII. GENERALIZED BOSE OPERATORS WHICH
CREATE AND DESTROY ka QUANTA, AND
THE LIMIT £ — o

Results similar to those which we found above for
generalized Bose operators b = b satisfying

[N, b®] = —2p*
hold for analogous Bose operators satisfying
[N, bR} = —kb*).

We sketch the derivation of the coefficients «{* for
the Bose operator

b(k) za(k) *J 7+k
where
[b(k), b(k)*] = 1. (49)
Straightforward calculation shows that
bb* |n) = F(n; k) |n)
and
b*b |n) = F(n — k; k) |n),
where
! !
R ) = | S L0 R
= (n—j)!
Thus, the commutation relation (49) requires
Fn; k) — Fn — k; k) =1, n>k,
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and
F(n; k) =1 + [[n/k]],

where the symbol [[x]] stands for the greatest integer
not exceeding x. Now

Lo_a {1 + [[n/k]]}%e,.an
im(n—j! \nl(n+k)!
and use of the binomial identity as before yields
N {1 + [[l/k]]}*e.-o,'
= (j — D'\ + k)!

For the remaining discussion, we choose the phases
6, = 0. We express the integer n as

n=Sk+1, 0S1<k,

where
s = [[n/k]]l, A =n— sk
By direct calculation,
b® [sk + 2)

= [F((s — Dk + A; B [(s — Dk + &)

_ {1 + Hﬁi:lz_’i.ﬂﬂr (s — Dk + 2

and, similarly,

bW* |sk+2)=(s+ 1D} s+ 1Dk+2), 0<A<k.
Also

(sk+A)} [sk+A—1), 0< A<k,
aisk+7t>={
sk+ D} [(s—Dk+k—1), A=0,
and
A+ Isk+2+1), A<k—1,
- !sk+l>={(sk+ + D)} sk+2+1), 0<A<
(sk+A+DE|(s+Dk), A=k+1.

The lower cases of these last two equations represent
“edge” effects which we would like to avoid when
making a construction to deal with the limit £ — co.
To avoid edges for large k, we define a new decom-
position of the integer n:

n=(@E+Hk+1t, -k <t<k,
where

s = [[n/k]],

and, to avoid further irrelevant complications, we
assume that k is even.

We now construct a larger space J€_ in which we
can define operators B and B* which, in a sense to be
made precise below, are the limit for £ — oo of 5™

t=n— (s + 3k,
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and b™*, For each k, the vectors which span the
Fock space J&*® = X of a and a* can be labeled by s
and ¢:

ls, ¥ =+ Dk +1), s20, —k<r <k

An arbitrary vector ¢® € J¢*®) has the expansion

yP =3 3

(%) )
ct s, .
s20 —$x<t<dx

Such sequences {c{*'} for fixed k form a linear sub-
space of the Hilbert space J¢, of sequences {c, ; | s > 0,

—0 <t < w},
Consider the direct sum
k= @ %%
kleven)

An arbitrary vector in J has the form

=@y 3
k820 —h<i<dr
We define A to be the linear subspace of # for which
lim Y [ef® — c)* =0,

k>0 s,t

o Is, 1.

where we take ¢® = 0 for s, ¢ outside their allowed
ranges. Since X, is complete, the {c{¥} belonging to a
vector in A converge in J, to a sequence {c, ;}:

lim > |¢® — ¢, P = 0.

k= w 8,1

The vectors in G can thus be divided into equivalence
classes labeled by sequences {c,,} in J,, and the
quotient 3, = AG/O, where O is the class labeled by
the null sequence, is isomorphic to &,. A complete
orthonormal basis in J¢, can be labeled by

|s, t) = class of @ |s, 1)*,
k

an arbitrary vector in J_, has the form
‘F = z cs,t |S, t>9
s,t
and the norm in J€ is

I = Et leg,l?.
Note that '
Il =,}im K]

for the ™ belonging to any vector in ¢ in the equiv-
alence class of .

With this construction, we define operators T and
T* on M as

T = @ b(k) and T* = (_D b(k)*.
k k

10 More precisely, we first define Tand T* on M N @ K™, where
J* = X, and then extend them by closure. All of the operators de-
fined in this section should be understood in this sense.
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In particular,

T @ Is, ) = @(s)& Is — 1, %

and
T*® s, ™ = ® (s + D} Is + 1, %\
k k

Since 7 and T* leave O N @, ¥ invariant, they induce
operators B and B* on X, which can be taken as the
“limits” of b*) and b®* for k — co. We have

Bls,h) = ()} s — L, 1)
and
B*[s,) = (s + D} Is + 1, 1.
Note that

(s',t'| Bls, t) = lim ®(s, ¢'| b™ |5, )™
ko0
We also define limits constructed from ¢ and a*.
Let @ and a'®* act on JE® via

a® |s, y® = [(s + Dk + 1} |s, 1 — H®
and

a®* [s, H® = [(s + Pk + ¢ + 1} s, 1 + D®.

Because [[a® [s, £)®| and [[a®* |s, £)®)]| grow with
k, @, a® and @, a®* do not exist in 4. However,

@ @Pkd) 15, 0% = D [(s + §) + kT |5, £ — 1P
k k

~G+ D @l - 1Y
(where ~ indicates the above equivalence) and,
similarly,

® @) s, 5% ~ (s + DE O s, 1 + 1™,
k k

The operators

@(a(k)/ki) and @(a(k)*/k‘k)
k k

in AG!® induce operators 4y and 4% in IC:

Als, ) =(s+ s, —1)
and
Ay s, 1) = (s + %)% |s, t + 1),

In a similar way, the operators

® 2k[(a"]kt) ~ (s + D]
k
and
@ 2k[(@™*iet) — (s + e,
where *

(k) Is, t)(k) [s, t & 1>(k)
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in M induce operators 4; and Af in ¥, :

t
Ayls, ty =—3Is,t = 1)
e+

and

Af Is, ty = t+1%ls,t+1>.

(s + %)
More generally, the operators
nlk*

@
k3= -G —n

<[F -2 ()]

in G induce operators A,, and 4% in 3¢ :

t?’L
Ay ls, t) = ———— s, t = 1)
s+
and
AL ls, ty = (t+ 1) ——— st + 1)

(s+1%

The commutation relations among these operators
can be found straightforwardly. For example, of
course,

[B, B¥] = 1.
Some other commutators are
2t 4+ 1
[AOaA(T]=0: [AI,A;]= S+%,

*] — (t + 1)2n — "
( + l)2n—1
[B, 4ol Is, ) = ()[(s + D} — (s = D Is — 1,1 — 1),

The operators

[4,, A,

E

B*Bls,t) =s|s, 1)
and

HAFA; + ATAy) Is, t) = t]s, t)

are Hermitian number operators. Finally, we remark
that [0, ¢) are no-particle vectors for B and |0, t) are
cyclic for polynomials in B*, 4,, and 4F.

This construction produces a Hilbert space ¥,, in
which, heuristically speaking, operators B and B*
annihilating and creating infinite numbers of a
quanta exist together with operators 4, and 4* which
annihilate and create single @ quanta. A construction of
this kind might be of use in the description of a
quantized hydrodynamic system with finite average
density and infinite volume, where operators analo-
gous to B and B* would change the average density
and operators analogous to 4, and 4} would produce
local changes in density.



1176

IX. CONCLUDING REMARKS

We can consider the power-series representations
of the generalized Bose operators b to be generated
by imposing Bose commutation relations on an
operator which is equivalent to two a quanta. The
leading term b ~ o4a? gives a commutator which is
not a c¢c-number, and the remaining terms of the
infinite series are necessary to remove the operator
terms from the commutator. For applications, the
first coefficient «y which expresses the relation between
the state b*|0) of one b operator and the state
a**|0) of two @ operators would be most important.
The higher coefficients give relations such as

b*a* |0) = (& + &)a*?|0)

and, in a more realistic situation, would contain
information about the interaction between a and b
quanta, and thus would also be of interest.

We plan to explore, in the context of a relativistic
four-dimensional situation, the possibility that an
unstable particle or resonant state can be described
by a generalized free field. Assuming asymptotic
irreducibility (or via Ruelle’s Theorem," just asymp-
totic completeness), this generalized free field should
exist in the Hilbert space of the in (or out) fields-of the
stable particles of the theory and, indeed, Streit’s
analysis, extended straightforwardly to include in-

11 D. Ruelle, Helv. Phys. Acta 35, 147 (1962).
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ternal degrees of freedom, guarantees this existence.
The leading terms in the power-series representation
of the creation part of a generalized free field repre-
senting an unstable particle will contain the creation
parts of the out fields of the stable decay products
together with a c-number coefficient which is the
decay amplitude for the relevant decay mode. The
condition that the field of the unstable particle be a
generalized free field, together with kinematical con-
straints, leads to exact relations among the decay
amplitudes and a small number of amplitudes for the
inelastic scattering of the unstable particle by its decay
products, provided the decay products have nonzero
mass. For massless decay particles, similar approxi-
mate relations can be found based on the smallness
of the amplitudes for emission of several massless
particles. We expect that approximate relations
between the inelastic scattering amplitudes and the
decay amplitudes can be found, and that, based on
these relations, we will be able to test experimentally
the hypothesis that unstable particles can be described
by a generalized free field.
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The existence of solutions of a class of nonlinear boundary-value problems is characterized in terms
of a linear eigenvalue problem. Bounds and comparison results for sotutions are derived.

1. INTRODUCTION

Several recent papers'™® have studied nonlinear
boundary-value problems of the form

Y'(x) + rrx)y(x) — y"(x) =0, 1
y(0) =0 = y(m) 2)

which have arisen in connection with the distribution
of energy in a nuclear power reactor. The exponent
n > 2 is not necessarily an integer. For simplicity we
discuss problems with continuous r?(x) though for
the most part piecewise continuity would suffice.

On physical grounds it has been conjectured that
there is a unique positive solution of (1) and (2).
Keller has shown?® that, if there is a positive solution,
it is unique. We shall prove that a positive solution
exists if and only if the largest eigenvalue of (2) and

V'(x) + rF(x)yx) = Ap(x) 3

is positive. Our constructive approach does yield a
feasible computational procedure, but we are mainly
eoncerned with this characterization and some useful
implications of our proof.

2. EXISTENCE

We shall need Keller’s result that, if there is a
positive solution y(x) of (1) and (2), then it is unique.
A simple argument? also gives the bound

0 _<_ y(x) < Rl/(n—l)’ (4)

where R is the maximum value of r2(x). Let us corre-
spondingly define p as the minimum value of r3(x).
Let 4, , y,(x) be the largest eigenvalue and associated
eigenfunction of (2) and (3). Because r2(x) € C[0, =]
it is known? that y,(x) € C*[0, =] and y,(x) > O for
0 < x < 7. Suppose now (1) and (2) have a positive
solution y(x) € C2[0, =]. Muitiply (1) by y,(x) and (3)
by y(x), then subtract the resulting equations. Inte-
grating the difference over [0, 7] and using the

* This work was supported by NSF Grant 5967.

1 W. L. Ergen, Trans. Am. Nucl. Soc. 8, 221 (1965).

2 J. Canosa, J. Math. Phys. 8, 2180 (1967).

). Canosa and J. Cole, J. Math. Phys. 9, 1915 (1968).

4 E. L. Ince, Ordinary Differential Equations (Dover Publications,
Inc., New York, 1956).

boundary conditions (2), we are led to

4 f T(y(x) dx = f Ty (x) dx.

Both integrals are obviously positive,which implies
Ay > 0. This shows that for a positive solution to
exist it is necessary that 4, be positive.

Existence and some other useful results will be
demonstrated by a general method. We can rewrite (1)
as —y"(x) + a(x)y(x) = [r*(x) + a(x)]y(x) — y"(x)
and accordingly define

Ly(x) = —y"(x) + a(x)y(x),
F(x, y) = [r*(x) + a(x)]y — y".

To apply the method we must find curves u(x), U(x)
such that

u(x) < U(x), forall x,
u(0) <0, u() L0,
U@ >0, U(m) >0, &)

LU(x) 2 F(x, U(x)),
Lu(x) < F(x, u(x)),
and we must choose a(x) > 0 such that F(x, y) is a
monotonic increasing function of y for all (x, y) in the
set
S={x, |0 x <7 ulx) <y L U

It then follows® that (1) and (2) have at least one
solution that lies entirely in S; there is a largest
solution w(x) in §, meaning that if y(x) is a solution
of (1) and (2) in S, then

yx) < wlx), for 0<x <7,
and the sequence {v,(x)}, defined by vy(x) = U(x),
Lvy(x) = F(x, v,41(x)), v(0) = 0 = v(m),

converges monotonically and uniformly downwards
to w(x):
wx) K- K ox) <0 < oplx), for0 < x <

First we wish to observe that if there is a positive
solution it can always be constructed in this way. To
see this we note that the trivial solution u(x) = 0

8 L. Shampine, J. Math. Mech. 17, 1065 (1968).
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satisfies the requirements on u. We know that a
positive solution must satisfy (4) so let us try

U(x) = RV,
Now
aa—F =r’(x) + a(x) —ny"* >0, onS,
)]

if we only require

a(x) >nR — p > 0.
Since

LU(x) — F(x, U(x)) = RV Y[R — r¥}(x)] > 0,

all the requirements are satisfied. By (4) any positive
solution lies in S and the general method says it is the
limit of the {v,(x)}.

At this point we still do not know if there is a
nontrivial solution of (1) and (2). This will follow,
though, if we can find a u(x) such that u(x) > 0 and
u(x) # 0, since the solution in § satisfies y(x) > u(x)
and, hence, cannot be trivial. Pursuing this line of
thought, we can obtain a useful comparison result.
Suppose that for some r2(x) the problem (1), (2) has
a positive solution u(x) and we are interested in the
problem with r3(x) > ri(x) for all x. Then

Lu(x) = [ri(x) + a(x)]u(x) — u"(x)
< [r3(x) + a()Ju(x) — u"(x) = F(x, u(x)).

By (4), u(x) < U(x) and all the other conditions are
obvious. Thus it follows that this problem has a
positive solution y(x) and moreover y(x) > u(%);
that is, increasing r2(x) increases the positive solution.

To complete the existence discussion suppose the
eigenvalue 4, of (2) and (3) is positive. Normalize the
eigenfunction such that

A > yi7(x) and R 2> yi7i(x). (6)
We claim that we can take u(x) = y;(x). The latter
normalization condition states U(x) > u(x) and the
former implies
Lu(x) = [r*(x) + a(x)ju(x) — Au(x)

< [P(x) + a()lu(x) — u"(x) = F(x, u(x)).
Thus, existence of a positive solution and a nontrivial
lower bound follow in the usual way.

3. EXAMPLES AND APPLICATIONS

The sequence {v,(x)}, which decreases to the positive
solution, can be used as a computational procedure

L. F. SHAMPINE

on calculating v, (x) with a method for linear problems,
e.g., finite differences. This is likely to be pretty
satisfactory until the average value of r2(x) becomes
large and it becomes necessary to use singular pertur-
bation methods to handle the boundary layer.? If a
careful choice of a(x) is made, it may be possible for
specific problems to compute analytical bounds. We
shall now develop an upper bound better than (4)
for all problems.

Let us use the constant @ = nR — p and define
z(x) as the solution of

Lz(x) = 0, z(0) = RY"D = z(m),

- COsh (1R — pH(x — )

=R
) cosh (nR — p)tyr

Consider U(x) = RY"~1 — z(x). Obviously, z(x) > 0,
so if we use the monotonicity of F(x, y),

F(x, U(x)) — LU(x) £ F(x, RV/("-1) _ gR1/(»-1)
= Rl/(n—l)[r2(x) _ R] S 0.

Thus, (5) holds for this U(x) and clearly U(0) = 0 =
U(m). To see that U(x) is an upper bound for a
positive solution which we suppose exists, let us
normalize y,(x) such that (6) holds and

Ux) 2 yi(x) = u(x)

which can certainly be done. Then the existence
theorem asserts that

7)) < RV — (), ™

Other authors® have studied the case when r(x) is
a constant . The eigenvalue problem (2), (3) has
A, = p* — 1 so there is a positive solution of (1) and
(2)if and only if o > 1.
Since R = u?, the eigenfunction normalized as in
6) is
»(x) = (@ — DNV sin x.

This is not only a lower bound for the special case
ri(x) = u® but, using our comparison result, is also
a lower bound for the positive solution for any
r}(x) 2 p = u® > 1. Thus (7) with this y,(x) gives
improved upper and lower bounds for all such
problems:

(p — DV gin x < y(x) < RYO=D _ z(x),
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The equations of motion for N-body systems are usually integrated by means of a central-difference
algorithm. An alternative average force algorithm is described in this paper. The new method is shown
to have both theoretical and practical advantages when compared to the central-difference method.

INTRODUCTION

This algorithm was developed to facilitate our
computer simulation investigations of various radia-
tion-damage phenomena. It has been thoroughly
tested in situations where most of the interacting
particles are initially arranged into an ordered lattice
structure. As the simulation progresses, this ordering
rapidly decays, so we have every reason to believe
that it would be equally effective in situations where
the N bodies are originally randomly distributed. The
algorithm has been tested in systems where ~25 <
N < ~500. Cost considerations, program running
time, and available memory size are the only apparent
limitations on N.

The original Brookhaven National Laboratory
investigation of radiation-damage events by computer
simulation® has remained the only complete discus-
sion of the criteria which must be satisfied before the
simulation method can be applied. Their calculations
utilize the familiar central-difference (CD) method of
integration. Here, we discuss an alternative integra-
tion procedure, the average force (AF) method, but
always within the criteria established in the Brook-
haven paper. This algorithm has been mentioned
in the literature,? but a detailed presentation of its
rationale and implications has never been made.

I. THE PROBLEM

Consider a system of A interacting bodies which
move subject to the laws of Newtonian mechanics.
We assume that the force on the «th member of the
set F, is a function of the positions of a// of the bodies
in the system F, = F (r;, - - -, r,). We further assume
that this force can be expressed as the sum of pair-
wise interactions between the ath body and all of

* This work was supported by the Office of Naval Research.

1J. B. Gibson, A. N. Goland, M. Milgram, and G. H. Vineyard,
Phys. Rev. 120, 1229 (1960).

®W. L. Gay and D. E. Harrison, Jr., Phys. Rev. 135, A1780
(1964).

the other members of the set:

N
F,= z Fan(ran)y

n#a

T

an =T, — Iy.

Although the «th body moves under the influence of
F

e’ F =m,f,,

it will be sufficient for our purposes to examine an
equivalent one-dimensional problem in which we
investigate the motion of m, under the influence of
one component, the ith, of one of the F,,,. It will be
convenient to assume that this force component
F;, is the strongest force component which m is
experiencing at that time. The other force components
exist, but we shall include their effect later. We
temporarily suppress all indices except i, and write

mv(t) = F;[x,(t), v,(1)]. )

To simplify the notation we have not indicated the
explicit dependence of F; upon the positions of all of
the other bodies in the system, but this dependence is
always present. As usual,

0,(1) = dv,(1)/dt )

©)

We wish to study the numerical integration of Eqs.
(1)-(3) by finite-difference methods. The integration
process will be subject to three criteria:

(1) We require a minimum number of computations
per time increment Af;

(2) we require a minimum number of time incre-
ments to accomplish a particular displacement; and

(3) we shall use the energy decrement

and
x,(t) = v,(t) = dx(1)]dL.

AE = |[E(r) — ED)E®),
where
E(t) = §mvi(0) + Ulx, (1), v0),
and U[x,(¢), v,(¢)] is the body’s potential energy, as a
measure of excellence for the integration process.
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II. THE CENTRAL-DIFFERENCE METHOD

In finite-difference form, Eqs. (1)-(3) become, when
(1) and (2) are combined,

mF[x, ()] 2= [v,(t + At)2) — v,(t — Atf2)]/At, (4)
v;(t + Atf2) = x,(t + At)2)

o~ [x,(t + A1) — x,(D))/A¢. (5)

Equation (4) can be immediately rearranged to read

vt + At]2) = v,(t — At]2) + Fi[x,()im™*At, (6)

while, after rearrangement and substitution from Eq.
(6), Eq. (5) becomes
x,(t + At) = x,(t) + v,(t — At/2)As
+ Fix,(0)]m A2 @)

When initial values v;y = v;(f, — At{2) and x, =
x;(t,) and a timestep At have been established, Eqs.
(6) and (7) comprise a consistent self-regenerating set.

From a practical point of view, this integration
algorithm is inconvenient if we wish to go beyond the
basic determination of x,(¢t) and consider other
physical quantities, because it does not give simultane-
ous determinations of position and velocity. Momen-
tum conservation can be built into the N-body system,
but determination of the total energy E(t) is compli-
cated by this property of the method.

This algorithm is based upon the tacit assumption
that v,(r + At/2) is in some sense the mean of v,(¢)
and v,(r + At), so the ““average” velocity is used in
calculating the displacement Ax; = x,(¢ + At) — x,(¢).
Similarly, the force determined at time ¢, Fx,(¢)], is
the ‘‘average” force between x,(r — At/2) and
x;(t + At/2) which is required to determine the change
in velocity. The AF algorithm described in the next
section is mathematically less rigorously justified than
the CD algorithm, but it is designed to exploit the
“average” nature of the various quantities required
in the integration in ways which overcome the
practical difficulties of the CD method.

UIl. THE AVERAGE-FORCE METHOD

In the discussion of the AF method we use a time-
step AT. Thus, formulas which contain At are CD
formulas, while AF results depend upon AT. Later
we shall show that As and AT can be mathematically
related by direct application of the criteria of excel-
lence presented above.

The AF algorithm is based upon the Taylor’s series
expansion of x,(¢ 4+ AT) about x,(¢). This expansion
gives

xi(t + AT) = x,(t) + v,()AT + a()AT?/2
+ a,()AT36 + - - - .

HARRISON, GAY, AND EFFRON

In a constant-force problem, all coefficients of AT,
with 7 3> 2, vanish; so we define Av, such that

x(t + AT) = x,(t) + v,(DAT + Ap,AT)2.

With this definition, Av; is the average charge in
velocity during the internal AT. We now use Av; to
introduce an average force (F;):

Av, = (F,)mAT. 8)
Then,
vt + AT) = v,(t) + (Fyym™'AT 9
and
xi(t + AT) = x,(t) + [v,(t) + (FHAT[2m]JAT (10)

are the AF equivalents of Egs. (6) and (7).

We obtain two advantages by this trivial modifica-
tion of the CD method: '

(1) the position and velocity are determined
simultaneously, and

(2) physical intuition can be used to develop
approximate values for (F;) which will improve the
precision of the numerical integration process.

The major conceptual difference between the CD
and AF methods can be summarized as follows: In
the CD method, the force is exactly known but the
equations [Eqs. (6) and (7)] are only asymptotically
correct, while in the AF method the equations [Eq.
(9) and (10)] are exact, but the average force must be
determined by an ancilliary argument.

Equations (7) and (10) can be converted into
mathematically identical forms. To see this we make
a Taylor’s series expansion of v,(r — At/2) and retain
only two terms:

vt — Atf2) = v(t) — (At/2)5,(2).

When this result is used in Eq. (7), together with Eq.
(1), to eliminate o,, we obtain

x:(t + Ar) = x,(t) + At{v(t) + F;[x;(0)]A¢/2m}.
(11)

Equations (10) and (11) are formally equivalent,
except that (F;) and F;[x,(¢)] must be interpreted
differently. This formal similarity first led us to
explore the AF method.

IV. DETERMINATION OF (F))

For the moment, presume that the function
F;[x,(t)]/m is known exactly. Figure 1 shows four
possible graphs of F;[x,(t)]/m vs x,(z). In each case,
the area under the curve is Av,, while the area enclosed
by the broken-line rectangle is the Av; obtained by a
CD computation. In this section, we presume that
Ay, is “small” compared to v,(t), but will defer a
definition of “small” to a later section.
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Let us rewrite Eq. (10) in the form
Ax; = x,(t + AT) — x,(¢) = v;(1)AT + Av,AT)2,

and look at one of the sections of Fig. 1 in more
detail. In Fig. 2, the line labeled x; indicates the value
of Ax; obtained when Av, is neglected. We note that
this position is completely independent of Fy(t)/m.
Further, we note that if Ao, is “small” compared to
v;, the difference x,(t + At) — x; will always be
“small” compared to Ax;.

It is convenient to think of each timestep as a
two-stage process:

(1) Move the body to x;(t + AT), the new position
produced by

xi(x + AT) = x(t) + (DA,

(2) Compute the additional displacement Av,AT/2
as accurately as possible. Because the force functions
used in this type of calculations is not pathological,
we may presume that F[x'(z + AT)] is a better
approximation to F[x(t + AT)] than is F[x(¢)]. Thus,
if we define a first approximation to Ay, by Av{V =
Flx(¢)]AT/m, it seems reasonable that

Av?? = {F[x'(t + AT)] + F[x(t)]}AT/2m

is a better approximation to Awv,. This, of course,
presumes that AT is chosen sufficiently small that a
trapezoid-rule integration of the force to obtain Av,
is a reasonable approximation.

This series of approximations can conveniently be
carried one step further. We define

xX¥t + AT) = x,(t) + v,()AT + F,[x()]AT?/2m,
(12)
which is the location the body would reach if F;

remained constant for the period AT. We note that
x}(t + AT) = x,(t + At), the CD result calculated

Fi16. 1. The force
can change in various
ways in the course
of a single timestep.
Here the actual force
is compared with the
force used in a CD
calculation (broken
line) for four possible
cases.

Force
Force

xit) x{t+4T) ) xt+aT)

Force
Force

) x(t+4T} x(t) x{t+aT)

1181

F1G. 2. Most of the dis-
placement in a single /]
timestep is the result of
the velocity which exists &
at the beginning of that &
timestep (2,()AT). Thus
Fx'(t + AT))is a good
first approximation to

Fx(t + AT)L.

w{f) aT v, 8772

X £,'(t+LT) x,(t+4T)

with v; = v,(t) instead of v,(tr — At/2). Thus,
x}(t + AT)

is effectively equivalent to the positior at the end of
the timestep as computed by the CD method. In
terms of this position, we define a third approximation
to Av, by writing

Aol = {F,[xXt + AT)] + ELoODAT2m. (13)
This is equivalent to defining

(Fp = {Fx' + AT + Flx0]}. (14
The steps of the AF method may be summarized as
follows:

(1) make a preliminary calculation of the new
position using Eq. (12);

(2) determine the force at that position;

(3) average the force calculated in step 2 with
Filx(1)]; and

(4) use the average force calculated in step 3 to
compute v,(t + AT) and x,(t + AT) from Egs. (9)
and (10).

It is immediately apparent that the AF method will
make an improvement in v, calculation for cases
a and b in Fig. 1, and it will be no less accurate than
the CD method in cases ¢ and d. However, it appears
to be much slower to implement on the computer
because a single AF timestep requires almost as many
computations as two CD timesteps. We shall now
show that, although additional calculations are
required per timestep, the AF method requires fewer
timesteps for a given total displacement with a smaller
energy decrement.

V. DETERMINATION OF AT
A. Comparison of AT and At

We use the following criterion to establish a
relationship between Ar and AT, the timestep in the
two methods:
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A timestep must terminate when the difference
between the force at its end and the force used in the
integration equals or exceeds a preset value.

For the moment we do not attempt to establish the
value of this difference, but we do require that the
same value apply to each method. Then we can write

Flx(t + AD) — Fi[x()] = F[x(t + AT)] — (F,).
(15)

If we now substitute the definition of (F;), Eq. (14),
into Eq. (15) and expand

Filx,(t + A1),

Fi[x,(t + AT)],
and

F[x}(t + AT)]

in Taylor’s series, after some algebra, we obtain

Lt + Af) — x,.(t)](idlji)t
= [x{t + AT) — x,-(t)](?)

Xi/4

e+ AT) — x,m](%) . (16)

i
which is correct to terms of the order of x;. To this
same approximation, we find that

x{t + A) — x, (1) = v(t — At/2)At,
x(t — AT) — x{(1) = v(AT,
and
xX¥t — AT) — x(t) = v, (DAT.

When these results are substituted into Eq. (16), we
obtain

v,(t — At|2)At = v, (t)AT/2. a7

But we have already assumed that »; does not make a
large change in one timestep, so, approximately,
AT = 2At. We expect that the AF method will tolerate
a timestep, which is twice the CD timestep, and still
produce roughly equivalent accuracy. This property
of the AF method has been extensively tested over a
broad energy range, 0.001 eV to 10keV, and has
always been found to hold true.

Actually, when AT = 2A¢, we find that AF method
gives a considerably smaller energy decrement in
~909% of the cases tested and never gives a large
decrement. We can justify this property graphically.
Figure 3 shows the work done, as calculated by each
method, in two cases. In case a, we see that the CD
method under-estimates the work by an amount
A = Ay + A,; in case b, it over-estimates the work
by an amount B = A, + A4,. In both of these cases

HARRISON, GAY, AND EFFRON

Force
Force

wlt+aT) T

x(f) x(t+at) x{t+at)

x(t+aT)

F1c. 3. The vertical hatching is the work as approximated by the
AF method, the horizontal by the CD method. The curvature in
the force curve is somewhat larger than we might expect in a normal
timestep. In both cases the AF method gives a better approximation
to the work done during the timestep (the area under the curve) than
does the CD method.

the AF calculation gives almost exactly the correct
amount of work, because Fis changing almost linearly
with x. In cases ¢ and d, the AF calculation is also
in error by roughly the same amount as the CD
calculation and, in extreme cases, it is actually possible
for the CD calculation to be more accurate. In actual
operation cases a or b occur ~909; of the time, so the
AF method almost always gives better results than the
CD method when the computation is extended over a
number of timesteps. Identical test situations run over
100 AF timesteps (200 CD timesteps) show that the
energy decrement is noticably smaller in the AF than
in the CD calculation. To make quantitative compari-
sons between the two methods we must examine the
relationship between the energy decrement and the
timestep length.

B. Choice of AT

It is convenient to define AT in terms of the maxi-
mum displacement component of the most energetic
body in the system. We first rewrite Eq. (10) in the

form Ax; = (v; + (FHAT2m)AT,
so that ‘
AT = Ax,/(v; + (F)AT[2m). (18)

In normal applications v, 3> (F;)AT/2m, or the com-
putation is not accurate, so we may approximate

AT == Ax,fv,. 19)

Good energy conservation during a timestep ulti-
mately depends upon the change in force during the
timestep. Once the maximum acceptable force change
is assumed, the displacement which will produce that
change is readily computed. Call this maximum
acceptable displacement D. In these computations it
is simple to determine the body with largest Kinetic
energy T,, at the end of each timestep. Then from
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Eq. (19) we define

AT = D(2m|T,)) 3. 0

There are two safety factors built into this definition
of AT:

(1) it is based upon the most energetic body, so
the single timestep displacements of all other bodies
will be less than D, and

(2) only very rarely will the velocity of the most
energetic body be parallel to a coordinate axis; so
generally any component of its displacement will be
less than D.

In cubic lattices the lattice unit (LU), where 1 LU =
1a,, the cubic lattice parameter, is a convenient
length unit. We have empirically determined that all
D < 0.1 LU give essentially the same trajectories
and energy decrements of the order of 1Y for a
system of 50 or more bodies and 250 timesteps.
Smaller values of D decrease the energy decrement,
but do not affect the trajectories very much. In
comparison, D =0.2 LU may give decrements as
large as 109, after only 25 timesteps.

In lattice-relaxation studies, we sometimes deal
with systems where v < (F;)/2m. When this is the
case, we determine the maximum force acting on any
body F,, and define

AT = 2mD|F,)}. 21
Although this is the most satisfactory approach dis-
covered to date, Eq. (21) can lead to large errors if
finite-range forces, or potentials, are used in the
system.

VI. FINITE-RANGE POTENTIALS

In the numerical integration of the equations of
motion for large numbers of interacting bodies, it is
usually not practical to include long-range forces.
We have performed computations which reach to the
fifth nearest-neighbor in the face-centered cubic lattice
(~3.4 LU) where each body may interact with as
many as 64 of its neighbors. Even with an IBM 300/67
this is impractical except for an occasional special
case, and interaction ranges R < 2.0 LU, which in-
volve only 18 other atoms, are more realistic.

For this reason, every computation must include a
means of carrying out the integration of the equations
of motion for timesteps in which the force ““turns on”
in the middle of the timestep. The method outlined
below is feasible with the AF algorithm and has been
found to significantly improve the energy conserva-
tion, that is, reduce the energy decrement, in all cases
tested to date.
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potential
eroded
potential
F1G. 4. When the A
force “turns on” just =
at the beginning of l y
x¥(t+AT) D

the timestep, the AF
method computes the x, (1)
change in potential R
energy, A in each dia-
gram, quite accu-
rately.

force \

With short-range potential functions it is often more
convenient to truncate mathematically the potential
at some separation R, the range, than to construct
a function which vanishes at this separation. When
V(r) is truncated at R, so that V(R) is finite, we can
shift the zero of potential by an amount V(R) and
define an eroded potential

V(r) = V() — V(R)

which vanishes at r = R. This charge does not affect
the force F(r) = —VV(r) = —VV,(r), for r < R, but
it too must be truncated at r = R. The difficulties
introduced by the “turning on” of the force at r = R
occur whether F(r) is truncated or not.

Let us now examine a single binary-collision event
in detail. In Fig. 4, the bodies have just made contact
at the end of the last timestep. We are concerned with
the preliminary displacement x}(¢ + AT), because we
would like the definition of (F;) to compensate for
the “turn on” process. On both the potential and
force diagrams of Fig. 4, 4 is the work done during
the preliminary displacement and x}(¢+ + AT) is
approximately the final separation at the end of the
timestep. Under these conditions the normal defini-
tion of (F;) by Eq. (14) introduces no difficulties.

Now consider the situation shown in Fig. 5. We
note that the CD method is completely unsuitable,
because it would assume zero force for the entire
timestep. The average force as defined by Eq. (14) is
somewhat more realistic, but the AF integration may
also contain significant errors in the approximate
integration.
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potential

eroded
potential

P x*{t+aT)
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HE

F1G. 5. When the force ““turns on’ during the timestep, we deter-
mine a first approximation to A from the change in potential energy,
and then define (F;) = A/Ax;.

We can make a better approximation to (F;) under
these conditions if we note that x}(r + AT) is
approximately the final separation, so ¥(x}) should
be approximately the final potential energy. Energy
will be approximately conserved if the work done

HARRISON, GAY, AND EFFRON

by the body during the timestep approximately equals
the charge in potential energy. This requires that
(F)Ax; = A.
This is immediately accomplished if we define
_VeH =VR)
x¥*-R
where D is the maximum displacement defined in

the last section. If the potential is eroded, this reduces
to

(22)

(Fp = R— D < x¥ <R,

Vo(x¥)
x¥—R’

Programs run with this modification have a smaller
energy decrement than identical situations run as an
unmodified AF integration. The improvement is
particularly noticeable in test cases which approach
the assumed limits of the AF-method approximations.

<Fi>= -

R—D<x!<R

VII. SUMMARY

We have shown that it is possible to carry out the
numerical integration of the classical equations of
motion for N bodies by an average-force algorithm
and have shown that this algorithm has both theoreti-
cal and practical advantages when compared with the
central-difference algorithm which is currently in
general use.
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In this paper, the canonical wave equation and auxiliary conditions for a massless particle with
arbitrary integral or half-integral spin s are derived from a symmetric spinor formulation. The wave
equation is solved for the multipole solutions using the appropriate parity operator for each spin.
Finally, the characteristic hypersurfaces for the wave equation are derived and found to agree with that
of the photon. The special cases of spins one, three-halves, and two are detailed in conclusion.

I. INTRODUCTION

It is well known! that one can write Maxwell’s
equations for the photon as a simple matrix equation
and auxiliary condition. The equation is (the units
arehi=c¢=1):

8- PjC) = i 2 ) M

where $(x) is a three-component wavefunction with
elements
V=8, 4+ iB, )

and P is —iV. &§ and $ are the (real) electric and
magnetic fields and x = (x, it). The S are the repre-
sentations of spin-one matrices

(Si)ik = —iey. €)

The auxiliary condition specifying the transverse
nature of the electric and magnetic fields may be
written as

2 ) =0, @
0x,
This condition insures that the photon wavefunction
contains only helicity components =1 as is required
for a massless particle.?

The construction of the above theory for the photon
follows from a symmetric spinor formulation of the
theory of a free particle with arbitrary mass and spin®
specialized to zero mass. In particular, for spin one,
the spinor equations are

Oy 0,(x) =0, ©)

where ¢, 5 is a lower-dotted symmetric two-index
spinor and «, 8,, f; run from 1 to 2, so there are only
three independent components which are labeled

* Work supported in part by the U.S. Atomic Energy Commission.

1 R. H. Good, Jr., Phys. Rev. 105, 1914 (1957). This paper con-
tains earlier references on the subject.

2 E. P. Wigner, Rev. Mod. Phys. 29, 255 (1957).

3 D. L. Weaver and D. M. Fradkin, Nuovo Cimento 37, 440
(1965). The spinor notation of this paper is followed.

according to

bis = Zo> Poi = 1> Do = Ko (6)

The mixed-index spinor 0*: is related to the four-
vector gradient 9/0x, by

7 = — (0,0, 2 ™
ox

where, except for « and §;, f,, - - + , the Greek indices
run from 1 to 4 and where the ¢, are the Pauli matrices
and o, is i times the 2 X 2 identity. The four equations
(5) can be written in the form

aEHEE
ot X1

R IR

If one now defines the wavefunction y with three
components given by

2 3
1/)k = [(k _ 1)] xk—ls k = 13 2’ 39 (9)

u

where
m m!
= 10
(n) n!(m — n)! (10)
then Egs. (8) can be written as
S+ Py = i < (v, (1

where the S are the spin-one matrices in a representa-
tion with S5 diagonal. There are four equations (8) and
only three equation (7), so the remaining equation is
considered an auxiliary condition on p. The auxiliary
condition takes the form

. 0 = 0
(i+‘_—)1P1—\/2_1P2

0x, 0x,

0 0
—l——i— =0. (12
(axl laxg) £ (12)
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Equations (1)-(4) may be reproduced by noting that

yp = Uy, (13)
where
it 0 -1
U=_13,- o i utl=U, @9
V2o -J2 0
and
S = usu'. (15)

The above considerations for spin one may be
carried out for arbitrary integral or half-integral spin
and zero mass and this is done in Sec. 1I to yield the
wave equation for a massless particle with arbitrary
spin previously discussed by Hammer and Good.*
In Sec. III this wave equation is used to solve the
multipole-radiation problem for arbitrary spin, and the
eigenstates of the two types of parity operators for
massless particles are constructed. The characteristic
hypersurfaces are found in Sec. IV and some special
cases are discussed in Sec. V.

II. WAVE EQUATION FORMULATION
The construction for spin one may be extended to
the general case. The spinor equations are

01 gt pas = 0 (16)

where ¢ is completely symmetric and so has 25 + 1
independent components. Note that the identity

0 0
a

together with Eq. (16) shows that each component of
the spinor satisfies the equation

aZ
[V2 — %:I%gl...ﬁz’

The 2s + 1 independent components of ¢ are defined
by

(18)

(19)

One can rewrite the 2% equations (16) in the form

[c Y+ a](""“) =0, n=1,2,-
at

which is a set of 4s coupled, linear, homogeneous
first-order differential equations for the independent
components. There are, in addition, 2% — 4s equa-
tions which are identical to some of Egs. (20). Defining

Xo = Pijoos N1 = ¢21--~1, ‘s X = 9522---2-

,2s, (20)

4 C. L. Hammer and R. H. Good, Jr., Phys. Rev. 108, 882 (1957).
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the wavefunction y with 25 4- 1 components by

2s H
wk=[(k_1)jlxk—19 k=1’2""s

one may rewrite Egs. (20) as

25, (21)

Ls.pyo =i pev) @)
s ot

LT o)

B [(k%: 1”—%(3%1 B lai )””‘“ =0 ®

with k =1,2,--,2s — 1 here. Now, the S are the
(25 + 1)-dimensional spin matrices in a representa-
tion with .S; diagonal. Equation (22) is the wave equa-
tion discussed by Hammer and Good.* One may see
the effect of the auxiliary conditions (23) very clearly
by considering for v a plane-wave solution propa-
gating in the z direction:
p(x) = U(P) exp [i(P3z — Et)]. 24)
Then the auxiliary conditions state that U(P) repre-
sents a physical state only if [U(P)], = 0, forn = 2,
3, -+, 2s. Thus, physical states are represented by
UP) = {{UP)];, 0, -+, [UP)]y,1}, the two linearly
independent solutions [U(P)}, = 1, [U(P)ly1 = O,
and [UP)], =0, [UP)ly,, =1, corresponding to
E = +|P;| and E = —|P,], respectively.
Some results taken over without any proof from
Ref. 4 are that KCP is the space-reflection operator for

y and that J is the total-angular-momentum operator,
where

0x, ¥rna

Ky(x, 1) = p*(x, 1), (25)
Py(x, 1) = y(—x, 1), (26)
CSC1 = —8*, 27
(KCP): = (—1)%, (28)
and
Ji= fi:’kxj( aik) +S;. (29)

III. MULTIPOLE SOLUTIONS

The problem to be solved in this section is to find
solutions y(x, ) which have a definite, nonzero fre-
quency, which satisfy Eq. (22) everywhere except at
the origin and which, far from the origin, are out-
going waves. One may write

p(x, 1) = w(x) exp (—iEt), 30)

so that

s7IS - Pw(x) = Hw(x) = Ew(x) (1))
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for the corresponding eigenvalue problem. The eigen-
value E must be nonzero and w(x) must behave
correctly, asymptotically, so that ¢(x, #) becomes an
outgoing wave. One wants to find the common eigen-
functions of the commuting set of operations H, S2,
J2, J5. The simultaneous eigenfunctions of J2, $2, and
Js are the spinor spherical harmonics ‘Ff}4 1s(0, @)
which satisfy the equations

e =00 + DY, (32)

J3W%l,s = M\F%l.sa (33)
and

SEH,  =s(s + DTV, (34)

where J2, J;, and S? on the left are operators and J and
s on the right and in the subscripts form the eigenvalue.
For spin one, the ¥}, | are the vector spherical har-
monics as given, for example, by Blatt and Weisskopf®
and in general, the spinor spherical harmonics are de-
fined by

‘F-qu.l.s(eﬁ fP)

= ¥ (Impsm|JIsM)Y, (0, ®) s, my), (35)
mi+me=M

where Y, ,, are spherical harmonics and |s, m,) are

the (25 + 1)-dimensional eigenvectors of S2 and S;.

(See Appendix A for some properties of these func-

tions.) The (Imgsm,|JIsM) are Clebsch-Gordan
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coefficients® and have the symmetry property

(Im,sm, | JisM)
= (=" — mys — m, | JIs — M). (36)

The quantum number J is always greater than or
equal to s and otherwise can take the values s,
s+ 1,+-+; M may be any of the 2/ + 1 values —J,
—J +1,-+-,J; lis an integer in the range J — 5 <
[ <J+s. The reason for J > s is discussed in
Appendix B.

One weighs each spinor spherical harmonic with a
radial function and makes the substitution

J+s

WI%,J,M(X) = z hl(r)lFJ.}l.l,s(65 (P)

1=J—s

into Eq. (31) where the 25 + 1 radial functions (with

the other indices suppressed) are to be determined.
Using the formulas of Hill’ for the derivatives of
radial functions times spherical harmonics, Eq. (31)

gives the equations for the radial functions:

(i[25)a72d ™ (h 1)) = Ehy_y, (38)
(i]29)a78 1d7 N hyyos) = Ehyyyy (39)
(if2s)[ai3d () + a;*d*(hyyy)] = Ehy, (40)

where J — s+ 1< 1< J+ s — 1. The coefficients
aj® are defined by

(37

a{-sE[<’+S+J+2><l+s—1+1>(l—s+J+1)(J+s—z)T @1)
QI+ DL+ 3)

and

d'. = dj(dr) £ Ifr. 42)

The solutions of the radial equations are found to be

(1,2)

W) = (e H ), (43)

where

p=|Elr (44)

and H', H® are the first, second Hankel functions,
respectively, in the notation of Jahnke and Emde.®
To get outgoing waves one uses the first Hankel func-
tion when E is positive and the second when E is
negative. One uses the recursion relation of the Hankel
functions

n d
;H‘n"z’(p) = H:3(p) — i H(p)

d
= Hi2(p) + — H%(p)

i (45)

to get the relations

. o o
A" HL(P) = —p HLY ), (46)
n, —¥,.41, ~ ,

a2 HEY o) = p ). (47)

Substituting Eq. (43) into Egs. (38), (39), and (40),
and using the relations (46) and (47), one finds the
following equations for the C,:

(i/2s)a$fsCJ_s+1 = €C‘J—.\; » (48)
—(i/2s)a‘5fs_1CJ+s_1 = 5CJ+3 s (49)

and
(i129)[—ai2iCy + a}]'sct+1] = €C;. (50)

8J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics
(John Wiley & Sons, New York, 1952), Appendix B.

¢ A. R. Edmonds, Angular Momentum in Quantum Mechanics
(Princeton University Press, Princeton, N.J., 1957).

7 E. L. Hill, Am. J. Phys. 22, 211 (1954).

8 E. Jahnke and F. Emde, Tables of Functions (Dover Publications,
New York, 1945), Chap. VIII.
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One solves these equations for the C, in the cases of
interest, where e is equal to EJ|E|.
The solutions of Eq. (31) are then given by

J+s
. -3 (1,2 M —iE
W)= 3 Cp HED(oY (6, @™ (51)
I=J-8

For large values of its argument, H»? behaves like
p~te*is, To get outgoing waves, the first Hankel
function is to be used when E is positive and the
second when E is negative. The complete solutions to
the problem are then

v (J, M, s, |E|; x, 1)
J+s

= > Cp

I=J—s

DT, exp (FiElD). (52)

The upper (lower) signs are for positive (negative) E
solutions and the first (second) kind of Hankel func-
tion is to be used with them.

In analogy with the photon, the definite-parity
solutions (the “electric” and “magnetic”” multipole
solutions) are given for the integral-spin theories by

u)mag(‘I’ M: S, IEla X, t) = 'P+ + (—I)JKCP’I/)_", (53)
WOlec(Jy M,s, IEla X, t) = inag(J’ M,s, IEI’ X, t)y
(54)
where the operators K, C, and P are defined in Egs.
(25), (26), and (27). Using Appendix A, one sees that
the effect for any spin of operating with KCP on
pEis
KCPy*(J, M, s, |E|; X, )
= () TH0YTI, —M, 5, |E). (59)
The motivation for the form of Eqs. (53) and (54) is
that
KCP'/’mag = (_I)meags
KCPWcIec = (_1)J+11/Jelee;

(56)
(57)

and that for spin one the solutions are identical (up to
the representation of spin matrices) to those discussed
in detail for the photon by Good.® For the half-
integer spin theories, the linear combinations of Eqs.
(53) and (54) do not give definite parity solutions. In
fact, one must use, for the half-integral spin theories,
instead of KCP, the operator KCP(H/|H|). With this
operator one has, for the half-integer spin theories,
the eigenstates ¥, and P, , where

Fmas = ¥* + (=) EKCP(H/|H|)y",

Yelee = Wmag»

(58)
(39

? R. H. Good, Jr., Ann. Phys. (N.Y.) 1, 213 (1957).
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and
KCP(H/|H|) P = (—1)"F5

Wmag ’

KCP(H/IHD)Pereo = (— 1) hiee

(60)
(61)

The two possibilities for the parity operator for
massless particles correspond to the duality of charge-
conjugation operations discussed recently by Weaver.1

IV. CHARACTERISTIC HYPERSURFACES

In this section the problem considered is that of
finding the characteristic hypersurfaces associated with
the wave equation (22) for massless particles with
arbitrary spin. The physical motivation for considering
such hypersurfaces is discussed, for example, in Ref.
11. The problem is to find the hypersurfaces over which
a discontinuity can occur in the first derivatives of the
solutions of the wave equation.

Let & be any hypersurface given by

t=f() (62)

and let ¢ be , the solution of the wave equation
restricted to &, so that

P(x) = p(x, /). (63)
Then, on A, one has
0 . 0 of 0 _
— P =— — — 64
xiw axiw+ax,.aw (64)

and so
lS-Pzp=lS-P1,u+ (;S-Vf)gy). (65)
s s is ot

Making use of the wave equation, one reduces Eq. (65)
to

1s-P¢=i(1—ls-Vf)31p. (66)
s ot

s
One must consider two cases. First, if the determinant
of 1 — 571S . Vf 5 0, then the inverse exists and one
may calculate (9/0t)y, (0%/0r?)y, etc., in terms of
initial data and so in this case A is not a character-
istic hypersurface. The second and most interesting
case is when the determinant is zero. Then % is a
characteristic hypersurface, the equation being

det (1 — 5718 Vf) = 0. 67
For spin one, this gives the equation
V- (V) =1, (68)

which is the equation of the characteristic hypersur-
faces for Maxwell’s equations. For arbitrary spin, one

10 D, L. Weaver, Nuovo Cimento 55A, 377 (1968).
11 R, Adler, M. Bazin, and M. Schiffer, Introduction to General
Relativity (McGraw-Hill Book Co., New York, 1965).
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gets
det (1 — s7'S- Vf) oc [(Vf): — 1]

X {(Vf? — [sf(s — DPF} - - [(V)? = (/€] (69)
where €, = 1(1) for s = half-integer (integer). So for
h to be a characteristic hypersurface, one finds that
f must satisfy

sifor- (3] o

For s = 4, 1, there is only one possibility, which is
Eq. (68). For higher spins, one gets equations of the

(70)

fi
- (Vf) - g2 =0, (1)
h
e f=(n) < 1. (12)
The basic solution of Eq. (71) is
I o]
=3 36— ar] (73)
Bli=
and & is then given by
3 b
(=t =] 30— a| (74)
A gli=a
or, equivalently, by
3
Bt — 1o’ — 3 (x; — a)' =0, (75)
i=1

which corresponds to a spherical wavefront expanding
with velocity fec. The extra hypersurfaces, those
corresponding to f < 1, are not allowed by the
auxiliary conditions (23) which together with Eq. (22)
form a complete theory. One may easily see this by
finding the characteristic hypersurfaces of Egs. (20).
One finds only the surfaces with § = I, as expected.

Y. SPECIAL CASES
We list here the radial functions for spins 1, 3, 2.

Results for spins 1 (photon) and 2 (graviton) agree
with those of Refs. 12 and 13:

Spin = 1.
kf;c—:-l fjip“%chi% ,

P = i2J + DY tHE,

WP, = —e(J + DEpiHPy.
Spin = 3
1 X

Wil = B0 + DI HIL,

h(k)% _ ___31‘]2 —%H(k}

2J — 1) + D7 s
iy = =3 BRI o,
1321 = D 44
h(k) — [: ] H(k)
J+3 ! 2J + 3 P J+2

12 R. H. Good, Jr., Lectures in Theoretical Physics (University
of Colorado Press, Boulder, Colo., 1958), Vol. 1.
8 1.. Halpern and B. Laurent, Nuovo Cimento 33, 728 (1964).
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Spin =
B, = 2Dt %,
B, = 2i2) + 3) PP,

W _ _e [QI+ DU+ 2_)} I
hJ 6 [ 3(2.] _ 1) p HJ+%>
h(k) — —-2f[('] + 2)Q2J + 3)] —%H(k)
(J—1 Uk
Lo {2(1 + DU +2)Q2J + 3)}* Sy,
o (J - D@J -1 =

We note that for solutions regular at the origin one
replaces the Hankel function by Bessel’s function of
equal degree.

APPENDIX A: PROPERTIES OF THE
OPERATORS AND EIGENFUNCTIONS

In the representation with S, diagonal, the spin
matrices have elements

(S)mitm = (SDmmer = 3(s = m)s + m + DI,
(A1)
(S2)7n+1.m = '—(82)m.m+1
= —}l(s — m)s + m + D], (A2)
(Ss)mm = m, (A3)

where m ranges from —s to s in integral steps and the
elements not listed are zero. In this representation,
the matrix C has elements

Crin = ()*"0,n, o, (A4)

C is Hermitian and unitary, and has the further
properties

=1, (A5)
C*C = CC* = (—1)*, (A6)
The eigenfunctions of §2 and S; are
(I8, M), = Oy (A7)
and they have the properties

Cls, m) = (=)™ s, —m), (A8)
Pls,my = |s, m). (A9)

The spherical harmonics have the properties
KYI my (_I)MIYZ,—mz, (AIO)
PYl.mz = (—l)lyl,mz' (All)

Combining the above properties, one finds for the
spinor spherical harmonics

KCYF, o= (=t M=Tg2
PYY, = (=Y,

(A12)
(A13)
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With respect to complex conjugation, the Hankel
functions have the property

KH:{(p) = H(p).

APPENDIX B: ON EXISTENCE OF
PHYSICAL SOLUTIONS

We give here a brief discussion of the solutions of
Eq. (31).

Conditions (23) imply that for a solution of wave
equation (22) to be physically acceptable, it must
satisfy the Klein—-Gordon equation. Thus, w§, ; 5 is
physically acceptable if it satisfies

(A14)

2 .8 2 8
—V%gom=EWgsum-

Now, making the substitution

o) = %Hz+a(ap) (B1)

in Egs. (38)-(40), one finds that the determinant of
the unknowns C, is given by

Dy (@) = (—ef*!

k
X [1 + azzlaf +at > alal + - -:l,

r1+2<r;

(B2)

where

i g
k=J+s—|J -3, a = z—saws_sm_l.
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Now it can be shown that the roots of D («) are
real and that « = 41 is a root only if J > 5. Now

since
J+s

wx)= 3

1=|J—s¢

hl,a(r)ly%l.s
. |
satisfies
—Vw = o®E?w,

one sees that physically acceptable radiative solutions
exist and are given by (B1), only for J > s. This is
the range assumed, therefore, in the paper.

The equivalence of the Klein-Gordon equation and

the auxiliary conditions (23) can be seen as follows.
The most general solution of wave equation (22) is

px, 1) =[dP 3 A4, (P)U(P)

'"=*sx exp [i(P x — ?|E| t” (B3)

where U, (P) are the orthonormal eigenvectors of the
helicity operator [P|=* S - P. Now the requirement

a2
[—V2 + 5;2}/)(::, =0
leads to

A4,P)=0, —s<m<s
and so only states of helicity £1 contribute in (B3),

which is precisely what the auxiliary condition (23)
amounts to, as argued in the paper.
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On the Width Distribution for a Complex System Whose Hamiltonian
Contains a Small Interaction That Is Odd under Time-Reversal*

J. F. McDoNALD
Department of Mathematics, University of Windsor, Windsor, Ontario, Canada

(Received 13 August 1968)

An approximate expression for the width distribution of a complex system with a small odd term is
given. The expression is compared with available Monte-Carlo calculations and seems to be a good

approximation for large N (10 < N < 100).

1. INTRODUCTION

A question of current interest':? is whether or not
the presence of a small time-reversal odd term in the
Hamiltonian of a complex system, such as a heavy
nucleus, will manifest itself in various statistical
properties in an observable manner. It has been shown
that effects on the nearest-neighbor spacing distribu-
tion are such that their experimental observation
seems extremely difficult.’2

There has been little progress made in the analytic
calculation of the distribution of widths for an odd
term of arbitrary size,® although some Monte-Carlo
calculations have been carried out.! We have obtained
an explicit expression for a Gaussian ensemble when
N = 2 (N = dimension of the Hamiltonian submatrix
with a fixed set of quantum numbers). We were not
able to carry out an analytical calculation for arbi-
trary N.* However, from our results for N = 2 and the
known results for the limiting cases [i.e., the odd term
is zero (orthogonal ensemble) and the odd term is of
the same size as the even term (unitary ensemble)] a
form is conjectured which we believe to be at least a
good approximation when the odd term is very small
and N > 1. We have compared this distribution with
the available Monte-Carlo results and found it to
approximate them quite well.

An interesting feature of our distribution is that, in
the limit as N — oo, it approaches one of three limits,
depending on the ratio of the odd to the even term.
Only if the ratio goes to zero as 1/N is the limiting
distribution different from the orthogonal or unitary
result.

* Supported in part by an N.R.C. grant.

1 N. Rosenzweig, J. E. Monahan, and M. L. Mehta, Nucl. Phys.
A109, 437 (1968). We refer to this paper as RMM.

2 L. D. Favro and J. F. McDonald, Phys. Rev. Letters 19, 1254
(1?’613: L. Mehta and N. Rosenzweig [Nucl. Phys. A109, 449 (1968)]
obtained an analytical expression for the case when the invariant
term is zero. However, this case is of no physical interest.

4 A major difficulty seems to be a lack of a convenient param-
etrization for the rotation matrix.

2. THE ENSEMBLE AND DISTRIBUTION
OF WIDTHS

The distribution of matrix elements is chosen to be®
PalHs 7, = oxp (~aTr Y exp (=2 1)
>3
M

where

9 = 2N(N_1)/2(OL/W)N(N+1)/4[(0( + y)/‘lT]N(N_l)M (2)

and

H,; = R; + iSi . (3)
Since the Hamiltonian matrix H is Hermitian,
R;; =Ry C))
and
Si = =S8, O]

where R and § are both real matrices. Note that, for
y — 00, py becomes the orthogonal distribution and
for y — 0 it becomes the unitary distribution.®

If certain assumptions are made, the distribution
of widths can be shown to be?

Pu(X, 7, 0) = f XX — NAXA)py(H, y,0)dHy, (6)

where

X =T[KD), (M
I" being the width and (") the average width,
dHy = 1_.[ dRi,. H dSy, (8)
>3 k>1

and 4 is the unitary matrix which diagonalizes H, i.e.,
E = AHA' ©)

where E is diagonal. It is the distribution Py(X, y, o)
which we shall discuss in the remainder of this work.

5 This distribution is the same as that used by RMM (except for a
trivial scale change) if one takes y/a = (1/€?) — 2.

$ F. J. Dyson, J. Math. Phys. 3, 140 (1962).

7 See, for example, Ref. 1.
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TasLE I. The values of 4 and C for various values of N and €2

30
B=1%

50
B=1%

100

B=35

N 10 20
e B=1% B=35
0.001 A 0.50465 + 0.00005 0.50865 =+ 0.00005
’ c 6.7686 & 0.0003  4.6616 4 0.0003
00025 A 0.51015 & 0.00005 0.51795 + 0.00005
) C 4.3158 4 0.0002  3.0002 + 0.0002
0,004 A 0.51475 + 0.00005 0.52585 + 0.00005
: c 3.4353 +0.0002  2.4076 + 0.0001
0.0055 A 0.51905 4 0.00005 0.53285 + 0.00005
: c 2.9481 £ 0.0001  2.0809 + 0.0001
0.007 A 0.52295 4 0.00005 0.53935 + 0.00005
: c 2.6283 + 0.0001  1.8675 + 0.0001
0.0085 A 0.52665 4 0.00005 0.54535 + 0.00005
‘ c 2.3981 4+ 0.0001  1.7144 + 0.0001
001 A 0.53025 4 0.00005 0.55105 = 0.00005
' C 2.2225 4+ 0.0001  1.5980 + 0.0001

0.51035 + 0.00005
4.1833 + 0.0002

0.52115 + 0.00005
2.7037 £ 0.0001

0.53025 4 0.00005
2.1770 £ 0.0001

0.53835 + 0.00005
1.8873 + 0.0001

0.54575 + 0.00005
1.6984 + 0.0001
0.55275 4+ 0.00005
1.5634 4 0.0001

0.55925 + 0.00005
1.4607 £ 0.0001

0.51515 + 0.00005
3.3108 £ 0.0002

0.53045 + 0.00005
2.1635 + 0.0001

0.54305 + 0.00005
1.7577 £ 0.0001

0.55415 + 0.00005
1.5357 + 0.0001

0.56405 + 0.00005
1.3915 4+ 0.0001

0.57345 £+ 0.00005
1.2891 + 0.0001

0.58205 + 0.00005
1.2116 + 0.0001

0.52535 + 0.00005
2.4159 + 0.0001

0.54955 4 0.00005
1.6143 + 0.0001

0.56885 + 0.00005
1.3348 + 0.0001

0.58545 + 0.00005
1.1837 4 0.0001

0.60015 + 0.00005
1.0868 + 0.0001

0.61345 4 0.00005
1.0187 + 0.0001

0.62555 % 0.00005
0.9677 =+ 0.0001

3. THE SPECIAL CASE N =2

For N = 2, the matrix 4 can be parametrized with
the Cayley—Klein parameters.®? When expressed in
terms of the Eulerian angles (Goldstein’s notation®)
we have

Ay = Af = W2 cos (6)2)

i

(10)
and

Ay = —AF = i #/%5in (6/2). (11)

It appears that there is an extra parameter here. How-
ever, the matrix elements H,; are found to depend
only on 6 and .

If the integration variables in (6) are changed from
the R,; and S,; to the eigenvalues £, and E,, and 0
and y one obtains

Py(X, 7, 9) = [ (e + p)H/4n’]
X f ? dElf “ dE(E, — E,)?
X exo; [—a(zf + ED]
szﬂdw f "sin 6 d6

x exp {—2y[(E; — E,)[2]* sin® 6 cos® y}
x O[X — 2 cos® (6/2)]. (12)
This expression can be reduced easily to
Py(X, y, a) = (1 + PRE[Bu/( + fp)/=(1 + fu),
(13)

8 H. Goldstein, Classical Mechanics (Addison-Wesley Publ. Co.,
Inc., Reading, Mass., 1959), p. 109.

where
B = 2y/a, (14)
©=X(1 — X/2), (15)
and o2
E(m) =f (1 — msin®6)! db (16)

is a complete elliptic integral of the second kind.?

4. CONJECTURE OF THE WIDTH DISTRI-
BUTION FOR ARBITRARY N

The limiting cases of Py(X, y, «) are'®

P(N/Z) B (1 . X/N)(N—s)/z

R 7y Sy
e
o 3 (17
27X)
and!t

—> X (18
N (18)

N->w

- (N-2)
Pr(X, 0, ) = N—N——l(l X)

Note that in each case the X dependence of Py can be
obtained from P, by replacing (1 — X/2) with
(1 — X/N)and multiplying by (1 — X/N)41N-2 where
A = } or 1 for the orthogonal or unitary case, respec-
tively. We propose the same general procedure for the

® Applied Mathematics Series, No. 55: Handbook of Mathematical
Functions (National Bureau of Standards, Washington, D.C., 1964),
p. 590.

10 C. E. Porter and R. G. Thomas, Phys. Rev. 104, 483 (1956).

11 N. Ullah, J. Math. Phys. 4, 1279 (1963).
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general case. Thus, we surmise that

Py(X, v, %) = C{E[Bul(1 + Bw))/(1 + Bt}
x (1 — X/NYAP-2" (19)
where now
u=X(1— X/N) (20)

and
B = By|a. (21)

For a given N and y/«, there are three parameters
A, B, and C which must be determined. However,
there are only two conditions to be imposed on Py.
These are

N
f X"PyX,y,0)dX =1, n=0,1. (22)
0

This means that some assumption about the param-
eters must be made. Our procedure will be to
choose B and use (22) to obtain 4 and C.

5. COMPARISON WITH MONTE-CARLO
CALCULATIONS

Rosenzweig, Monahan, and Mehta! have calculated
the relative variance

R=X%»~—1, (23)

for the ensemble given by (1), for & = 10, 20, 30,
50, and 100, with 0 < €% < 0.01.> We found that we
could choose a value of B for each N such that the
values of R as calculated from (19) are approximately
equal to their values for 0 < ¢ < 0.01. That is, a B
depending only on N and not 2. No attempt was made
to choose a value of B such that our results best
approximate theirs. Instead, for simplicity, B was
chosen to be a rational number. The procedure then
was to calculate 4 and C from (22) and use the
results to calculate R.12

In Table I, we have given, for the values of B
chosen, some selected values of 4 and C. In Fig. 1 we
have given the results for R corresponding to these
values of B. It can be seen that our results approximate
those of RMM to within the error they give for
N =10, 20, 30, and 50 and 0 < € < 0.01. For
N =100, they are within the given error for 0 <
€? < 0.0085. However, for larger values of € our
approximation is not as good. For example, at
€2 = 0.01 we disagree by about 3%, RMM also give
a histogram for Py with N = 50 and €* = 0.01. In
Fig. 2 we have plotted the histogram corresponding to
our Py for these values. The two histograms appear
to agree to within about 3 9.

12 These calculations were carried out on the computer at the
University of Windsor.
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FiG. 1. Plot of the relative variance for N = 10, 20, 30, 50, 100.

Thus, based on a comparison with the limited
numerical results available it appears that our distri-
bution is a good approximation to the true distri-
bution for large N and small €2. However, because of
the apparent discrepancy for N = 100, € > 0.0085,
it is not clear that this approximation will continue
to be valid for values of N much larger than 100 even
for small values of ¢%.!* That is, it may be that the
region of validity will decrease in such a way that our
expression is of little use in obtaining a limiting
expression when N - oo. However, if it should turn
out that it is valid for very large values of N and small
but finite values of €%, there are some interesting
consequences.

6. THE LIMIT OF OUR DISTRIBUTION AS
N -

Note that the values of B chosen above are equal to
1/0.3N for N =30, 50, and 100. Thus, it would
appear that B oc 1/N for large N. The limit of our
distribution depends on lim,._,, By/x. Thus, there

2 This decrepancy could be removed by allowing B to depend
on €2,
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Fi1G. 2. Plot of histogram for N = 50, €2 = 0.01.
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appear to be three possibilities, namely,
(1) lim Pp(X, 7, @) — ¢~= (unitary),
N-ow

if lim By/a — O,
N-w

() lim Py(X, y, ) — e~X2)(2xX)} (orthogonal),
N-=w

if lim By/o— 0,
N-w

(3) lim Py(X, y, o) — Ce~4X[(1 + 7X)},
N->w

if lim By/o — 7, where 7 > 0 and finite.
N-w

If p/« is independent of W, the distribution is the
orthogonal result at €2 = 0 and the unitary result for
all €23 0. Only if € oc 1/N is an intermediate
limiting form obtained. This in effect says that there is
no such thing as a small but finite noninvariant
perturbation.

This last conclusion seems unrealistic from a physi-
cal point of view. The effect may simply be a result of
the ensemble assumed. That is, perhaps there are too
many matrix elements S;; which are nonzero simul-
taneously for this ensemble. The same type of thing
occurs in an ordinary perturbation expansion for the
eigenvalues and eigenvectors for a fixed Hamiltonian
if too many matrix elements are nonzero.

Thus, it appears that one must do one of four
things:

(1) Require that €2 o 1/N,

(2) give up the Gaussian ensemble,

(3) use a Gaussian ensemble, but somehow restrict
it so that only a finite number of the S,; can be
nonzero simultaneously,

(4) not take the limit as N — oo, but rather give a
more precise meaning to N.

The second alternative seems undesirable in view of
the success of the Gaussian distribution in the limiting
cases.!* The third alternative is perhaps a special case
of the fourth, which has been previously suggested.
Also, it seems that the first alternative might just be
one way of accomplishing the third.

It should be remembered, of course, that the con-
clusions of this section are based on a hypothesis
which has not been rigorously proven. That is, we
have assumed that our expression for Py is meaning-
ful for N — oo.

14 See, for example, Statistical Theories of Spectra: Fluctuations,
C. E. Porter, Ed. (Academic Press Inc., New York, 1965). Most of
the pertinent papers (including Refs. 6, 9, and 10 above) are con-
tained in this collection, as well as an excellent introductory review
of this subject. See also M. L. Mehta, Random Matrices and the
Statistical Theory of Energy Levels (Academic Press Inc., New
York, 1967).
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Using the Newman-Penrose formalism, the vacuum field equations are solved for Petrov type D. An
exhaustive set of ten metrics is obtained, including among them a new rotating solution closely related to
the Ehlers—-Kundt *‘C” metric. They all possess at least two Killing vectors and depend only on a small

number of arbitrary constants.

1. INTRODUCTION

It was once supposed that algebraically special
fields would play a central role in the search for an
exact gravitational-wave solution radiating from a
finite source. Now we know such solutions must
unfortunately be Petrov type I. Since it seems a large
step up to the greatest generality of type I gravita-
tional fields, perhaps it is appropriate at this stage to
return to the algebraically special cases and make sure
that they are thoroughly understood despite their
limitations.

Petrov type D is a particularly interesting class to
study for several reasons. The Schwarzschild and
Kerr! metrics are familiar members of this class.
Besides being free of the line singularities which plague
most algebraically special metrics,? these two metrics
are also stationary in time. Do all type D fields share
this property ? The relation between Petrov type and
the existence of Killing vectors is not known; but at
least one can easily prove a weak converse, namely
that an algebraically special field which is stationary,
time reversible, and with a finite source can only be
type D.2

In this paper we will derive all type D vacuum
metrics. The line of attack will be the Newman-
Penrose (NP) tetrad formalism? which has proved its
usefulness in many related investigations.?*® For those
unfamiliar with the formalism and not wishing to

* Supported in part by the National Science Foundation [GP-
7976, formerly GP-5391] and the Office of Naval Research [Nonr-
220(47)].

1 NSF Predoctoral Fellow.

+ Present address: University of Texas, Austin, Texas.

! R. Kerr, Phys. Rev. Letters 11, 522 (1963).

2 1. Robinson and A. Trautman, Proc. Roy. Soc. (London) 265,
463 (1962).

3 “Stationary and time-reversible” implies that at any point there
exists an isometry which leaves the point fixed and interchanges the
light cones. Any isometry must also map the null congruences into
themselves. Since the expansion of the congruences is nonzero for a
finite source, the “outward” sense on each congruence is uniquely
specified, and preserved under isometries. Then any double null
vector and its time-reversed image must be distinct.

4 E. Newman and R. Penrose, J. Math. Phys. 3, 566 (1962).

5 E. Newman, L. Tamburino, and T. Unti, J. Math. Phys. 4, 915
(1963).

¢ E. Newman and L. Tamburino, J. Math. Phys. 3, 902 (1962).

take the time to learn it, the final metrics are written
out in full at the end of each section.

2. NP EQUATIONS

Let the space be vacuum and type D. Let I¥, n*, m*,
m* be a quasiorthonormal tetrad and choose /* and n*
to lie along the principal null directions. In the
notation of Ref. 4 this implies y, = ¢, = y3 =y, =
0. We will refer to y, as just v from now on for
convenience. The Goldberg-Sachs theorem implies
k = ¢ = v = A = 0. As usual, we choose coordinates
such that /* = 45, making x? = r an affine parameter
along I*, and we set e = 0. The tetrad components are

I*=(0,1,0,0),
n = (X, U, X3 X9,
mt = (&, o, £, &).

The NP equations under these assumptions are

@2.1)

DU=F+mo+GT+mo—(+ 9, (22a)
DX'= (7 + & + (+ + DE, (2.2b)
Do =pow + (7 — & — f), (2.2¢)
D¢ = p&, (2.2d)
WU—Av=(0F—a—pU
+ (u—y+ Do, (2.33)
8X' — At = (1 — & — PX*
+ (e —y + DE, (2.3b)
b — 00 = (@ — @+ (5 — U
— (B —oo - @—pHo, (230
68 — 08 = (5 — p)X' — (B — )¢
— (@ — P&, (2.3d)
Dp = p?, (2.42)
DB = 78, (2.4b)
Da = p(a + m), (2.4¢)
Dr = p(r + @), (2.44d)
Dy=oalr+m+BFE+m+ 7+ p, (2dbe)
Duy—dr=pu+a(m—a+p)+yp, (24
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dp=p@+ B+ (p— p), (2.52)
br=1(r —a+ p), (2.5b)
do — 8B = pu + a& + B — 2«8 + (p — Py — ¥,

(2.5¢)
b = —m(m + o — f), (2.5d)
Su = —p(x+ B) — (u — @), (2.5¢)

Ap—57'=—pﬂ—T('F+OC—/§)+P(7+')7)'"wa

(2.6a)
Ar = —u(F+ 7)) —aly = 9), (2.6b)
Ao — &y = —ja + y(B — ) + 7, (2.6¢)

AB—dy=—ulf+ 7 +y28+a—r7)— 7P,

(2.6d)
Ap = —p(p +y + 7). (2.6¢)
The Bianchi identities are
Dy = 3py, (2.7a)
Ay = —3uyp, (2.7b)
dy = 37y, (2.7¢)
Sy = —3my, (2.7d)
and the commutation relations are
AD — DA = (y + 9D — (7 + m)d
— (v + @),
6D —Dd= @+ B —mD — pd,
A —-ANS=(r—a—pB)D 2.8

+ (;u —y+ 77)6,
56 — 08 = (i — WD + (5 — p)A
— (f—a)d—(@—p).
In addition to the above equations we get three

more important relations among the tetrad variables
by applying the commutators to y:

(AD — DAy = AQpy) — D(—3uy)
= 3y(Ap + Du)
=3y[p(y +7) — 77 + m)
+ 7(r + 7)]

=>Ap+ Du=p(y +9) +77i —77. (29

Likewise from (8D — D8)y and (6A — Ad)y we get

8p + Dm = p(a + p),
o+ Ar=—u@+ p) + 7(y — 9).

(2.10)
(2.11)

The other commutators give no new information.
The integration of the NP equations falls naturally
into two cases to consider, p # 0 and p = 0.

WILLIAM KINNERSLEY

3. SOLUTION FOR p # 0
A. Radial Integration
The solution to Dp = p?, Eq. (2.4a), is

p=—(r+ i), 3.1)

where p° is real and the superscript indicates it is
independent of r. The case p = 0, resulting from
p® — oo, will be considered separately later.

An equation for 8p may be derived from the
commutator

(6D — Dé)p = 2p8p — Ddp
= p¥ + f —m) — pdp,
giving _ ~ .
Ddp — 3pdp = p¥m — o — P). (3.2)

Using Eqs. (2.4a)-(2.4c), the general solution of
this is found to be

dp = pla + f) — 27%°, (3.3)

where 7° is a ‘“‘constant” of integration, i.e., inde-
pendent of r. This result is substituted in Eq. (2.10)
to get

D = 27%3, 3.4
which has the solution
7 =70 4 70p2 3.5)

Equations (2.2), (2.4b)-(2.4e), and (2.7a) now can
be integrated easily one at a time, each one yielding
a new integration constant. In this way the radial
dependence of every tetrad variable except u is
determined ; the solutions are as follows:

8= b, (3.62)
o= po® — 70 + p270, (3.6b)
= pn® + ppr® — 7°, (3.6¢)
w = po’ + &° + p° — 79p, (3.6d)
£ = peo, (3.6¢)
Xi= X%+ pp(FOLY + Togoi) + Pnogoz‘
+ p7°&%, (3.6f)
v = py’, (3.6g)

y =70+ PP — 750 4 TR — 7om)

+ Y+ 7o) + B0 + P9

+ p2p70F0 — ra®70, (3.6h)
U= U= r(y° + 7° + 57 + 7%7% + Pz

+ I + §9) = PP + 00 — Ry

+ L0 + 1) = 790 4 700 ~ 479]

+ pR(FaO + 1950 — 7979 — (p|p)POR

— (plp)rom. (3.61)
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To get an expression for Ap and u we again need to
use a commutator:

(AD — DA)p = 2pAp — DAp
=Py +7) — (r + Mp
— (7 + m)dp.

The last member of this equation can be written out
in full using Eqs. (2.5a), (3.3), (3.5), and (3.6). The
result is an equation for Ap, which can be integrated
to give

Ap = —pM° + p(a* + B")
+ p(° + 7° + 7°n%) + pOi’7°
+ pp[7OE + °) — 7070 4 FOF0 — 50770
— p3(3y° 4+ 700 — p2p[A9° 4+ 70O
— 70 + 50) —_ 7"0(&0 + ﬂO)]

— P3 ﬁ.,.o,l-.o _|_ re P27,.07;.0,

3.7
where M? is the constant of integration. Finally we

substitute this into Eq. (2.9) and perform the radial
integration for u, getting

p=pu + p(M°— 77 + pr'n°
+ PGy + %) + dppy’
+ p2pTOF0 — r2pmal,

3.8

B. Transverse Equations

In the second stage of the solution we complete the
elimination of r by substituting these results into the
remaining equations and equating the coefficients of
like powers of p. In this manner we obtain differential
equations involving £* and X%, and also some purely
algebraic constraints between the integration con-
stants.

To find the derivatives of p® we differentiate Eq.
3.1):

dp = p*(w + i0p°),
8p = p¥(@ + i5p°),
Ap = p*(U + iAp°).

When these are expanded and compared with Egs.
(2.5a), (3.3), and (3.7),we get the following informa-
tion:

Eo'ip?i _ __pO(aO + ﬂO — 1]0) _ iTo + 2i(P0)2ﬁ0’ (39)
XOpl= —p°0" + 7° + 20" + 277
+ (M — M%) + i(°x° = 7%,  (3.10)

0

o = —ip’@® + B° — 7% — 2(p%*7", (3.11)
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U =76’ + B°) + 7@ + ) — 0’
+ ip%mn® — #%°) — Y(M° + #°)
+ 77’ + 77 (3.12)

The three other Bianchi identities, Egs. (2.7b)-
(2.7d), provide the derivatives of °:

% = —39%&° + B° — 5° — 2ip’7), (3.13)
E%% = =39°" + 9, (3.14)
X(hw?l — _31’)0(,}/0 + ,}70 + 4“0 + 77_0770 + 77’07_)0). (3.15)

Substitution in Egs. (2.5b) and (2.6a) gives the
transverse derivatives of =%, 7%, »°:

Pirh =~ 4 @~ ), (16)
Ein® = n°(f° — oY), (3.17)
&l = =G + ), (3.18)

Bl = =% + 3" — 7° + 2ip"n") — 2ip%1°

= 2i(p°P’m"7 + v — 9, (3.19)
£%% = —9°2&° — n° — 2ip°7%) 4 2:°7°,  (3.20)
Byl = —28"" — M° + M1° + 277", (3.21)

Equations (2.4f) and (2.5d) merely confirm these
results. Equation (2.5¢) yields

i = FY = 2% — o)
+ ZiPO(?}O + ‘uO + aOﬁO + ‘8071_0)
+ M+ 3(p°)27707-'r°. (3.22)
Equation (2.5¢) yields the derivatives
goiu,oi — _MO(ao + BO) . 2ip0ﬂ07T0 + 2ip077077'0770
+ (M° + M7 + 6(p")2n'n"7°, (3.23)
MO + ) + (8 + 2907+ (00"
. 2”07-_0 + 2,7_077,07}0 — 2(p0)27T077’077]0

EOiMfJi =

+ 2ip"P 77" + 4i(p°)}m ' n07, (3.24)
and a very important relation
n°® = 2ip°°, (3.25)

When this last constraint is introduced, many of
the above equations simplify. If we differentiate it and

compare with Eq. (3.21) we get another condition
MO — B0 = 2ip%a® + 47970 — 8(p®)*n%7; (3.26)

and since the reai part of the right-hand side must
vanish, we have also
27070 + 27070 = 8(p®)?n070 + ip®(u® — #°%. (3.27)

Continuing in the same manner, Egs. (2.6) and (2.11)
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give
= —p'@ + B + 7M° + H)
+ 2ip°#%u® + 10(p°)?n" 77, (3.28)
EIM = —2M°@° + 8°) + 37°9° + 2ip°7°(SM° + M°)
— 3(’)0)2”07;0 — 6ip0T07T0ﬁ0
+ 20i(p°)*n°7°7°,
XOiW?i — —77'0())0 — ,}70 + 2ip°7'r°'r?°),
XOi’T?i = _7_0('“0 + ,yO + 3770) + %'ﬁo('/) _ 1#-)0)
—2ip*#"M° + 6ip°"70n" — 2i(p"’ 7’77,

(3.31)

(3.29)
(3.30)

XOiGOA — 501' 0'
= —o"(@ + 9°) + B +ip"7' 2" + 2 — )
+ M°7° + 2ip°7'r°7r°ﬂ° — 4ip°1T°ﬁ'°oc°
+ 7—_07?0770 + 7(P0)27To7707?0;
XOB% — £
= =%’ —° + 27°) + &%’
_ lpoﬁO(z,yO +ﬂ0) + MOﬁ_O + 4iP07TOﬁ_OﬂO
— 2ip*77%° + 3777 + 3(p°)* 077,
X%l = —p'@® +9° + 7° — 2ip"n°7)

0_0-0-0

= 2ip°m i, (3.39)
XOME, = —2MYG® + 7° + ) — 7H — )
+ 4iP0M07TOT_r0 + 2/1‘0?07;0 + (p0)2ﬂ0,ﬁ_0
X (Iuo _,do) + 4ip0'ﬁ'07707707'0

(3.32)

(3.33)

— 4ip° 777 — 12i(p°* 2= #°7°, (3.35)
and an algebraic constraint
ul = gt (3.36)

It is interesting to note that this constraint is
implied only by the very last equation, Eq. (2.6¢).
Differentiation of Eq. (3.27) leads to

%7.’.0(1/}0 —_ 1;,0) = __luOTO + 4(p0)2ﬂ07;.0 + 2iPOM0.ﬁ-0

+ 2ip%707%70 — 2ip%7070n0
— 6i(p°)PrOFORO,

3.37)
Finally, the metric equations (2.3) give
EOiX,Oij _ X01£’019
_ (#0 + 27-/-0 — 4iP0ﬁ,07T0)§0J' + 2ipo7roﬁ0§‘oi
+ Qip®7® — &° — pYX%, (3.38)
EOif-,o,'j _ (_250 — 2ipo77_0)§0:i
+ (28° — 2ip"#")EY — 2ip°X %Y. (3.39)

The lengthy algebra involved in this section has
been verified using a FORMAC computer program.

go:’;_-,oi:' _
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C. Choice of Tetrad and Coordinates

So far the tetrad is not completely specified; it has
the freedom of the two-parameter group of rotations
which leaves the directions of /* and n* fixed:

I — (A%,
n* — An*,

m* — m* exp (i6°),

(3.40)

where 4° and 6° are arbitrary real functions inde-
pendent of r. (If they were allowed to depend on r,
the condition € = 0 would be violated.) This group
induces a transformation on all the tetrad variables.
For instance,

UO > (AO)Z UO,

wo_)(Ao)s 0,

a® 4 B°— [A%® + B°) — EY4%] exp (i6"), (3.41)

7° — 7% exp (—i6°),

70— (4% exp (i6°).

The fact that some variables transform inhomo-
geneously permits a partial check on the results of
Sec. 3B, since all the equations obtained there must
be covariant under the group. It also raises the
possibility of setting some of the variables to zero.

We perform a rotation with A° chosen such that
4%p° becomes a constant. Then Egs. (3.13)-(3.15) tell
us that

& 4 B0 = 2ip®#°, (3.42)
P+ 7P+ u =0 (3.43)
At this point it is necessary to resolve several cases.

Case I: n° = 7%= 0. This is the case already
treated in Ref. 5 and leads to the three NUT metrics.

Case II: w®* = 0, 1 # 0. We select 6° such that i7®
is everywhere real and positive. Equations (3.16),
(3.31),and (3.43) tellus u® = 9° = 0. Now M’ = —U*
and y° = m + il become constants. From a compari-
son of Egs. (3.18), (3.19), and (3.22) we get

g =P,
2p00° = —1 — 4if'°,
50;’ ,Ot= ‘%UO - 2(/30)2’
&% = 2p%°.
Choose coordinates such that X% =§,. Use
p° # const to define a coordinate x® by p® = p%x3).
As &%p" is real, so £% must also be real. By co-
ordinate transformations
xt— x! + f(x°, xY,
x* — g(x?),
xt— x* + h(x?, xY

(3.44)

(3.45)
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make £ = —(2)} and £, £% imaginary. Then,
503‘5:)3 —_ S:Oi‘ffii)"
501‘7,?2_ — 50i7?i’
§Oiﬂ0~ — S-Oiﬂo-
o i
XOif,oij = X“T?i = Xmﬁ?i == 0
show that &%, 79, 9 are functions of only one co-

ordinate, x® Integration is straightforward and leads
to the following metrics:

Case 11.A: U°< 0. By a further rotation [Eq.
(3.40)] with A4° constant, set U° = —}. The solution
is Kerr-NUT space? with a the Kerr parameter and
M=uxt=r,x3=x,x'=y:

B = —1)* cotx,

2 = —}ia(@? sin x,

p= —(r+ il —iacosx)y?,

*=(0,1,0,0),

n* = pplr® + B+ a?, —3(% — 2mr — I* 4+ a%),0,4],
mt = ——%(2)%5[1'51 sin x + 2ilcot x,0, 1, i csc x].
The only nonzero components of the metric are

(3.46)

Euw = pp(r* — 2mr — I* + 4% cos?x),
Bur =1,
8uy = —2pplcos x(r? — 2mr — I* 4 a?)
+ 2ppa sin® x(mr + I?),
gy = —asin®x — 2l cos x,
8o = —12 — (I — acos x)?,
8oy = pp(rt — 2mr — P + a®[asin® x + 2/cos x]?
— pp sin? x(r? + I* 4+ a?)2.
Case I1.B: U°> 0, f° < —}(2)}. Now we use the
rotation to set U® = 4% and get
B = —1(2)* coth x,
7 = —Lia(2)? sinh x,
p = —(r — il 4+ ia cosh x)™%,
I* = (0,1,0,0),
n* = pplr* + I* 4 a® 3(r* + 2mr — I* 4+ 2%, 0, a],
m* = —}(2)} p[—iasinhx + 2ilcothx,0, 1, i csch x],
Quu = —pp(r* + 2mr — I* + a® cosh® x),
8ur =1,
guy = 2ppl cosh x(r* + 2mr — I* 4 a?)
— 2ppa sinh® x(mr — %),
g, = a sinh® x — 2/ cosh x,
8op = —1" — (—1 + a cosh x)?,
g = —pp(r® + 2mr — I* + a®)(—a sinh® x
+ 2l cosh x)? — pp sinh® x(r® + I* + a®)?

7 M. Demianski and E. Newman, Bull. Acad. Polon. Sci. 14, 653
(1966).

(3.47)

il

(3.48)
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Case II.C: U = +}, f° > —H2)h:
B = —3(2)* tanh x,
= ———%ia(?.)k cosh x,
p= —(r — il + iasinh x)™%,
I* = (0, 1,0,0),
nt = pplrt + P — a% 3(r* + 2mr — I — 4?), 0, q],
mk = —?}(2)‘};3(—1':1 coshx + 2iltanh x,0,1, isech x),
Guu = —pp(r® + 2mr — I* 4 a®sinh® x), (3.49)
guwr =1,
gy, = 2ppl sinh x(r* + 2mr — I — a?)
— 2ppa cosh® x(mr — %),
g,, = acosh® x — 2Isinh x,
€pe = —1° — (=1 + asinh x)?,
gy = —pp(r* + 2mr — I — a®)(—a cosh® x
+ 2Isinh x)* — pp cosh® x(r* + I — a®)?,
Case I1.D: U° = +1}, f° = —}(2)t:
g = -1,
7 = —}ia2)ke?,
p=—(r—il + iae®™,
F=(0,1,00),
n* = pp[r® + I 3(* + 2mr — ), 0, a],
— 3} p(—iae® + 2il,0, 1, ie™®),

Zuu = —pp(r* + 2mr — I + a%¢™),

Sur =1,

8y = 2pple"(r* + 2mr — IB) — 2ppae*®(mr — 1),

g, = ae’® — 2le,

8oz = —1" — (=1 + ae”)’,

8y = —pp(r* + 2mr — IF)(—ae®® + 21e%)’

— pp(r* + )™,

Case ILE: U'=0, ] 0. We may use a tetrad
rotation and a rescaling of coordinates to set / = +1.
Then the solution is

B = -1,
2 = —3i)kx,
p=—(r+ib + }ix»™,
*=(0,1,0,0),
n* = pp(r* + b% mr + b,0, 1),
mt = —}DFp(—3ix® — ibx, 0, 1, ix™P),
Buuw = _Pﬁa(zmr +2b + x2)’
guwr =1,
Guy = pPX*(r* — 2mbr — ymrx® — b* — 1bx?),
Bry = bx* + %xda
8ax = =1 — (b + X%,
8y = —pp2mr + 2b)(bx? + }x*)? — ppx*(r® + b2

I

e
I

(3.50)

I

(3.51)
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Case IILF: U°=0,1=0:

g =0,

= i@},
p=—(r+ix)7,

" =(0,1,0,0),

n* = pp(r’, mr — 4,0, 1),

mt = —3)¥p(—ix% 0, 1, i), (3.52)
Buuy ™ _zpﬁmr’

gur =1,

Buy = Pf;(rz - 2mrx2 + x2)9

8 = X%,

8oz = —r’ — x2,

g = —pp(r* + 2mx'r — x*).

Case III: 7° 3 0. Now we choose 6° such that =°
is everywhere real. Equations (3.16), (3.17), (3.30),
and (3.42) imply that

po = =2m(8° + B,
‘30 _ 50 — 2ip°77°,
70— P = =2ip°(="),
o = —p°
Likewise, Eqgs. (3.26), (3.27), and (3.37) reduce to
MO — MO = 4ip®mo(B° + 50) — 270(° — 7°),
0 4 70 = 4(p°)2n0,
p? — @0 = 2ip"(M° + MO)
+2(° — ) + )
—_ 6i(p0)3(7T0)2.

It is advantageous to abandon the complex notation
at this stage and work with real and imaginary parts.
Let

B0 = b + ip®n®,

70 = 2(p%)%m® + into,

u® = —4moho,

p0 = 27%° — ip%(7®)2, (3.53)
MO —_ UO + 4(P0)2(7TO)2 —_ 21'(770)2[0 —_ 4ip0770b0,
P =mt +il°
= m® + i[—2p°U° + 4b6°7%° + 2(p%)3(=%)?].

Then the equations to solve are

0

fi

Il

pr,o,- — gol'p’oi = 7% (3.54)
£, = O — _g(p0n, (3.55)
%70, = 50:'_”_,01_ = 2b%7°, (3.56)
%", = E‘oib?i = JU° — 2b%° — (VA" (3.57)
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£0iUO- = EOiUO'
= —3m’7® — 6p° (=) — 12(p°)*(=")?b°, (3.58)
£ = E%y% = 6ip°ny”, (3.59)
501‘5,0!;‘ _ EOisE?ij — _ZiPOXOa' — 2b0(£0i —_ 5'07')’ (360)
EOiX?ij __ wa?ij — _2,-P0(1r0)2(50i _ 5-'07‘)’ (361)
XMPO' —_ XOito- _— X0i7T0-
= me?i = XMU?:’ = XOi'P?z’ = 0.
Again by Eq. (3.44) we can make £°, £% imaginary
and £ = d7°, where d is a real constant to be chosen
in a moment. Let x® = x. Equations (3.54) and (3.55)
imply
Py = —8(p0)/d (3.62)
The solution is p°® = a cn {[2a(2)}/d]x} where cn is
an elliptic function of modulus k = 4(2)? and a is the
constant of integration.

Case IIl.A: a = 0. Here we choose d = +1. The
remaining integrations are trivial and lead to the
following vacuum solution:

=0,
m® = m,
1°=0,
= 1Y), (5.63)
*=(0,1,0,0),
n* = {1, 3°[f(x — 1%, 0,0},
m* = {0, }Qtrf (), =3 (),
R,
Buw = —P2Lf (x = 1P,
fur =1,
Gue = —1%, (3.64)
8ux = —1[f(X)]7,

& = _rZ[f(x)]z,
where
f(x) = (—2mx® + ax + b)}

and m, a, b are constants.
This solution is the static “C”” metric discussed by
Ehlers and Kundt.®

Case IIL.B: a # 0. Choose d = —2a(2)}. Then

p"=acnx,

10 = 2¢2(2)¥ sn x dn x. (3.65)
Equation (3.59) is next integrated to yield
0 = (m + iD(dn x — i)} sn x)%, (3.66)

8J. Ehlers and W. Kundt in Gravitation: An Introduction to
Current Research, L. Witten, Ed. (John Wiley & Sons, Inc., New
York, 1962).
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where m and [ are constants. Equation (3.58) can be
rewritten as

£%[U° + 3(P07T0)2],i = —3m’n,
and integrated to yield
UO + 3(P07TO)2
=b+ iQatenx(msnx — (2 dnx), (3.67)
introducing a constant 5. When Egs. (3.56), (3.57),
and (3.67) are combined, they give the following
equation for (n%)?2:
(7", snxdnx — (7" cn®x = —}ba® cn x
+ Hadn®x + &(2)ma2sn®x, (3.68)
which has the solution
(72 =csnxdnx + }bacen?x
~3QPa3cenx(msn x + (2 dnx). (3.69)
Finally, the solution of Egs. (3.60), (3.61), for
j=1,4,is
X% = Disnx + Ednx, (3.70)
£%9 = LR (=Didnx + 3E snx). (3.71)
We choose D’ = §,;, and E? = §;;, and the resulting
vacuum solution is

p=—(r+iacnx)™,
*=(0,1,0,0),
n* = (X', U,0, X%,
mt = — 3 p[—3i(x") " s x, Qe
x (r® + 3a®cn®x), dan®, i(2% " dn x],
where
X' = dn x + (2)}app(rcn x + a(2)} sn x dn x) sn x,
X4 = snx — 2(2tapp(r en x + a(2) sn x dn x)dn x,
U=>b+ 3(2acn x(msnx — I(2)} dn x)
+ 2(Qbacr cn® x — abr(2)t sn x cn x dn x
— $a?mr(dn® x — $ sn? x dn x)
+ 3a2r(3 dn® x sn x — }sn®x)
+ (@®)?2(r? — 3a® cn? x)
+ pp(rm® + al’cn x)
— 4ppat(n®)®(r cn x — a(2)t sn x dn x)?,
m® = m(dn® x — £dn x sn? x)
+ I(2)}(2dn® x sn x — }sn%x),
I = —m(2)}@dn? x sn x — 1sn® x)
+ /(dn® x — 3dn x sn? x),
()2 =csnxdnx + {a?hcn?x
— 3(2)¥a % cn x(m sn x + [(2) dn x),

3.72)

and a, b, ¢, I, m are all arbitrary constants.
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The nonzero metric components in these terms are
Zuw = —2U dn% x — (X4%79%(r2 4+ acn?x)
gur=dnx

gue = —H2)}a 1 dn x(r* + 34% cn? x)

gy = —Usnxdnx + X'X*#@%%(r2 + a® cn? x)

gy = tSnX (3.73)
oo = —T1e(an®)*(r? + a* cn’ x)

2oy = —3(2)a1 sn x(r2 + 34 cn? x)

8 = —3Usn?x — (X'7%%r? + a®cn? x).

4. SOLUTION FOR p =0

In what follows we can assume u = 0 as well,
because otherwise after interchange of /* and n* the
previous derivation would apply. Since /* is now
proportional to a gradient, we can follow Newman
and Penrose? and set r=a + f, X'=1, & =0.
Furthermore, Egs. (2.4d), (2.9), (2.10) imply D+ = 0,
Dn =0, and 77 = 7%, so we may use the tetrad
rotation Eq. (3.38) to set 7 = —m, The NP equations
(2.4f), (2.5b), (2.5d), (2.6a) now yield an expression
for v, namely,

p =27(f — ). 4.1

We must insist on p 7 0 and hence 7 # 0. Some of
the other immediate consequences of the equations
are

Dy = Ay =0, (4.2)
Dr=Ar =0, (4.3)
oy = 8y = 3ry, (4.4)
o = 87 = 2, (4.5)

«+pf=a+p, (4.6)

y=7, 4.7
oy = 0. (4.8)

The radial integration is easily performed. All the
variables are independent of r except

y=7"+rlt+DHB -0 -7, (49
Xi= X% — (r — F)(& — Y, (4.10)
® = — r(r + 7), (4.11)
U=U—r[2)° + (v — D]

= Pl(r + B~ ) — 7. (4.12)

When these are substituted in the remaining NP
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equations we get the following:

' = —[(r + DB — ) =77, (4.13)

SU® — XY,
= '[2y° + (+ — )0 — &) — U(r +7), (4.14)
80 — 00" = —(0® — & + 28 + B), (4.15)
08 — 88 = (&' — &)(a — B), (4.16)
OX" — XYE, = o(r — F)E — &) (4.17)

First we will show how «°® may be eliminated. The
coordinate transformation r — r + f(x!, x3, x*) leaves
previous conditions unchanged. Under this trans-
formation

Py = flr+ D — o) =7,
0®—> w® + of + f(r + 7).

The quantity in brackets is Dy. If Dy is nonzero,
f = y°/Dy will make y* — 0 and Eq. (4.13) will then
imply w® — 0. If Dy = 0 we have dy° = 0. Then Eq.
(4.19) may be used to make w®— 0, provided the
integrability conditions are satisfied. In other words
we must specify Df, Af such that all the commutators
applied to f are given correctly. Choose Df =0,
X%f, = U® — 2y%. The only nontrivial commutators
are (A8 — 6A)f and (80 — dd)f; and these are auto-
matically satisfied by virtue of Eqs. (4.14)-(4.17).

Next we show how to eliminate U?, »° by means of a
combined coordinate transformation and tetrad
rotation. The rotation is

('Y = A7CHE,
(n') = A(x)n*,

and the change of coordinates is

(4.18)
(4.19)

1

xV =f A7(u) du,
0
r' = rd(x') + U°R(xY),

which together preserve all previous conditions but
send U = U°® — 2ry%(x*) — r2Dy into something new.
We want to pick 4, R such that the new U, y° are
zero. The observation that §(U°Dy) = 0 is sufficient
to reduce the problem to the solution of two total
differential equations for A(x'), R(x?), given »° and
UDy as arbitrary functions of x!. Under sufficient
assumptions of continuity, such equations always
have solutions, which is all we need to know.

Finally, from dy = dp %0 we can choose a
coordinate x® = x such that &% is real, and then the
usual transformation x*— x? 4 f(x%, x*) makes &*
imaginary. Equations (4.2) and (4.3) show that the
remaining variables depend only on x.
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From Egs. (4.5) and (4.6), we find

r—Ff=a—a+f+48
=208-8)
=71 or — 7167 (4.20)

Solve Eq. (4.4) for 7 and substitute in this expression.
The result may be written as

»3o
0= a( e ”’) (4.21)
dy
and integrated twice to give
Cit=yt+D. (4.22)

The coordinate freedom x" = f(x) would let us set
Re () equal to any specified function of x, but thanks
to Eq. (4.22) we can choose x such that

y=(m+ il)}(x + ia)™, (4.23)

where m, I, a are again real constants. Next, 7, «, and
p are all expressed in terms of £° and substituted into
Eq. (4.1) which becomes

2ia(£)? m + il
£y, + = — . (424
(€] et a x + i) (4.24)

If a # 0, this has the real solution
2amx + l(a® — x%)
= , 4.25
O 2a(x* + a? (4:25)
while if @ = 0 the solution is

(&2 = C+ m/x, (4.26)

where C is an arbitrary constant, and necessarily
{ = 0. Then by a coordinate transformation we can
set C = £, 0. The resulting metrics are

Case IV.A:
*=(0,1,0,0),
—rfl dar
P= (1, , 0, . 27
" ( 2a(x* + 4% x4 az) (4.27)
2rxé i
mt = Oa T . ! ga g )
( x* + a® 5)
Guu = Pla'(x* + a¥7,
Bur = la
8uz = —2rx{x* + a?), (4.28)
8z = —1&7%,
8w = —2£2,
where
2amx + l(a® — x®)7t
£= [ 20 1 a8 } . (4.29)
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Case IV.B:
I*=(0,1,0,0),
n* = (1, Cr¥x% 0, 0),
m* = (0, 2r&/x, &, i/£),
B = —2Crx%, (4.30)
gur =1,
8uz = —27/X,
8ae = — 3,
8w = —252’
where
C= %40,
£=(C + m/x)t. (4.31)

5. DISCUSSION

The solutions of Case I, Eqs. (3.46)-(3.53), are
the easiest ones to try to interpret physically. If we
examine the two-dimensional positive-definite metric
of the wavefronts or equipotentials ¥ = const, r =
const, we see that asymptotically as r — oo they
become spheres in Case II.A, pseudospheres in
Cases IL.B-IL.D, and planes in Cases ILE, ILF.
Case IL.A is Kerr-NUT space, which Demianski and
Newman” maintain is the field of a particle possessing
mass, angular momentum, and a “magnetic monopole
of mass.”” We propose that all the metrics of Case 11
represent spinning particles and correspond to the
six different ways we can pick a velocity four-vector
and an angular-momentum vector orthogonal to it.
We attribute Cases II.B, ILD to a particle with
spacelike velocity and Cases ILE, ILF to one with
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lightlike velocity. The angular-momentum vector is
supposed to be spacelike for Cases IL.A, I1.C, IL.F null
for Cases II.D.ILE, and timelike for Case II.B. These
assertions are reinforced by an examination of the
geometry of the principal congruences in the flat-space
limit m =1=0, and also from the fact that the
metrics may be obtained from one another by infinite
Lorentz transformations. Particles with the above
properties have been discussed in the framework of
quantum mechanics by Wigner.®

Case IILA, Egs. (3.63) and (3.64), is the static
degenerate “‘C”’ metric listed by Ehlers and Kundt.®
No suitable interpretation is known. Case II.B seems
to be closely related, but with rotation added, Both
are asymptotically flat at r — co. Case I1.B is believed
to be new.

Case 1V.B, Egs. (4.29) and (4.30), also appears in
Ehlers and Kundt,® referred to there as the “B”
metrics. Case IV.A is a rotating generalization which
tends smoothly to IV.B in the limit /-0, ¢ — 0,
lla—C.

In a search for a subclass of metrics with two
Killing vectors, Carter'® has found type D metrics
equivalent to II and IV although he did not attempt
to delineate the many cases.
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A method is presented which makes explicit use of Young diagrams to calculate SU(3) ® SU(2)
multiplet-coupling coefficients in SU(6). The multiplet-coupling coefficients for 35 ® 70 are given.

INTRODUCTION

In this paper we present the method used previously
to calculate the SU(6) multiplet-coupling coefficients
for the product 35 ® 56.! As an example of the use of
the method, we give here the previously unpublished
coefficients for 35 ® 70. These coefficients have been
used to calculate decay widths? and to construct the
irreducible mass tensors of the 20 representation in
bootstrap calculations.® They can be used to calculate
scattering amplitudes for such processes as a meson +
baryon — meson 4+ baryon resonance, where the
baryon resonance is accommodated in the 70 repre-
sentation of SU(6).

The group SU(6), which is used to classify the
clementary particles, contains SU(3), whose states
give the isotopic spin and hypercharge quantum
numbers of the particles, and SU(2), whose states give
the intrinsic spin. Multiplet-coupling coefficients have
been published for the SU(3) products 8 ® 8 and
8 ® 10, which are the SU(3) multiplets in which the
most interesting particles and resonances have been
accommodated.* Our procedure makes use of these
existing tables, the Condon-Shortley tables for SU(2),
and the permutation symmetries of states in SU(6) to
compute the multiplet-coupling coefficients for the
35 ® 70 of SU(6). We have used the tables for SU(3)
and SU(2) to write out highest-weight SU(3) ® SU(2)
states of SU(6). These states do not, in general, belong
to irreducible representations of SU(6). We have then
derived information about the permutation symmetry
of the irreducible representations of SU(6) from their
Young tableaux. [It is well known that operators of
the permutation groups commute with operators of
the unitary groups, so that the states of SU(6) can be

* Supported in part by the National Science Foundation.

1J. C. Carter, J. J. Coyne, and S. Meshkov, Phys. Rev. Letters
14, 523 (1965); G. E. Baird and L. C. Biedenharn, J. Math. Phys. 5,
1730 (1964); C. L. Cook and G. Murtaza, Nuovo Cimento 39, 531
(1965); L. Schulke, Z. Phyzik 183, 424 (1965).

2 J. C. Carter and M, E. M. Head, Phys. Rev. 176, 1808 (1968).

® J. G. Koerner, Phys. Rev. 152, 1389 (1966).

4 P. McNamee and F. Chilton, Rev. Mod. Phys. 36, 1005 (1964).

classified according to their mixed symmetries under
quark intercharge. The mixed symmetries are charac-
terized by the use of Young tableaux.] This procedure
has yielded the equations necessary to calculate the
multiplet-coupling coefficients (or generalized Clebsch—
Gordan coefficients) for the irreducible representa-
tions of 35 ® 56 and 35 ® 70.

THE FORMATION OF PRODUCT STATES
IN QUARK FORM

To calculate the coefficients it is necessary to know
what irreducible representations occur in the SU(6)
product space. Here 35 ® 70 =20 ® 56 ® 70 © 540 @
560 @ 1134.% One next determines the SU(3) ® SU(2)
composition of the product representations. An
SU@3) ® SU(2) representation is specified by the
notation N™ = {SU(3)SU®}. The representations
whose direct product is being taken will hereinafter be
referred to as parent representations. The SU(6) 35
contains the N™ multiplets 8%, 8!, and 1% The 70
contains 8%, 102, 82, and 12. The SUQ3) ® SU(2)
representations [unreduced in SU(6)] which occur in
the product are formed by taking all possible products
of the parents. Thus, for 35 ® 70 we form all product
spaces [reduced in SU(3) and SU(2)] allowed by the
following scheme:

. 102
8 g
35270 ={8)® . )
82
13
12

For example,
(8 ® 10%) = 824 @ 10** @ 27>* @ 35%4,

In general, an SU(3) ® SU(2) representation which is
also reduced in SU(6) contains a mixture of products
coming from (1). For example, the N™ state 352 is
given by

352 = (83 ® 10?) @ (8' ® 102). 2

5 C. R. Hagen and A. T. MacFarlane, J. Math. Phys. 6, 1355
(1965).
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SU(6) CLEBSCH-GORDAN COEFFICIENTS

The quantum numbers which classify states in
SU(6) = SU(3) ® SU(2) are S (ordinary spin), S,,
I (I-spin), I,, and Y (hypercharge). A highest-weight
state is here taken to be the state of a representation
which has highest S,, then I,, then Y. We can form
the state of highest weight in the SU(3)SV® 35% =
(8% ® 10?) by using the SU(3) coupling coefficients of
Chilton—-McNamee,® and the SU(2) coefficients of
Condon-Shortley. Thus, the highest-weight state in
8 ® 10 of multiplicity N in SU(3) is

$as(l 35 8) = $5(0 15 Dro(1 §5 D, ©)

where ¢,(Y, ;1) is a state belonging to the N-
dimensional representation of SU(3). For 3 ® 2.in
SU(2),

¥.3; 1) = MHOWY; D5 —
= V(1 OWe(E; D], @)

where ¥',(S; S, is a state of the m dimensional
representation of SU(2). Hence, in SU(6) for
83 @ 8% = 352, the highest-weight state is

D(154:49 =G0 ;1 1D)D(1333 -
—Q01 ;10013 3D, O
where
o(Y,1,8;1,,8) =Y, I, )Y(S, S,).

The 352 which arises from (8! ® 10%) can be formed in
a similar fashion. The most general form of the state of
highest weight of the 35% in 35 ® 70 is, therefore,

P153:4H
=ab, (1553 + 015588, 6

where ®; comes from (82 ® 10?) and @, from
(8 ® 102). Since the 352 contains a mixture of the 560
and 1134 representations of SU(6), a proper choice of
the multiplet-coupling factors « and § will serve to
reduce the 35% into one or the other SU(6) representa-
tion. « and B, when thus determined, are the
generalized Clebsch-Gordan coefficients (or multiplet-
coupling factors) for reducing 35% into the SU(6)
representations 560 and 1134. The values of « and 8
which reduce 352 will be calculated in this paper as an
example of the method herein presented. The proper
choice of coefficients was made by writing the state of
highest weight in explicit quark form and imposing the
permutation symmetry of the SU(6) product repre-
sentation on the quarks.

For this it is necessary to have the parent repre-
sentations in quark form. The funddmental 6-dimen-
sional (quark) representation of SU(6) will be written
in the form (p,,n,,4,,p_,n_,1). The conjugate

representation is chosen to be (p_, —A_, —4_, —p,,
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fi, , A.). (Note that p, is an antiproton with spin up.)
The Young diagram of the 35 is

]

—

]

|-

and of the 70 is

In tensor notation, the 35 is thus the traceless tensor
T4 — T% and the 70 is

Tiapry + Tiypra-

The state of highest weight of the 35 is therefore
P-.7i,, which belongs to 83, The state of highest weight
of the 70 is (})*[p, A, ]p.., which belongs to 8¢, where
we use the standard tableaux

1]3

and the definition of a Young operator given in
Hamermesh,® ¥ = QP = 3, (—1)gp. All the states
of a given SU(3) ® SU(2) representation can be
generated from the state of highest weight by making
use of the generators’

Iizzlf_{_zla:‘;’ V:i:=EVq:t+ZVE:h,
1] a aq q

S:=38+3S% (7
e q
where g designates quarks and § designates antiquarks.
I;(I7) converts proton (antineutron) quarks into
neutron (antiproton) quarks. For example, I-(7,) =
—p,.. V7(V>) converts proton (antilambda) quarks
into lambda (antiproton) quarks. S (S7) lowers the z
component of ordinary spin. The singlet (mass split-
ting) term in the SU(3) octet is — (3)2(pp + nii + A1).2
With these conventions the singlet state which is
formed by contraction on 6 X 6 is —(H¥(p,p_ +
ni_+ AJ_+p_p,.+ni, + A_2). The highest-
weight states of other SU(3) ® SU(2) representations
in a given SU(6) representation are formed by orthog-
onalizing. The highest-weight state in each N™

8J. Hamermesh, Group Theory (Addison-Wesley Publ. Co.,
Reading, Mass., 1962).

? B. Sakita ““Argonne National Laboratory Lecture Notes,” 1966;
R. Delbourgo, M. A. Rashid, A. Salam, and J. Strathdee in High
Energy Physics and Elementary Particles (International Atomic
Energy Agency, Vienna, 1965); S. Pakvasa and S. P. Rosen, Phys.
Rev. 147, 1166 (1966).

8 D. Horn, Nuovo Cimento 33, 64 (1964).
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TasLe I. The highest-weight SU(3) @ SU(2) states of the SU(6)
35 and 70 in quark form. The full 35 and 70 can be generated
from these states. [AB] = AB — BA.

35 82 Py
8t —@¥(pi_ + pAay)
13 _G)}(P+ﬁ+ + nidiy, + )*+Z+)
70 84 "‘(é)i[P+l+]P+
100 (WHp.plps
8 _(%)}{[P+'1—]P+ + [P—P+];‘+ + [A+P+]P-—}
12 —3{{Anlps + [p A0, + [An]p,
+ [”+P—M+ + [P+}~—]”+ + ["—P+M+

- 2[”+P+]l— - 2[P+}*+]”— - 2[A+n+]P—}

representation of the 35 and the 70 is presented in
Table I to make our phase conventions clear.

With 35 and 70 in quark notation, it is possible to
write any SU(3) ® SU(2) product state in quark form,
leaving only the multiplet-coupling factors undeter-
mined. Substituting the quark states into Eq. (6):

D145 343 = [Bradpalpoplp-
+ [38 — ¥®lalp A, lp.p lp.
+ 38 — ¥@alpiA_pip lp, . (®)

Individual terms in the sum on the right will be
referred to as multiquark terms. The convention used
here, which is modeled on the convention of Sawada
and Yonezawa, is that position in a multiquark term
indicates particle number.® Thus, in p, 4. [p.p_]p_,
particle 1 is in state p, , particle 2 in A, etc. Detailed
inspection of the standard tableaux for the various
SU(6) product representations yields conditions on
o and B which will produce the required symmetry
of the irreducible SU(6) representations.

THE USE OF YOUNG DIAGRAMS

To see how this can be done, it is necessary to dis-
cuss the standard tableaux of the product states in
some detail. For the 70, we use

[\S IR
w

For the 35,

4]

HEEE

9 S. Sawada and M. Yonezawa, Progr. Theoret. Phys. (Kyoto)
23, 662 (1960).
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Recall that

570 =20056070 @70 @ 540 © 560 @ 1134.
It is convenient to consider 35 ® 70 as coming from
6 ® 70 ® 6, since the only term in 6 ® 70 ® 6 which

does not belong to 35® 70 is 1 ® 70, and that is
easily recognized. Now

0 ® 6 ® 105, ® 1055.

3]4| 113] [1]3] ®
2|4

We now multiply all representations on the right side
of (9) by 6 to get

6 ® 210 = 1134
| [sTe] []a]sTe]
- T
| ||
@ 70 ® 56 ,
_13_[ HREE
»-——-2 | ————]
ﬂ —
4] 2]
6 © 15, = 50 o 70
: 1] 3 HE ]3]
| 2| 4 | 2]4 _z
| N B
B || __
L | ||
ﬂ
§© 105, = 20 + 70 o 540

|
NE

[
| |

[e] T[] ]
=] 1 [ ]

(10)



SU(6) CLEBSCH-GORDAN COEFFICIENTS

We will call SU(3) ® SU(2) representations in the
product space, which have a higher multiplicity in
either SU(3) or SU(2) than either SU(6) parent, the
large representations. All other product representa-
tions will be called small. For example, 35%is a large
representation because there is no SU(3) 35 contained
in either the 35 or the 70 of the SU(6). It is clear that,
for the large representations which can fall only in the
540, the 560, or the 1134, the 4-quark permutation
symmetry is unique in every case. For example, in
352, the 1134 must have the 4-quark symmetry of the
210. This immediately makes it possible to reduce
Eq. (8). Particles 1 and 4 are symmetrically coupled in
the 1134 and antisymmetrically coupled in the 560.
Therefore,

Mo = 48 — 33, for the 1134,
(11)

and
—$)ta = 3p — $3)}a, for the 560.

The addition of the normalization condition deter-
mines « and f for both representations. Similar argu-
ments can be used to form all highest-weight states
of the large representations. Once the multiplet-
coupling coefficients are known, all states of the large
representations can be formed. Thus, the state of
highest weight in the SU(3) ® SU(2) 352 of the SU(6)
1134 is

Puu1§ 589 =—10a(010;10)0,00(1 3 4; § §)
+ DHE) D0 1 151 DDyge(1 3 355 —)
— (001151 000s02(1 3 35 § B)]-

The small N™ representations are formed by con-
tracting the direct product of the parents. The 35 ® 70
contains only one antiquark. In a contracted repre-
sentation of a §ggqq state, the antiquark must be
accompanied by its corresponding quark in each
multiquark term. A term, therefore, which contains
4, must also contain A_. This imposes, in general, a
number of independent conditions on the multiplet-
coupling coefficients. For example, the highest-weight
state in the 1%, when written in the general form of
Eq. (8), contains the multiquark term p_4.[A.n_]A. .
The coeflicient of this term in both 70’s must be zero,
since there is no A_ to go with 1, . Such considerations
yield two independent conditions on the multiplet-
coupling coefficients, enough to eliminate both large
representations.

There are cases in which more than one dimension-
ality results from contracting a product. For example,

contracting 6 ® 210 gives a 70 and a 56. The standard
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tableaux shows that particles 1, 2, and 4 are sym-
metrically coupled in the 56. This, in addition to the
conditions mentioned earlier, imposes a sufficient
number of conditions on the multiplet-coupling
coefficients to give a 56. The orthogonality of the 70
to the 56 can be used to determine the coefficients for
the 70.

THE CLASSIFICATION OF THE TWO 70’s

The product 35 ® 70 is not simply reducible. The
70 representation appears twice. In the product
n ® m, the permutation symmetry of the parents can
be used to classify the products if n = m. For example,
3I5®35=35, 935, D---. If n# m, the case is
not so simple. It is, however, possible to make use of
the permutation symmetry under quark interchange
to classify the products.

One can construct the two 70’s so that the 4-quark
part of one of them contains no 210 symmetry. Since
the 1134 comes only from 6 ® 210 [cf. Eqgs. (10)1, this
70 (which we call 70;;) cannot be produced by any
operation on the ggggq in 1134 states which merely
recouples the g to the ggqq. The W-spin lowering oper-
ation is such an operation.’® We have used this
classification (the absence of 210 in 70;;) in order to
facilitate calculations in which 35 ® 56 — 35 ® 70,
since the 4-quark permutation symmetry of the 70 in
35 ® 56 must be that of the 210:

56 ® 6 = 126 ® 210

(111 [ LI b71

and

6 ® 126 = 56 @ 700,
6 ® 210 =56 ® 70 @ 1134.

Where a given SU(3)SY® representation occurs more
than once in an SU(6) representation (e.g., the 8* of
1134), we have chosen our notation to agree with that
of Ref. 1. For example, in the 27* of 1134, two
orthogonal 27¥s were found using the techniques
described above. Then, the coefficient of the multi-
quark term involving 4, was found by projection.
The term of highest S,, Y, I, in 27* contains
(4 1 351 2), where ¢ comes from the 152, of
210. The scalar product of this term and the highest-
weight term of the 27* was calculated, and the linear
combinations of the 27%'s from 35 ® 70 were adjusted
to give the same coefficients of 2, (£ 12; 1 %) as were

10 H. Lipkin and S. Meshkov, Phys. Rev. Letters 14, 670 (1965);
H. Harari et al., Phys. Rev. 146, 1052 (1966).
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used in 35 ® 56. The 27¢, and 275, are thus, in effect,
differentiated by their 6 ® 210 parentage.

The phases within the product 70°s have been
chosen to agree with those of the parent 70. The
phases within the 56 and the 1134 have been chosen
to agree with those previously published for 35 ® 56.
[Itis to be noted, however, that the conventions used
here to generate an SU(6) 35 are different from those
of Carter er al! This requires that all columns in the
tables of Carter, Coyne, and Meshkov! which contain
an 8! or a 1® must reverse sign.] This has been checked
by use of the SU(6) generator N_, which lowers the
spin of neutron quarks and antiquarks without affect-
ing the other quarks.

The multiplet-coupling coefficients for 35 ® 70 are
given in Table 1.
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APPENDIX: PHASES

The phases we have used within the 56 and the 70
have been chosen on the basis of parentage. In SU(6),
the 56 comes from 6 @686 =21®6. In SU(3) ®
SU(2), the 56 comes from 32 @ 3@ 32 = [6*® 3] ®
32, The 70 we have used comes in SU(6) from
6®6®6=15®6.In SU(3) ® SU(2), the 70 comes
from 32 ® 32 ® 32 = [6! ® 3%] ® 32 To select the over-
all phase of an SU(3) ® SU(2) multiplet within the 56
or the 70, we have first written out the highest weight
state in each multiplet. A plus sign is then given to
that term which contains the highest-weight contri-
bution from the SU(6) 21 or 15. The highest-weight
state in 6% is p,p,; in 31,

Hpsdo = p e + Apr — Mip s

in 6', (H[p.p_1; in 3, 3Fpi4,]) In the 56, the
SU(3) ® SU(2) parents are 10*= (6>®3% and
82 = (6° ® 3%). In the 70, they are 8% = (3 ® 3%);
102 = (6! ® 3%); 8 = [(DH6E' © 3%) + (D3 © 39)];
and 12 = (3* ® 32).

TasL II. SU(6) Clebsch-Gordan coefficients for the product 35 & 70. The columns are the representations of SU(6) and the
rows are their SU(3) ® SU(2) components. Each number is to be divided by the normalization at the bottom of its column.
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The Rys F model is formulated on a triangular lattice and solved for certain values of the vertex con-
figuration probabilities (including those corresponding to the “ice model”). As with the square lattice, it
is found that the system undergoes a phase transition which is of infinite order.

1. INTRODUCTION

Lieb! has recently solved the ice model, the F model
of Rys,? and the Slater KDP model for a plane square
lattice. These models reduce to counting the number
of ways of placing arrows on the bonds of the lattice
such that there are as many arrows pointing in to
each vertex as there are pointing out, and such that
there are given numbers of the various allowed types
of vertices.

Clearly such models can be formulated on any
lattice with an even number of neighbors per site
and, in particular, one might be tempted to think that
for a triangular lattice the solutions could be obtained
by a straightforward extension of Lieb’s work. It
turns out, however, that there are difficulties.

In this paper we formulate the F model on a plane
triangular lattice and find that the most obvious
ansatz for the solution works only when a restriction
is imposed on the probabilities of the various types
of vertices. Nevertheless, this case is still of some
interest, since it includes the triangular “ice model”
and predicts an infinite-orfer phase transition similar
to that found for the square lattice.

2. PARTITION FUNCTION AND TRANSFER
MATRIX

Suppose that arrows are placed on the bonds of a
triangular lattice so that there are three entering and
leaving each site or vertex. There are then 20 possible
configurations of arrows at each vertex, and if any
configurations which can be obtained from one
another by rotation or reflection are given equal
weight, they can be classified as follows: (i) 6 vertices
in which the three incoming arrows are adjacent,
(i) 2 vertices in which the incoming and outgoing
arrows alternate round the vertex, (iii) 12 other
vertices. Examples of each of these three types are
shown in Fig. 1.

If we assign interaction energies €, €,, €5, respec-
tively, to these three types of vertex, then the problem

! E. H. Lieb, Phys. Rev. Letters 18, 692 (1967); 18, 1046 (1967);

19, 108 (1967); Phys. Rev. 162, 162 (1967).
* F. Rys, Helv. Phys. Acta 36, 537 (1963).

becomes the calculation of the partition function
Z =3 a"b'cI(p,q,r), @

where a = exp (—¢/kT), b =exp(—e/kT), ¢ =
exp (—es/kT) (k being Boltzmann’s constant and T
the temperature), and I(p,q,r) is the number of
allowed ways of arranging arrows on the lattice so
that there are p vertices of type (i), ¢ of type (ii), and
r of type (iii).

With any lattice problem we have a choice of
possible boundary conditions that can be imposed.
In this case we prefer to use a helical boundary
condition in which the right-hand site of a row is
considered to be the same as the left-hand site of the
row above, since this rather simplifies the subsequent
transfer-matrix and eigenvalue equations,

We can, therefore, consider a triangular lattice with N
sites per row and a total number of sites L, such that the
sites can be ordered from left to right and upwards as
indicated in Fig. 2. Further, parameters o, * -+, o, ,
Bi, -+, B can be associated with the bonds of
the lattice as in Fig. 2, such that «; (8,) is zero if the
arrow on the corresponding bond points upwards
(to the right) and is unity if the arrow points down-
wards (to the left).

The configurations of the arrows at the vertex i is
then specified by the six parameters 8,_;, B;, %oy,
®o;_on41s %oj_1, % and the condition that there be
three incoming and three outgoing arrows can be seen
to imply that

Bi + Boix + ay = By + Og; onp1 + ooy . (2)

Imposing cyclic end conditions on the helix, so that
%;_sr, = %;, Py = f,;, the partition function (1)

NN AN

€ €, €3 €5

FiG. 1. Examples of the three types of allowed vertex with corre-
sponding interaction energies.
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i +N -1 i+ N
i-1 @ @i+l
Bi-1
3oi-2N+1
i-N i-N+1

F1G. 2. The labeling of sites and bond parameters.
can be written as

L
Z, = E H KB, dai_1 s %255 Biss Uog_an1 s %22
i=1
(3)

where the summation is over all values (0 or 1) of the
«’s and f#’s, and the function K ensures the correct
contribution of each vertex, i.e., K vanishes if the
condition (2) is violated, else assumes the values
a, b, or c,according as the vertex is of type (i), (ii), or
(iii).

Setting M = 2N — 1 and defining a 22V by 22V
matrix V with elements

Vear, - aulf'rar's - van’
= K(B,op1,%31, 8, %35 a{)6a113'6a2¢4' T 6aM~2,aM' s
‘ _ ©
Eq. (3) can be written very simply as
Z,=TrVE ()]
Thus, when L becomes large,
Z,~25 (6)

where A is the greatest eigenvalue of the matrix
V. Writing the corresponding eigenvector as

hﬂ(“l st
it follows from (4) that 4 is given by
Ahglog, -+ op) = > KB, apg1s %y, By, o)

pa’

X hg(a, 0" 0y, "

", %),

(M

Since K vanishes unless its arguments in (3) satisfy
the condition (2), the eigenvalue equation (7) has
the important property that the number g + «;, +
-+ 4 ay is conserved. Thus, one can look for an
eigenvector hg(ay, - -, a,) whose elements are zero
unless

s a'M—2)'

B+oy+ -+ ay=n, (8)

where n can assume the values 0, 1, -+, 2N. When N

R. J. BAXTER

is large, the ratio
nfN=1-—y &)
is the ratio of down arrows to up arrows in each row
of the lattice.
The nonzero elements of Ay(e,, - - -, #5) must have
exactly n o’s equal to one, the rest being zero. For
these elements one can therefore write

ho(og, -5 oap) = fi oo ins (10a)

where j,, - - -, j, are the values of i for which «; = 1.

Clearly these can be ordered so that 1 <j; <j, <
-+ < j, € M. Similarly, one can write

hl(al, T a'M) = &y yinon?

where 1 <j; < " <J,.1 < M.

Substituting the forms (10) of the nonzero elements
of hy(ay, * -+, ay) into Eq. (7), writing the values of
the function K—namely 0, a, b, or c—explicitly in
the appropriate terms, and for convenience replacing
each j,, by j,, — 2, one obtains the set of equations

Mia, iz = afiy, . i (11a)
iz, gttt = bf sy, iay + €8y,
+ ¢foiy e ins

Aia, o ing—e = iy, iy T i iy
+ fo,iy e ripns

Mt sing—2ia1 = Sy yiay T C8ipyevs iy

+ af‘2,j1, EREY P

(10b)

“yin-1

(11b)

Agiia e in a1 = b8ajy iy F Srin e ins
+ C8uiy e inas

i it M1, M= €821, i s F 1251, inis
+ €811, dnas

Agiia, - in g2, M = €82y, iny T Cﬁ,Z,i;,"',in_g

+ ag1,ineo

(11c)

A8ji-2,in g2 M1, M = A812,5,,++,in_g> (11d)
where the j’s in each equation lie in the range

3KH << <M.

3. APPLICATION OF THE ANSATZ

We now attempt to solve the eigenvalue equations
(11) by assuming a form for the eigenvector. For the
square lattice the appropriate ansatz is a sum of
plane waves,! but for the present model we have to
differentiate between the j’s being odd and even, due
to the fact that these correspond to down arrows on
different types of diagonal bonds. It turns out that
the most elementary extension of the plane-wave
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ansatz that can possibly satisfy (11) is

fh, LRI = 2 Aml, L. ,m”¢m1(j1) e ¢m,,,(jn)9
gjl,- cyin—1 = E Aml,- .. ,manlqug(jl) e ¢mn(jn—1)s
(12)
where {m,,--+,m,} is any permutation of the

numbers {1, - - -, n} and the summations are over all
such permutations, The functions ¢,,(j) are defined by

$n(j) = UnX29™if jis odd,

1 i—9 . L.
= W, X2, if jis even,

(13)

wherem=1,---,n.

We now try to choose the variables in (12) and (13)
so as to satisfy (11). We first note that (l1a) is
satisfied if

l=aX, X, - X,. (14)

Using this result and remembering that M = 2N — 1,
the three equations (11b) are satisfied if there exists a
set of quantities Y7, - - -, ¥, such that

(15)

where, for any m in the range 1l < m < n, U,,, V,,,
W,, X, and Y,, are related by the matrix equation

— yl1-N
Amz."',mn,m1 = me leAml,mg,'--,m,,’

aX,Y,—b —c —c U,
—c aX,, —a —c Vel =0.
—c —c aY, —al \W,,
(16)

Using (14) and (15) and applying the ansatz to the
three equations (llc), it is found that they are
satisfied if

(p) (p) —
smbmaAmh’mzyma,"'-mn + st)mlAmzsmlxmay' CtaMg T 0

(17)
for p =1, 2, 3, where
s = aY WX, .V, — bV, W,
— U Wy — cV,Upr,
s = aY W, X, Y Uy
—cV W, —aU W, — cV,U,.,
s = aX Yo UpnX Vi — VW
— U W, — aV,U,..

(18)

Similarly, (11d) leads to the condition
DY WX oo Yoo U X g Vi
- VmU'm'W‘m"]1‘1m,m’,m”,m4,~-~,m,l = 09 (19)

where the summation is over all six permutations
{m, m’, m"} of the numbers m,, m,, ms.
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4. SOLUTION OF THE ANSATZ EQUATIONS

If we can solve Eqs. (14)-(19), then we have a
solution of the eigenvalue equations (11). First note
that (15) relates two A’s which differ by a cyclic shift
of the suffixes m,, « - -, m,. Performing such a shift
n times, therefore, leads to the condition

I1X. Y, =1,

m=1
X, -, X, can be eliminated from Eqs. (14) and (20)
to give an alternative expression for 2, namely,

(}-/‘J)N_1 =YY Y,

(20)

21)

For (16) to be satisfied nontrivially, the determinant
of the 3 by 3 matrix must vanish, giving a relation
between X,, and Y,. The ratios U,:V,:W, can
then be calculated in terms of X,, and Y,,.

It is at the three equations (17) that the major
stumbling block to the ansatz occurs, for in order
for these to be satisfied nontrivially the ratio i),/
s®), must be the same for all three values of p. In
general, it appears to be impossible to satisfy this
condition.

Some rather startling simplifications occur, how-
ever, when the vertex weights a, b, ¢ satisfy the relation

(a— c)?=alb— o). (22)

(Note in particular that this includes the “triangular
ice model,” where a, b, ¢ are equal.) In this case the
solutions of the determinantal relation between X,
and Y, implied by (16) can be parametrized as
rational functions of a third variable z,,. It turns out
that the most convenient way of doing this is to first
introduce a variable w such that

cla=14w+4 w (23)

Using (22), z,, can then be defined so that the solutions

of (16) are

1 — w2, 1—wz,

Xp=— : (24)
W —z, w-—z,
Y, = y2im =W In W (25)
" 1—2z, 1—wz, ’
—1 _ _
Uy VW, =1 Zn =W o w2 o0

l—zm Zip — W

Substituting the expressions (24)-(26) into the
equations (18) and using (22) and (23), one obtains
the unexpected but welcome result that

()
Sm,m’

(»)
sm’,m

_ I W 27)

Zr — WZy,
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for p = 1, 2, 3. Thus this ratio is indeed independent
of p and (17) now represents one equation, rather
than three. Further, making the same substitutions
in Eq. (19) and using (15) and (17), it is found (after
a very tedious calculation) that the equation is satis-
fied identically for any values of the z,,.

It therefore remains to solve Eqgs. (15) and (17).
This can be done, provided only that

n —_wiz
R | G
m’=1 Zyp — WZ,
for m = 1, - - -, n. Thus the ansatz does in fact work

when the restriction (22) is imposed on 4, b, and c,
for in principle z,, -, z, can be chosen to ensure
that the n conditions (28) are satisfied. Equation (14)
or, equivalently, (21), then gives the eigenvalue A.

5. SOLUTION FOR LARGE N

The problem now is to solve Eq. (28), together with
(24) and (25), for z,, "+, z,. In particular, we are
interested in the limit when » and N become large,
the ratio (9) being kept constant.

We would like to apply reasoning similar to that
used by Yang? for the Heisenberg chain, and by Lieb!
for the square lattice models. An obstacle to this is
the term X, Y,, on the left-hand side of Eq. (28) which
arises from the helical boundary condition. However,
the other terms in the equation depend exponentially
on N and n, so that the contribution of the factor
X, Y, may be expected to be negligible in the limit
when these are large. More specifically, the error
introduced in z,, - * *, z,, by neglecting X, Y, should
be of order N7, except for a relatively small number
(of order log N) of parameters such that z,, ~ 1 and
for which Y,, ~ N. The author has not been able to
prove these assertions in general, but they are
certainly true for the special case ¢ = 2a.

It must be noted that such errors will be significant
in Eq. (14), leading to a finite error in 1. However,
the situation can be saved by instead calculating 4
from Eq. (21), for which such errors will be negligible.

Neglecting therefore the term X, Y,,, re-arranging
slightly, and using (24), Eq. (28) can be written as

R(zp) = (=)™, (29)

where the function R(z), which depends implicitly on

Zy,° ', Z,, is defined by
1—wzl—wiz)y¥ 2 (z — wiz .
R(z)={ - } {——gi} (30)
w—z w—z/| walz, — w’z

Inspection of these equations reveals that a solution

3 C. N. Yang and C. P. Yang, Phys. Rev. 150, 327 (1966).
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can be chosen so that to any z,, there corresponds a
Z, such that z,, = z;1. In particular, this implies
that R(1) = 1. The solution of (29) which maximizes
A can then be obtained by taking the logarithm of
both sides so that

€))

form =1, - -, n, where the branch of the logarithm
on the left-hand side is chosen so that log R(1) = 0.
This ordering ensures that z,,, ,, = z;;\.

It is apparent from (23) that w lies on the unit
circle if ¢ < 3a, while it is real and positive if ¢ > 3a.
These two cases will be considered separately in the
next sections.

log R(z,,) = im(2m — n — 1),

6. THE CASE ¢ < 3a
In this case, w can be chosen to be
w = exp (—id), 32)

where 0 < ¢ < %7 (the upper bound is required by
the condition that ¢ and a be positive). The variables

7, """, Z, are then real and positive, so that one can
set
Zy = exp (uy), (33)
where u, ., _, = —u,,.
Define a function
F(0, u) = =' tan~ {cot 10 tanh Lu} (34)

such that F(0, ) is a continuous function of u for
—o0 < u < o and is zero when u = 0. Then, using
the form (30) of R(z), Eq. (31) becomes

$2m — n — 1) = NF(¢,u,) + NFQ2¢,u,,)
— 3 FG$oup — up). (39)

As n and N become large, the ratio (9) being held
fixed at some value not greater than one, the u,’s
tend to a continuous distribution in some range
(—Q,0) such that —Q0<u; <" <u,<Q. If
Np(u)du is the number of u,’s in the interval
(u, u + du), then Eq. (35) becomes in the limit

Lupw') du' = F($, u) + F(2$, u)

~[° srFGu =y, 3
Q

where the limit @ is defined by the condition

fo pwydu =n/N=1—y. 37
-Q

The eigenvalue 4 can be expressed in terms of the
u, by Egs. (21), (25), and (33). Taking the continuum
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limit then gives

Q - 2
log 2 =1 f du p(u) log {c______osh u — cos 2¢
a -Q

coshuy — 1
cosh u — cos 3¢

. (38
cosh u — cos 96} (38

When the number of up and down arrows in each
row of the lattice are equal, n =N and y =0. In
this case, Q = oo and (36) can be solved by Fourier

transforms, giving

(u) _—1_fco eiku dk
P = o w2 cosh (k) — 1

Substituting this result into (38) and performing the
integration with respect to u gives:
® —2k —Kk
]0g£=P dk__(1—ce 4’_)(1+e i) ]
a —wk (* — 1 4 ™)1 — %)

Three particular cases are of special interest:

(1) ¢ = 37, b = a, and ¢ = 0. The integrand in (40)
is an odd function of k, so we find as expected that
A=a.

(ii) ¢ = 4m, a = b = c. This case can be regarded
as the triangular-lattice equivalent of the ice model.
Evaluating p(u) explicitly from (39), substituting
the resulting expression into (38) and defining a new
variable of integration ¢ = exp (u/3), we find that the
integrand of (38) is an even function of ¢. Hence
the integration can be extended over the whole of
the real ¢ axis, and on closing the contour round the
upper half-plane it is found that

Aja = 3v/3 ~ 2.598. 41)

(iii) ¢ = k7, b = 3a,and ¢ = 2q4. w® = —1, so that
the Eqs. (28) and (29) reduce to sets of single equa-
tions for single variables. The integration in (40) can
be completed round the upper-half £ plane; summing
over residues then gives

A o331ttt 11

StE Tt Tt

(39)

(40)

and, hence, A/a ~ 5.03,

7. THE CASE ¢ > 3a

When ¢ > 3q it follows from (23) that w can be
chosen to be real and greater than one, In this case
2y, ", z, lie on the unit circle, so one can write

Z, = exp (i0,,). (43)
Define a function

G(w, 8) = 1 tan™" {u—l- tan Q}
™ w—1 2

(44)
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such that G(w, 6) is a continuous function for 6 for
—m < 0 < 7 and is zero when 6 = 0. Then, on using
(30) and (43), Eq. (31) becomes

12m — n — 1) = NG(w, 6,,) + NG(w%, 6,,)
— 3 G, 6, — 0,) (45)
m’'=1

for m=1,---,n. When y=0 and N — oo, the
6,’s tend to a continuous distribution in the range
(—m,m) such that —7 <0, < -+ <0, <=m and
0p11m = —0,. Letting Np() be the density of
6,.’s and proceeding as in Sec. 6, we find that

O=L3% " .
P 27Tn=—uoWn—1+W_"’
@ — w2n —Nn

logt=2logw 3 1U=W A+ W)
a amin W' —14+w"

8. TRANSITION REGION ¢ ~3qa

It is interesting to compare the forms (40) and (47)
of the free energy. By deforming the contour of integra-
tion, we find that the right-hand side of (40) is an
analytic function of ¢ in the upper and lower half-
planes, and on the interval (0, w) of the real axis.
When ¢ lies in the upper half-plane, which from (32)
implies that |w| > 1, the integration in (40) can be
completed round the upper-half k plane, giving:

$ LW 4w
wt—14+wr

{1 — exp [2?’% l6n + 1|]}_1. (48)

log4=210gw+
a

n=1 R

L7 e 6
+ l\/3n=§w 6n +1

It is found that log (4/a) can be formally expanded
in powers of (¢ — 3a)/a and that the expansions are
the same for ¢ above and below 3a. However, on
comparing (47) and (48) it is apparent that log (4/a)
has a different analytic form in the two cases, and that
the difference has an essential singularity at the
transition point ¢ = 0. Thus, the system undergoes
an infinite-order phase transition similar to that of
the square-lattice F model.

9. SUMMARY

An ansatz solution of the triangular-lattice F model
has been found when the vertex weights a, b, ¢ satisfy
the restriction (22). For such values the system under-
goes an infinite-order phase transition at the point
b=7Ta,c=3a

When a = b = ¢ = 1 the model can be regarded
as the triangular-lattice equivalent of the ice model,

and we find that A= 3v3~ 2598 [Eq. (41)]. A
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rough estimate of this value could have been obtained
by noting that for a lattice of L sites there are 3L
bonds, but only 20 out of the possible 64 arrow
configurations at a vertex are permitted. Neglecting
correlations between vertices then suggests that

Z ~ 22L(20/64)L or A~25. (49)

These values can be compared with the corresponding
results for the square lattice, for which the exact and
approximate results are A = #i~1.540and 1~ 1.5
respectively. It is remarkable how accurate the
approximations are in each case.

The author has also investigated the triangular-
lattice F model by using toroidal, rather than helical,
boundary conditions and, again, found that the
elementary ansatz works only when the restriction (22)
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is satisfied. The toroidal boundary conditions have
the advantage that one obtains Eq. (29), rather than
(28). However, the transfer matrix is considerably
more complicated.

It is interesting to note that the difficulties en-
countered when the restriction (22) is not satisfied are
similar to those that occur in some nonplanar prob-
lems. Thus one might hope (perhaps optimistically)
that a general solution of the triangular-lattice F
model, if it could be obtained, would shed some light
on these also.
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Electromagnetic potentials and fields are found for arbitrary four-current densities in Friedmann uni-
verses. A choice of gauge is made so that the potentials are similar to the flat-space potentials. A formal-
ism is developed which allows the construction of potentials and fields which are covariant with respect
to spatial transformations. It is shown explicitly how these potentials are related to the flat-space
potentials through conformal and gauge transformations. Some features of the solutions in the finite
models are discussed with reference to problems of interpretation raised recently by Katz.

1. INTRODUCTION

The Friedmann universes' are the most general
simply connected cosmological models which satisfy
the requirements of homogeneity and isotropy and
which satisfy the Einstein field equations with matter
taken to be a smoothed-out dust. Since observations
seem to be consistent with these assumptions on the
large scale,? the Friedmann models are usually
considered to be the most accurate representation of
the large-scale structure of the universe one has at
present. Most of the observations which are relevant
to cosmology are of electromagnetic origin. One
would, therefore, desire a complete description of
electromagnetism in the Friedmann universes.

* Work supported in part by the National Science Foundation.

1 See, for example, the discussion in L. Landau and E. Lifshitz,
The Classical Theory of Fields (Addison-Wesley Publ. Co., Reading,
Mass., 1962), Chap. 12.

2 A. Sandage, Astrophys. J. 133, 355 (1961).

Much simplification arises in the study of electro-
magnetism in the Friedmann models from the facts
that the electromagnetic field equations are con-
formally invariant and that the Friedmann models are
conformally related both to the static homogeneous
models and to flat space.® One result of this is that
electromagnetic signals in Friedmann universes are
propagated only on the light cone, without scattering
off of the Riemann tensor, or radiation, tail, as in the
case in a general curved space.?

A formal solution for the electromagnetic potentials
A, in any conformally flat space-time has been given
by Hobbs.? He showed that a choice of gauge could be
made so that the Green’s function for the potential
propagates along the light cone, but did not try to
find explicit expressions for the potentials for the case

3 L. Infeld and A. Schild, Phys. Rev. 68, 250 (1945).

¢ B. DeWitt and R. Brehme, Ann. Phys. (N.Y.) 9, 220 (1960).
5 J. M. Hobbs, Ann. Phys. (N.Y.) 47, 166 (1968).
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Mass., 1962), Chap. 12.

2 A. Sandage, Astrophys. J. 133, 355 (1961).

Much simplification arises in the study of electro-
magnetism in the Friedmann models from the facts
that the electromagnetic field equations are con-
formally invariant and that the Friedmann models are
conformally related both to the static homogeneous
models and to flat space.® One result of this is that
electromagnetic signals in Friedmann universes are
propagated only on the light cone, without scattering
off of the Riemann tensor, or radiation, tail, as in the
case in a general curved space.?

A formal solution for the electromagnetic potentials
A, in any conformally flat space-time has been given
by Hobbs.? He showed that a choice of gauge could be
made so that the Green’s function for the potential
propagates along the light cone, but did not try to
find explicit expressions for the potentials for the case

3 L. Infeld and A. Schild, Phys. Rev. 68, 250 (1945).

¢ B. DeWitt and R. Brehme, Ann. Phys. (N.Y.) 9, 220 (1960).
5 J. M. Hobbs, Ann. Phys. (N.Y.) 47, 166 (1968).
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of the Friedmann models. Katz® has derived explicit
expressions for the electromagnetic field F,, in the
Friedmann models. In that paper, Maxwell’s equa-
tions were solved first in static homogeneous models
and then a conformal transformation was made to
the Friedmann models. These fields, however, were
valid only in a particular pseudo-rectangular coordi-
nate system.

In this paper we derive the electiomagnetic po-
tentials and fields for the Friedmann models in a form
which is covariant with respect to coordinate trans-
formations in 3-space. This allows a considerable
simplification in the expression for the potentials and
fields and also makes apparent the physical inter-
pretation of the various terms in the expressions.
In Sec. 2 we state the problem to be solved and the
method of solution. In Sec. 3 we derive expressions for
second and higher covariant derivatives of the
invariant distance which are then used in Sec. 4 to
derive expressions for the potentials and fields. In
Sec. 5 we show explicitly how our potentials for a
point charge can be obtained from the Liénard-
Wiechert potentials of flat space by a change of
coordinates and change of gauge. In Sec. 6 we discuss
the nature of the solution obtained, with particular
reference to points raised by Katz about the solutions
for the closed models.®

2. TRIAL POTENTIALS

The metric for the Friedmann universes can be
written in the form?

ds® = g,, dx* dx" = di* — a*(t)[dp* + f*(p) dQ?],
2.1
where

f(p) = sin p, closed 3-space (k = +1),
3-space (k = 0),
= sinh p, open 3-space (k = —1),
dQ? = db* + sin® § de?,
and a(¢) is the expansion factor which is determined
by solving the field equations with matter present.

By a change of variables, dr = a dr, the metric takes
the form

ds® = a¥(7)[dr* — dp* + f¥(p) dQ®] = a’(r) ds?,
(2.2)

which shows that the metric for the Friedmann models

= p, flat

¢ A. Katz, J. Math. Phys. 9, 1964 (1968).

7 Greek indices take values from 0 to 3; Latin indices are restricted
to spatial components 1 to 3. The signature of our metric is —2. We
adopt a system of units in which ¢ = 1. Covariant differentiation
will be denoted by a semicolon (;), ordinary differentiation by a
comma (,).
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is conformally related to the metric for the static
homogeneous models through the factor a%(t). Since
the equations for the electromagnetic potentials A4,

(2.3)

are invariant under the conformal transformations

Aﬂ;l:l - Al;ﬂ;}' = 477'];1,

Buv = &y = € Euys

guv_) guv’ — e—‘l‘guv,
A,—~ A, =A,,
J,—>J,= e_\"Jl,,

the electromagnetic potentials in the Friedmann
models dare the same as in the static homogeneous
models for conformally related sources. For this
reason we will first consider the electromagnetic
potentials in the static homogeneous models. Of
course, the potentials are not unique because of the
invariance of the field equations (2.3) under the gauge
transformation

(2.4)

A, =A, + 9, (2.5)
The electromagnetic field tensor
F,=A4,,—A,, 2.6)

is, however, both gauge-invariant and conformally
invariant.

In the static homogeneous models there is a natural
set of coordinates for which gy =1 and gy, = 0.
Time components of vectors and tensors then behave
as scalars under transformations involving only
spatial coordinates. We therefore find it desirable to
find expressions for the electromagnetic potentials
which are covariant with respect to transformations in
3-space. The arbitrariness associated with the gauge
invariance (2.5) is removed by the assumption that the
time component of the potential 4, depends only on
the time component of the current density J° and that
the spatial components of the potential 4, depend
only on the spatial components of the current density
J¥. This assumption is made in analogy with the
structure of the solution for the potentials in flat space
in the Lorentz gauge. However, it should be noted that
the curved-space solutions which satisfy the above
criteria may not satisfy the curved-space analog of the
Lorentz gauge, i.e., 4,* = 0.

Because the Friedmann models, and thus also the
static homogeneous models, are conformally flat,®
the electromagnetic field F,,(x, ) depends on the
current density JA(x’, 7°) only at the retarded time '
given by

=7 —-¥(x,x), 2.7

where W'(x, x') is the biscalar distance between the
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points x and x’, measured along a geodesic® in the 3-
space which joins the points x and x". We assume that
the potentials also have this property of being sharply
propagated along the light cone. The general form of
A, which incorporates this dependence is then

Ay(x, 7) = f FOP)JUX, 7)Y — 7 + ¥) d'V', (2.8)

where @4V’ = (—g)} d*x” and F(¥) is a function of the
invariant distance between x and x’ which will be
determined by substitution into the field of equations
2.3).

The trial solution for the spatial components of the
potential, A;, requires the use of some bivector
C,/(x,X) to relate the current density at x’ to the
potential at x. Geometrical bivectors* can be formed
from the parallel propagator® g;;., and first and higher
derivatives of the invariant distance, e.g., ¥ ¥ ;,
etc. However, we will show that, in the static homo-
geneous models, second and higher derivatives of ¥
can be reduced to first derivatives of V', the parallel
propagator, and known scalar functions of the
invariant distance V. It therefore suffices to consider
the trial solution

A x,7) = — f (2o GCF) + ¥ HOPU™ (X', 7')
X 8(r' — 1+ V) dV". (2.9)

The functions F(Y), G(Y¥), and H(Y) are deter-
mined by substituting (2.8) and (2.9) into the field
equations (2.3). However, in order to reduce the
resulting expressions, we must know how to express
derivatives of g,;, and higher than first derivatives of
¥ in terms of simpler quantities. Synge® has given such
expressions for the general case of an expansion in
powers of the Riemann tensor which one finds useful
for approximation methods. For the static homo-
geneous models, we can derive exact expressions for
these derivatives, so that we do not have to assume
that the Riemann tensor is small. This derivation is
done in the next section.

3. GEOMETRICAL RELATIONS

The world function® €(x, x’) for the 3-space is
related to the invariant distance ¥'(x, x") by

0 = 392 (3.1)

(3.2)

Since
Q,QF = Q;k,Q;"' = 2Q,

8 In the k = +1, closed models, there is more than one geodesic
joining the two points and, therefore, more than one V. We assume
that all possible ¥”s contribute. This point is discussed further in
Sec. 6.

8 J. L. Synge, Relativity: The General Theory (North-Holland
Publ. Co., Amsterdam, 1960), Chap. II.
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the derivatives of ¥ satisfy

Y = WL = 1, (3.3)

Therefore, ¥, is a unit vector at x directed tangent to
the geodesic from x’ to x and ¥, is a unit vector at
x’ directed tangent to the geodesic from x to x. The
bivector parallel propagator® g,.(x, x') relates com-
ponents of a vector 4, at a point x to the components
of that same vector parallel-transported along the
geodesic joining the two points x and x":

A;= gi:i'Aj’a A, = gj’iAi' (3.9

Derivatives of Q and ¥ with respect to x are related to
those with respect to x" by the parallel propagator

Q;k =
Y, =

ym’
_gkm'Q ?

— gem T (3.5

from which it follows that, if f(¥) is any function
of ¥,

f;k = - gkm'f;m’- (3.6)

The relationship between the derivatives of 2 and
Y and the parallel propagator can be derived from the
relations written down by Synge,® applied to our
particular case of a 3-space of constant curvature. We
consider a two-dimensional family of geodesics radi-
ating from a fixed point P (coordinates x?) with
affine parameter u along the geodesics and parameter
v which varies continuously from geodesic to geodesic.
This determines a 2-space x* = x*(u, v) in which we
have

Ui = % V= 24 3.7

ou’ o’ )

where U’ is the unit tangent vector along the geodesics

and V*is proportional to the deviation vector between

adjacent geodesics. From the relations (3.7) we have

i i ()

L P

ov du du

where 6/0v (or 6/6u) implies absolute differentiation
along the curve u = const (or v = const).

If we consider a point P (coordinates x’) lying on a
curve C(v) with constant parameter @, then we have
from the relations of Synge® that

Q;i = —Au Ui, Q;i = Au Ui’ (3.9

and

Q = J¥?2 = J(Aw)?, (3.10)

where Au = @ — u. The relations involving derivatives
of Q are obtained by Synge by varying the end point
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P along the curve C(v). This results in the equalities

FTR P WL S A
" ov ou
- gV — f (@ — w)K*¥ g, V] dut,
G.11)
QpaV" = Au 0Uk = Au Vi
" ov Su

4
= Vi~ [ 10/ = 0K g Kl ', (312

where the affine parameter is u at P, i at P, and « at
intermediate points P’ along the geodesic between P
and P. K, is given by

K, = Ry;nUFU™ (3.13)
and V' satisfies the equation of geodesic deviation

Ve

du®

For the case of static homogeneous universes, the
spatial Riemann tensor is

Riim = M8ii8km — im&ir)s (3.15)

with A = k/rZ, where k = 41, 0, —1 corresponds to
a closed, flat, or open model and r, is the radius of
curvature of the 3-space. Since the static homogeneous
models will be related to the Friedmann models by a
conformal transformation, we may, without loss of
generality, choose ry = 1. Also we will derive in
detail the results only for the closed model & = +1,
the other cases being found in a similar manner.
Since U'U, = 1, we have, from (3.15) and (3.13),

K

+ KLym=0. (3.14)

=8 — U;Uj;» (3.16)

so that the equation of geodesic deviation (3.14)
becomes

82yt
Su?

We now break up ¥* into parts parallel and perpen-
dicular to the geodesic

+ [V = U'V,U] = 0. (3.17)

Vi=(UVU,) + (Vi = U'V;UY)

=Vi+ Vi (3.18)
and since 8(V7U,)/éu = 0, we then have that
Vi _y
Su? ’
oy
WL +Vi=0. (3.19)
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The solutions to these equations for ¥'* at an inter-
mediate point with parameter u’ are then

i vm U —u
v = [ =2],

i—u
P = gflvm[s—in (W — ")] (3.20)
T sin(@—w) )

where the two constants of integration are chosen so
that V¥ — 0 when ¥’ —u and V¥ — V* when v’ — .
The parallel propagator is, of course, a constant under
absolute differentiation along the geodesic.

When the expression for K;;, Eq. (3.16), is sub-
stituted into (3.11) and (3.12), one finds that the only
contribution to the integrals in those two expressions
come from V, ;. The expression for V' ;. from (3.20)
allows us to explicitly perform the integrationsin (3.11)
and (3.12). Making use of the defining relations for
V1, Eq. (3.18), then leads to the two expressions

QpaV™ = —UUaV™ — M
sin (@ — u)

X [geaV ™ = UUgV™], (3.21)

QpaV™ = UgUzV™ + (i1 — u) cot (i — u)
X [Vi — UsUaV™. (3.22)
Since the V'™ are arbitrary, the coefficients of V'™ must
be equal on each side of each expression. Using Egs.
(3.9) and (3.10), and rewriting for the case of a general

Y'(x,x’), we find that, including the k =0 and
= —1 cases, which follow similarly:

lIJ.;k;'m’ = _y(‘F)[gkm' + ‘F;le;m’],
lF;k;m = +z2(V)[gm — lF:le;m]’ (3.23)
where
y¥) = csc¥, k= +1,
= ¥, k=0,
= csch¥, k= —1,
zM) = cot¥, k= +1,
/¥, k=0,
=coth¥, k= —1.

The only other relation we need is an expression for
the derivatives of the parallel propagator g,,,.. Again
we make use of the equation given by Synge® which
considers the change in the parallel propagator as the
end point P is moved along the curve C(v):

@
GhmaV = — f [g4e8my REV PV U,  du'. (3.24)

When the expression for the Riemann tensor (3.15)
is substituted into (3.24), we again find thatonly V.
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contributes to the integral. Using the derived expres-:

sion for V| .., Eq. (3.20), we can evaluate the integral
in (3.24) to give

gimaV " = —tan GV)[ViU, — UsgaV"l. (3.25)

Since this must hold for arbitrary ¥, we have for the
general case, including the results of the similar deri-
vations fork = 0and k = —1,

gk’m;n' = W(\Y)[gk’n’qf;m + gmn’lF;k’]’ (326)
where
w(¥) = tan V¥, k= 41,
=0, k=0,

= —tanh ¥, k= —1.

Equations (3.23) and (3.26) allow us to reduce any
expression involving higher than first derivatives of
Y and any derivatives of g,;, to expressions involving
only ¥, g, and first derivatives of W', This is required
for our derivation in the next section.

4. DETERMINATION OF THE POTENTIALS
AND FIELDS

The trial potentials (2.8) and (2.9) are now substi-
tuted in the field equations (2.3) to find what restric-
tions are placed on the functions F(¥), G(¥), and
H(Y). Because of current conservation

0
J;uu=aai+‘ﬂ;ck=0’
T

4.1
time derivatives of the charge density J° can be ex-
pressed as the divergence of the current density J*.
Whenever we have a J* together with a derivative
of the d function in (2.8) and (2.9), we can integrate
by parts with respect to 7" and use (4.1) to express
dJ¥/or" as the divergence of the current density,
J.»* . The derivative with respect to the k' can likewise
be integrated by parts, leaving J* without any deriv-
atives. We will reduce terms in this way whenever
possible so that the possible forms of the terms in our
expressions are independent of each other for arbitrary
J,. We further reduce expressions through the use of
relations (3.23) and (3.26) so that only ¥, g,., and
first derivatives of ¥ appear in the final expressions.
After these reductions are made, we are left with a
series of differential equations for the unknown
functions F, G, and H, which we then solve using
appropriate boundary conditions.

The function F(Y') in (2.8) may be determined by
considering the particular case where J* = 0 and J°is,
therefore, time-independent. In this case the condition
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on F(¥) from (2.8) and (2.3) is

4l = — Aot = — J' JUFES(r — 7 + W) &'V,
4.2)

where terms resulting from differentiation of the 6
function vanish since J is time-independent. The
condition which F must satisfy is therefore

F = —4n8(x — (=g,  (4.3)
where, from (3.3) and (3.23),
Fir=F"+ 2F cot V. (4.4)
The general solution of (4.3) and (4.4) is
F=cot¥ + C, (4.5)

where C is a constant of integration.

Surprisingly, the functions G and H in (2.9) can also
be determined from the equation for J° if we consider
the case of arbitrary J#. This means that the functions
F, G, and H are over-determined since this procedure
does not yet utilize any information contained in the
field equations with J* as the source. After finding G
and H, we must therefore show that they are con-
sistent with these latter equations as well. When (2.8)
and (2.9), with F = cot¥ + C, are substituted in
Eq. (2.3) with g = 0, we find from relations (3.23)
and (3.26) that G and H must satisfy the equation

{Jl(cot ¥ + C)8" + (2C cot V" — 2)d']
+ ¥, J¥[(G — H)" + (G’ — H' — 2G tan ¥
— 2H cot W)’} d*V’ = 0, (4.6)
where 6 = 0(+" — 7 + V') and a prime on G, H, and
0 indicates differentiation with respect to the argu-
ment. The terms in J can be reduced to terms in
J* by first integrating by parts with respect to 7/,

using (4.1), and then integrating by parts with respect
to x*'. This yields the condition

f ¥, J¥[(G — H — cot'¥ — C)0"

4+ (G' — H' — 2G tan ¥ — 2H cot ¥

+ 2 — csc? ¥ — 2C cot ¥)o’

+ (2C esc? )6 d*V' = 0. “.7n
Because (4.7) must hold for arbitrary J*, the coeffi-
cients of 8", §’, and & must vanish separately since
these indicate different order time derivatives of J¥.
From the coefficient of § we find that C = 0. Re-
quiring the coefficient of 4" vanishes gives G =

H + cot¥ which, when substituted into the coeffi-
cient of &', gives the unique solution

H=tanl¥; G=csc¥. (4.8)
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Thus far we have found the potentials by using the
trial potentials (2.8) and (2.9) in the field equations
(2.3) with u = 0. We have to verify that our potentials
are solutions of these equations with u = k as well.
This procedure is carried out in a stralghtforward
manner. The result is that our potentials are solutions
of the full set of Egs. (2.3). Including the similar
results for k =0 and k = —1, we now state our
solution to be the potentials (2.8) and (2.9) with the
functions F, G, and H given by

F¥) = cotV, k= +1,
= 1/¥, k=0,
= coth¥, k=—1,
GW) = csc?, k= +1,
- ¥, k=0, (4.9)
=csch ¥, k= —1,
HY) = tan ¥, k= +1,
= 0, k=0,

= —tanh %‘F, k = —1

By explicit calculation we find that
= f L JES( — 7+ W) AV, (4.10)

for the cases k = +1 and k = —1, and A* =0 for
k=0

The electromagnetic field F,,, , which is the physically
meaningful quantity, is found from the potentials
using (2.6). Again whenever aJ% appears together with
a ¢, we reduce this to a J* term as before. The
electromagnetic field thus derived for the three cases is

- f (G(D) g + T, W™ [FF)S — 8]

+ G, J™ — W18} dY, (4.11)
= f (GG o — G ¥ ™
x [FCP)0 — &'} d*V', (4.12)

where F(Y) and G(Y¥) are given in (4.9) and d =
o7 — v + ).

The electromagnetic potentials and fields thus given
by (2.8), (2.9), (4.11), (4.12), together with (4.9), are
those appropriate for a static, homogeneous cosmo-
logical model having a metric given by d§ in Eq. (2.2).
To express the solution in terms of the metric ds of
Eq. (2.2) it is necessary to conformally transform the
quantities appearing in the solution according to (2.4).
Both A, and F,, are invariant, but J* — a*(t')J¥
under this transformation. Usually the Friedmann
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models are given as the metric (2.1) in which co-
moving coordinates are chosen for the matter in the
universe. (2.1) is obtained from (2.2) by a coordinate
transformation dr = dt/a(t), so that any time com-
ponents of vectors in our expressions undergo a
transformation as well. Also we can write d4}’ =
dr' dV' = a dt' B3V’ = a(—g)t d'x’. Therefore
we can write our result for the electromagnetic po-
tentials and fields in the Friedmann models in the
metric of (2.1) as

— F(\F) 0, ' % 4/
) (t)f I, 1)3(s)(— g )t dix

(4.13)
A (X t) —_ _1_ [dhm’G(lF) + nknmrH(‘F)]
- a(t) J a(t"

x J’"'(x', 1)8(s)(—g)* d*x’,

Pl =50 f {Gg?

X J™ (', )F(Y)3(s) — 0'(s)]

(4.14)

-

+ z((q;)[nkn Tt

— X, t')]a(s)}(—g')* dix,
o),

Finl 1) = “’a)f Py a(r)

x [F(F)o(s) — 6’(8)]}(—g’)% d'x’, (4.16)

(4.15)

dml’nk]‘] ll(x’s t/)

where
s=[ 97 ¢ e ) (4.17)
a(t”) T )
m=atl¥.,, ny=al" ., (4.18)
dkm’ = a(t)a(tl)gkm’ H (419)

and F, G, and H are given by (4.9). Quantities with
spatial indices now have the tensoral properties
associated with the metric (2.1) so that, e.g.,

nn® = mn,gtt = _(1/a2)(aly‘;k)(aqf;l)g7(€3{) = -1,

where gfi, is the positive-signature metric of the space
of constant curvature.

A simple physical interpretation can be given to the
quantities in (4.13)—(4.16). ¥'(x, x’) can be expressed
as L(x, x', 1)/a(t), where L is physical distance between
the points x and x” at some time ¢. n, is a unit vector at
x directed along the geodesic in the 3-space of constant
t from x’ to x, with a similar interpretation for n,,.
dyn parallel propagates the direction of the current
density J™ from x’ to x along the geodesic without
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changing any magnitudes. The d(s) indicates simply
that electromagnetic influences propagate only along
null geodesics.

The potentials and fields of a charge q can be found
using the expression for the 4-current density

JH(x) = qf des,
s (=g

where x* = z*(s) is the parametric equation of the

path. Substituting (4.20) into (4.13) and (4.14) gives

the potentials (analogous to the Liénard-Wiechert

potentials):

(4.20)

_gK(Y)
Ao(X, t) = e @)
Ak(x’ t) = - q[G(IP‘I) dkm’ + H(IP")nknm']vm,(t’),
a(t)o
(4.22)

where the path has been taken to be z(¢'), ¢’ being the
retarded time obtained from setting s = 0 in (4.17).
¥ is shorthand for W(x,z(t"). ¢ =1 4+ n*(t")
and v* = dz*(t')/dt’. The fields can be found in a
similar manner.

5. TRANSFORMATION FROM FLAT SPACE

Since the Friedmann models are conformally fiat,
it should be possible to derive the potentials and fields
from the flat-space potentials and fields using the
conformal transformations (2.4), coordinate trans-
formations, and possibly gauge transformations.
Since we showed in Sec. 4 how the potentials in the
Friedmann models can be obtained from those in the
static homogeneous models, it will suffice to show that
the potentials (2.8) and (2.9) in the static homo-
geneous models can be obtained from the usual
flat-space Liénard-Wiechert potentials.’® To simplify
the procedure, we assume that we have the k = +1
model, whose metric is

dst = dr* — dp* — sin? p dQ2. (5.1)

We consider the case of a point charge which is at the
origin p” = 0 at the retarded time 7" = 0, so that the
potential we write will be valid at coordinate p only
at the time = = p. We assume that the velocity of the
charge is in the 6 = 0 direction. The appropriate
potentials are then just (4.21) and (4.22) with g = 1,
¥ = p, since p is the physical distance from the origin
measured radially outward. The only quantities which
we need to evaluate explicitly in (4.22) are the com-
ponents of the parallel propagator gy,,.. Consider the
change in a vector as it is parallel propagated radially,

10 Reference 1, Chapter 8.
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which is along a geodesic in 3-space. Then
dv' = _{ i }v’dx"= _{ i }v’ dp.  (5.2)
Jk jl

From (5.2) and the metric (5.1), we see that the radial
component of the velocity vector is unchanged under
parallel transport. Thus g,;. = 1. But since the mag-
nitude of v is unchanged, this implies also that v,v?
is unchanged under the transport (5.2), which may
also be explicitly verified from (5.2). Therefore, the
potentials with the metric (5.1) are explicitly given as

Ay = gcotp ,
1—vcosf
0
Al=_qvcotpcos ’ (5.3)
1—vcosf
A, = gqusin 6 ,
1—wvcosb

which are valid at coordinate p at the time = = p.
The metric for flat space may be taken to be

ds? = dt* — dr* — r2 dQ2, (5.4)

in which the flat-space potentials in the Lorentz gauge
for a charge at the origin r’ = 0 at time " = 0 are

A0=—_‘i“_—,
r(1 — vcos6)

qu cos 0
_r(l —vcosf)’
__qusinf
—(1 ~vcos6)’

(5.5)

2

where again the expressions are valid only at the time
t = r. The succession of coordinate transformations?

t 4+ r=tan¢,
t —r=tan1,

5.6
fn=o (56)
f+n=r

transforms (5.4) into the form

ds? = }sec® L(r + p)sec? {(r — p)

X [dr? — dp® — sin? p dQ?, (5.7)
which is just a conformal transformation of the static
homogeneous metric!! (5.1). Since 4, is unchanged

under a conformal transformation, the potentials (5.5)
when transformed by the coordinate transformations

11 The transformation is not globally valid since the two spaces
have different topological properties. This presents no problem for
our treatment here since we can easily extend the transformed space—
time to that of the static homogeneous one.
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(5.6) should agree with the curved space-time po-
tentials (5.3) up to a gauge transformation. Note that
the point ¢ = r = 0 coincides with the point 7 = p =
0, the position of the charge. Also the condition that
t=r in (5.5) is the same condition that 7 = p in
(5.3) as required by the fact that both potentials have
a contribution from the source only at the retarded
time.

If we denote by a bar quantities referred to the
coordinate system defined by (5.7), then the relation
between the barred and unbarred potentials is

- 14+ costcosp
0= 5 ‘1o
(cos T + cos p)

sin 7 sin p

1

(cos 7 + cos p)*
- 1+ costcosp
LT (cos T + cos p)*
A, = A,.

sin 7 sin p

(cos T + cos p)®
(5.8)

When we substitute the potentials (5.5) into (5.8), use
the relation r = sin p/(cos 7 + cos p), and set 7 = p,
we find that the barred potentials can be written as

- gcotp q
= —— 4 —~tan p,
® {1 —vcosh 2 P
q, = —queotpcost d . (59
1—vcosb 2
- in 0
i = qu sin .
1 —wvcosf

These are just the potentials (5.3) in the static homo-
geneous model aside from the (¢/2) tan p term. How-
ever, since this term does not depend on the velocity
of the charge v, we can find a gauge function ¢(p, 7)

such that @,(p, p) = @.(p, p) = —}qtan p. The
gauge transformation

@ = $¢In [cos p + cos 7] (5.10)

thus transform the potentials (5.9) into (5.3), the
potentials we had derived for the static, homogeneous
case.

6. DISCUSSION OF SOLUTIONS

In the previous sections we have derived expressions
for the electromagnetic potentials and fields for the
cases of static homogeneous models and for the
Friedmann universes in systems of comoving coordi-
nates. These solutions were given in a form which is
covariant with respect to coordinate transformations
in 3-space. The potentials and fields derived have the
property of being sharply propagated on the light
cone, a consequence of the fact that the geometries
considered were conformally flat. Our expressions for
the fields (4.11) and (4.12) reduce to those of Katz®
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when quantities are evaluated in the particular
coordinate system he used. Also we have shown that
our potentials are consistent with the potentials
obtained from flat space, in agreement with Hobbs.®

An examination of the solution we have obtained
raises a few points, which we will now consider. First
it should be noted that the k = 0 case of (2.8), (2.9),
(4.11), and (4.12) is just flat space-time, and therefore
the potentials and fields we have derived for this case
are just the usual Lorentz gauge potentials and fields
of flat space, written in a form which is covariant with
respect to spatial transformations. The k& = 0 solu-
tions for the Friedmann models (4.13)-(4.16) are,
of course, related to the flat-space ones by a simple
coordinate change in the time variable. In the k = 0
case there is no problem concerning uniqueness of the
solution, aside from the choice of gauge and causality
condition chosen, in our case chosen so that we have
only the retarded solution.

The k = —1, or open 3-space, models present an
apparent difficulty in the solution for the potentials
(2.8) and (2.9), with functions given by (4.9). If we let
the spatial distance V" from the source become very
large, we find that the potentials do not approach zero.
This arises since F(¥) — 1 and H¥) — 1 as' ¥ — 0.
This is also reflected in the gauge condition (4.10),
which is independent of the magnitude of ¥'. However,
this arises purely from our choice of gauge,which we
determined by the conditions imposed on the trial
potentials (2.8) and (2.9). The electromagnetic fields
(4.11) and (4.12), which are the physically measurable
quantities, are seen to approach zero for large ',
since F,,~0(exp —¥) as ¥ — co. As with the
k = 0Osolution, uniqueness of the solution presents no
problem.

The k = +1, or closed model solutions present the
most difficulty in interpretation. This arises from the
fact that in the closed, static models, there is more
than one geodesic in the 3-space between any two
points. In the trial solutions (2.8) and (2.9), we stated
that 7, the potential at x, should depend on the source
at x’ only at the retarded time 7', where =" =
r —W(x, x). ¥(x, x’) was the distance between the
two points x and x’ measured along a geodesic in the
3-space joining the points. If the two points are not
opposite each other on the spherical model of radius
R, then there are two ‘I’s for these points which are
less than 27R and an infinite number of possible ¥"’s
(and therefore an infinite number of retarded times)
obtained from these two by the addition of 2#nR,
where 7 is an integer. In the case of opposite points,
there are an infinite number of geodesics between the
two points, but each with the same smallest distance
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7R, to which we may again add 2=nR for the distances
along geodesics which wrap around more than once.
We have a number of possible choices to make as to
which ¥’s,and therefore which retarded times, one
allows in the solutions. Simplicity would indicate that
we accept either all of them, with a contribution to the
potential from the source at each retarded time, or
we accept only the shortest distance, as Katz assumed,
with a single contribution to the potential from the
source at the single retarded time.

Accepting all¥”’s leads to difficulties immediately in
discussing the potentials and fields of a single charge.
This is most easily seen in the case of a stationary
charge. At some point on the model we then find a
finite contribution to the field at a particular time due
to the source at each retarded time, which produces an
indefinite field when summed over all retarded times.
Of course, what is inconsistent here is that there must
be zero net charge in a closed model,’ and one must
include the contribution from some charge with the
opposite sign as well. Choosing only the shortest ¥’
leads to the vanishing of the effect of the source on the
potential and field for + — 7" > . As Katz showed,
this implies the existence of an equal and opposite
charge at the opposite point, undergoing a motion
similar to that of the original charge, and surrounded
by a field which would be interpreted as an advanced,
rather than retarded, one. However, by judiciously
superimposing solutions for pairs of charges in this
case, one can reproduce solutions which contain only
the retarded fields for arbitrarily moving pairs of
charges at any given time, and which, in fact, can
reproduce the field and potentials obtained by accept-
ing all'¥”’s as above. However, this is by no means the
only solution possible.

The questions posed here may be a result of the
high degree of symmetry in the closed spherical models.
One can picture the field generated by a source at =’
being propagated outward in all directions and then
being focused by the geometry to produce a singular
field at the opposite point at the time » = 7" + 7R.
The field could then be cut off by assuming an opposite

12 The potential for an arbitrary static charge distribution is found

to be 4, = X, g, cot ¥'(1 — ¥';/m), where ¥'; = ¥(x, x,), Ziq; =
0, and where there are no image charges.
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charge was present, following Katz, or one could
assume that the field would continue to propagate
away from the opposite point, where now no charge
is assumed to exist. The latter corresponds to accepting
all ¥’s in finding the contributions to the fields. If
the high degree of symmetry were not present, as
would realistically be the case since matter is not in
fact smoothed out, geodesics radiating outward from
the source would not in general converge to a point
on the opposite side of the model, and one could not
assume the existence of a single charge to cut off this
field. The field must then continue to propagate past
the opposite side. Moreover, such models would not
be conformally flat, and the electromagnetic signals
would then be smeared by scattering off of the Rie-
mann tensor and not propagated sharply along the
light cone. Therefore, we conclude that the physically
acceptable solution for the closed static homogeneous
model is that for which we admit contributions from
the source at all retarded times.

Considering the case of the closed Friedmann
models raises the same points, except that the discus-
sion about geodesics which wrap around the model
more than once is irrelevant. This arises from the fact
that the closed models are also finite in the time from
initial expansion to final collapse. This time difference,
expressed in terms of r rather than ¢, is 7 = 27R,
which shows that a signal can propagate around the
universe at most once in the age of the universe. The
only question which arises concerns the field at
the point on the model opposite the charge at a time
wR later than the charge which generates the field.
However, the arguments used above still apply. Only in
the highly symmetric case would one expect the rays to
focus to a point, enabling one to cut off the field by
assuming the existence of an opposite charge at that
point. In general one would expect the field to propa-
gate continuously until the universe collapses. There-
fore again we accept contributions from the source at
all retarded times which are inside the age of the
universe.
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Involutional matrices M(a, b, ¢) with three arbitrary parameters are introduced,based on a matrix
representation M(R) of the linear homogeneous transformation R € GL(2). Symmetry properties,
eigenvalues, and recursion formulas for the representation M(R) are obtained and specialized to the
involutional matrices M(a, b, ¢). A set of special involutional matrices A(&), B(§), C(§), and E(§) with
one arbitrary parameter & are introduced as special cases of M(a, b, c). Their relations are discussed.

1. INTRODUCTION

The purpose of the present work is to study the
mathematical properties of involutional matrices
which are the solutions of the simple quadratic
equation

x% = const X 1,

where 1 is the unit matrix. It is somewhat surprising
that this simple looking problem has a deep root in
various problems of mathematical physics. Well-
known examples of involutional matrices are the
Pauli spin matrices.

To illustrate the nature of the problem further, we
give two additional examples of involutional matrices
A(&) and B(&) with one arbitrary parameter £ which
the author has introduced in the recent work® on the
dynamical properties of the Ising lattice. The defini-
tions of these matrices are given by the generating
equations

(14 &0 =3 =3 4@ (D)

(5 - .V)v =ZOB(§)WY”, v = 0’ 1’ 25 .4, (12)
=

where ¢ is an integer. By the repeated use of these
definitions one can easily show that these (g + 1) x
(g 4+ 1) matrices in fact satisfy the involutional rela-
tions

[MOF =1+ 4, (1.3)
[B(OP = 1. (1.4)

These matrices describe the magnetic susceptibilities
and the Fisher’s algebraic transformation?:? of spin-
spin correlation of the regular Ising lattice with the
coordination number g. It has been shown! that the
matrix element A(§),, is closely related to the Jacobi

* This work was supported in part by the National Aeronautics
and Space Administration through Sustaining University Program
Grant GNR 18-002-005 with the University of Louisville.

t Present address: Department of Chemistry, Temple University,
Philadelphia, Pa., 19122,

1 Shoon K. Kim, J. Math. Phys. 9, 1705 (1968).

2 M. E. Fisher, Phys. Rev. 113, 969 (1959).

polynomial with the argument (1 — &)/(1 + &)
[see Egs. (3.12) and (3.21)]. Equation (1.2) which
defines the matrix B(£)is simply a binomial expansion.
An interesting special case of the matrix 4(&) arises
in the Fourier expansion of the following trigono-
metric function:

q
cos™™ fsin’ § = i227Y a,, W (1.5)
u=0

where a,, = A (£ = 1),,. We may note here that
when » > ¢, the right-hand side of Eq. (1.1) becomes
an infinite series. Accordingly, the matrix A(§) [and
also B(£) for v < 0] could be considered as a 0 X o
matrix. For further properties of these matrices and
their relations the reader is referred to the previous
work.!

Now we shall return to the general discussion on the
solutions of the simple quadratic equation. The one-
dimensional solution is trivial. The two-dimensional
solution is simply a traceless matrix I with three
arbitrary parameters

I=(a b)’
¢ —a

except for trivial constant matrices. If we regard this
matrix I as an element of the general linear homo-
geneous transformation group in two dimensions,
the matrix representation of I by means of a basis set
of gth degree homogeneous polynomials in two
variables yields a (¢ + 1) X (¢ + 1) involutional
matrix M(I) = M(a, b, c) with three arbitrary param-
eters. Obviously this process of obtaining the
higher-dimensional involutional matrix from the
lower-dimensional one must apply to the general
n-dimensional solution. However, we shall limit the
problem to the two-dimensional solution except for
giving only a brief discussion on the characteristic
relation between the involutional transformation in
GL(n) and its representation.

For explicit construction of the representation of
GL(2) we shall choose the representation which is the
transpose inverse of the ordinary representation
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originally due to Wigner.>* The reason is that the
present choice yields a direct correlation between the
symmetry properties of the group element and its
representation. According to this representation the
matrices 4(£) and B(&) are given by M(1, £, 1) and
M0, &, 1), respectively. Depending upon the ranges
of the values of &, we shall find it convenient to
introduce two additional involutional matrices C(§)
[= M(, & 0)] and E(§) [= M(&,1,1)]. The rela-
tions between these will be discussed.

The representation M(R) of the general homo-
geneous linear transformation R = (“!) in two
dimensions GL(2) has four arbitrary parameters
a, b, ¢, and d. It is instructive to show that the rep-
resentation M(R) is completely characterized by the
involutional matrix with a single parameter 4 (£ =
—bc/ad) multiplied by a simple product of @, ¢, and d
[see Eq. (3.13)]. Accordingly the study of one param-
etric involutional matrix carries most of the essential
characteristics of the four parametric representations
of Re GL(2). A simple exemplification of this point
is the fact that the matrix representation M[I(8)],, of
an involution /(6) which is an improper rotation by an
angle 0 in two dimensions is related to the representa-
tion M[R(6)],, of pure rotation R(6) € SO(2) by a
factor (—1)¥ [see Eq. (3.17)].

Guided by the relation between 4(£) and M(R) we
shall extend the previous work on the eigenvalue
problem and the symmetry properties of 4() to the
corresponding problem of M(R) and then specialize
the results for the involutional matrices M(a, b, ¢). To
facilitate the actual construction of these matrices, we
shall derive the complete sets of the recursion formulas
for the matrices M(R), A(§), B(§), C(§), and E(§). As
we have shown in the previous work,! the actual
matrix form of 4(&) is needed in the description of the
magnetic susceptibility of the Ising model. We shall
also investigate the integral orthogonal properties of
A(£) and E(£) by means of the corresponding proper-
ties of the Jacobi polynomials. Since so much work
has been done on GL(n), the author apologizes in
advance for not being able to give detailed bibliog-
raphy.?

2. A REPRESENTATION OF INVOLUTIONAL
TRANSFORMATION IN GL(n)

We shall give a brief preparation for the later
sections. Suppose that we have a set of p functions

3 For reviews, see M. Hamermesh, Group Theory and its Applica-
tion to Physical Problems (Addison-Wesley Publ. Co., Inc., Reading,
Mass., 1962); Quantum Theory of Angular Momentum, L. C.
Biedenharn and H. Van Dam, Eds. (Academic Press Inc., New York,
1965).

4 E. P. Wigner, Group Theory (Academic Press Inc., New York,
1959).
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F@),v=1,2,--+,p, of avectorr = (x;, x5,"" ",
X,) in a n-dimensional space which serves as a basis
for a representation of the group of linear homo-
geneous transformations R in the n-dimensional space
GL(n). The representation M(R) may be defined by

F,(Rr) = i M(R),,F(r) 2.1

for all R in GL(n). According to this definition, the
representation M(QR) of two successive transforma-
tions Q, R is given by the equation

F,(QRr) = glM(QR)quu(r), 22)

which leads to

M(QR) = M(Q)M(R). (23)

We note here that the present matrix representation
M(R) is chosen differently from the conventional
representation in mathematical physics due to Wigner*
and others®; the latter is the inverse transpose of
the present one [see Eq. (5.13)]. As we shall see later,
the present choice is particularly convenient in the
discussion of the symmetry property of M(R) in the
sense that the symmetry property of R is directly
reflected to that of M(R). We note also that, as far as
the definition (2.1) and the group property (2.3) are
concerned, singular transformations are not excluded,
since inverse transformation does not appear in the
definition in contrast with the conventional rep-
resentation.?*

For our present purpose we take a complete set of
linearly independent gth degree homogeneous poly-
nomials in n variables (x;,---,x,) as the basis
set {F,(r)}. Then the dimension of the representation
of GL(n) is given by

+n—-1
=)
q

and the representation M(R) is irreducible. By
definition, the basis function F,(r) satisfies the Euler
condition,

2.4)

F(dr) = ME,®X), v=1,2,--,p. (2.5
Accordingly, the representation satisfies
M(AR) = 2*M(R), R e GL(n). (2.6)

Obviously, the representation is one-to-g, since, for
A =exp (2miklq), k=1,2,---,q, the right-hand
side of Eq. (2.6) equals M(R). In the group theory,?
M(R) is said to be an invariant matrix of the matrix R.

5 D. E. Littlewood, The Theory of Group Characters and Matrix

Representations of Groups (Clarendon Press, Oxford, England, 1950),
2nd ed.
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Now if we take R =1 where 1 is the identical
transformation, we obtain
M) = A9. 2.7
Therefore, if I is an involutional transformation in
GL(n),
2= 11, (2.8)
then its p-dimensional representation M(I) is also
involutional and satisfies
[M(D]? = 1. (2.9
Since the representation is irreducible, M([) is involu-
tional only when I is involutional. This equation (2.9)
is the basic equation for the present work. In the
following section we shall introduce the basis function

explicitly and study the properties of the representa-
tion M(I) of the involutional transformation Iin GL(2).

3. REPRESENTATION OF AN INVOLUTIONAL
TRANSFORMATION IN GL(2)

We take the following form for the complete set of
gth-degree homogeneous polynomials in two variables
x and y,

q—v,,v

F@=x7", »=0,1,2,---,q. (3.1)

The linear homogeneous transformation R in two
dimensions is given by a 2 X 2 matrix

R= (‘C’ b) € GL(2), (3.2)

d

where a, b, ¢, and d are arbitrary parameters. Then,
from Eq. (2.1) we obtain the (¢ + 1)-dimensional
representation M(R) by

Fu(RE) = (ax + by)"™"(ex + dy)’ = 3 M(R),.F,(0),
(3.3)

Obviously, M(R) reduces to R when g = 1. For later
convenience we write down the explicit form of M(R),

_ k
M(R),, = a® " *b*c’ g (Z) (,Z _ ;;) (‘;—‘:) ,

where the limits of summation over & is given by the
conditions that the binomial coefficients do not
vanish or blow up. In the discussion of the integral
properties and symmetry properties of the matrix
M(R), it is useful to express the matrix elements in

(3.4)
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terms of the hypergeometric functions,®
iRy = (1)

U

X 2F1(—v, —u;q—v—pu+ l,gé)

be
— aa—vcv—udu(v)
u
be
x F( g v —p 1,—), 3.5)
ad

where ¢ — v — u > 0 for the first expression and
v > u for the second. These expressions are valid
even when ¢ and » are not integers provided that the
lad/bc] < 1 for the first and |bcjad| < 1 for the
second expression. However, we shall not make this
generalization.

Now if we exclude constant matrices, the most
general involutional transformation in two dimen-
sions is given by

I(a, b, c) = (a i ), [U(a, b, O = (a® + bo)l,
c —a
(3.6)

where a, b, and c¢ are arbitrary parameters. This is
obtained by the nontrivial solution of the quadratic
equation (trivial solutions mean constant matrices):

Rz_(a2+bc (a + d)b

@+de &+ bc) = const x 1,

We may state that nontrivial 2 X 2 involutional
matrices are traceless. We shall see later, however,
that the matrix representations of I(a, b, ¢) are not
always traceless, depending upon the dimension of
the representation. From Eqgs. (2.8) and (2.9) we have
for the (¢ + 1)-dimensional representation M(a, b, c)

of I{a, b, ¢):
a b
o =ul(; %))
@95, ¢) ¢ —a (3.7)
[M(a, b, 0)I* = (a® + bc).
The explicit form of this matrix representation is
obtained simply by putting d = —a in Eqs. (3.4)
and (3.5).
It is now a simple matter to understand why the

matrices A(&) and B(£) which we have introduced in
the introduction are involutional. In fact,comparing

8 National Bureau of Standards, Applied Mathematical Series,
Vol. 55: Handbook of Mathematical Functions, M. Abramowitz and
I. A. Stegun, Eds. (National Bureau of Standards, Washington,
D.C., 1964), p. 556.
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Egs. (1.1) and (1.2) with Eq. (3.3) we obtain

wwmall] 5] w0} 3]

(3.9)

which are certainly the representations of traceless
matrices. Depending upon the ranges of values which
the parameter & takes, we may find it more convenient
in application to introduce the following matrices:

comsi(l )] mo-sl(C L]

which satisfy (3.9)
[COF =1, [E@OF=1+ &) L
We have saved the symbol D for the conventional

representation due to Wigner.>* The generating
equations of these matrices are

(1 + &)=y =3 CE)*

u=v

(& + p(1 — Ey) = éOE(s)wy”. (3.11)

Comparing the generating equations (1.1), (1.2),
(3.10), and (3.11), we obtain the following relations:

(‘i) C(®), = (Z)B(&)uv,
E(&),, = EFFVA(ED),,.

It is also possible to express the representation M(R)
of the general linear transformation R € GL(2) in
terms of 4(§):

M[(‘Z 3)L=aa-ch—ﬂ(—d)"A(—z—;)w. (3.13)

The general nature and the usefulness of the involu-
tional matrix 4(£) lie in this formula. Further impor-
tant properties of the matrices 4(£) and B(§) are given
in the previous work.!

In order to have a further understanding of the
involutional transformation, we put @* + bc =1 in
Eq. (3.6) and obtain an involution defined by

(3.10)

(3.12)

(1 — be)t b )
Ib,c) = , .14
b, ¢) ( ¢ 0~ ) G
which satisfies [I(bc)]? = 1 for arbitrary values of
b and c. Since det 1(b, ¢) = —1, nontrivial involutions

do not belong to SL(2). By means of a similarity
transformation with the matrix 7" defined by

T= ((1) (b;)c)%)’

we can reduce I(bc) into a symmetric orthogonal
matrix which is still an involution

1(6) = TI(b, )T = (COS 6 sinf ) (3.15)

sinf —cosf
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where we have set (bc)% = sin 6. Obviously, for a real
value of 6, the involution J(6) describes an improper
rotation, a rotation R(6) of the coordinate system
(x,y) by an angle 6 followed by the reflection o, in
the x axis

1(6) = o,R(0), (3.16)

where

1 0 cosf sin0
= R = .
% (0 —1)’ ® (—sin 0 cos 0)

If we give the matrix representation of Eq. (3.16), we
obtain

MI(9)),, = (=1)’M[R(O)],,., (3.17)

which connects the representation of an involution
with the representation of the pure rotation. A trivial
but useful conclusion is that the right-hand side is
also an involution.

We can easily generalize Eq. (3.15) for the case of
I(a, b, ¢) when a? + bc # 1 to obtain

I(a, b, ¢) -1
(a® + bo)t
where T is the same as before and tan? 6 = bc/a®
Giving the representation of this equation we obtain

MIIB)],, = (a® + by (bje) ¥ M(a, b, 0),,, .
(3.19)

Using Eq. (3.13) and the second equation of Eq. (3.12)
we can express the right-hand side of this equation in
terms of A(&) and E(§) as

10)=T , (3.18)

MII(0)],, = cos" ™8 sin"™* OA(tan® 6),,

= sin? OE(cot 0),,,. (3.20)

Equations (3.18)-(3.20) connect the properties of
involutional matrices with the well-known properties
of the representation of the two-dimensional pure
rotation group. For example, we can expect the
integral orthogonal properties of the polynomials of
&, A(&)y,, and E(§),, from the orthogonality theorem
of M(R(9)),, which we shall discuss in the following.

Using the first of Egs. (3.5) we can express E(£),,
in terms of the hypergeometric function and compare
with the definition of the Jacobi polynomial” expressed
in terms of the hypergeometric function to obtain

EQm) = 71 + pH"PP((1 — D)1 + ), (3.21)

where we have denoted g dependence of E(%) explicitly

and
ﬂ=v_lu>_1’

a=qg—v—u>-—l1, n=pu.

7 See Ref. 6, p. 773.
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The Jacobi polynomials satisfy the orthogonal
theorem,?

1
Sl = f (1= x)(1 = xf PP ()P P(x) dx
-1

-5 21t (y + 2n /(y + Zn)
—"my+2n+1 n ) ﬁ-{-n’
(3.22)
where 4,,,, is the Kronecker delta and
y=a+ f.

Substituting Eq. (3.21) into Eq. (3.22) and using the
second equation of Eq. (3.12) and Eq. (3.20) we
obtain

* Ui n )

Tl = vt f Ay E e ) () i
= . n

=2 f o A VA (&) dE

(3.23)

p+m,m

=2 f MG 30, 36) sin 6 d6,
where the matrix M(36) equals either M[I(16)] or
M[R(36)]. We can simplify these equations further if

we introduce the “symmetrized representation” S(36)
by a similarity transformation of M(}6):

5230) = ( )M‘q>( )(Z)—%

The properties of this representation will be discussed
extensively in connection with the symmetry properties
of the representation M(R). Substituting Eq. (3.24)
into the last expression of Eq. (3.23) we obtain

(3.24)

[ smansinan sino as

As may become clearer later when we establish the
relation (Eq. 5.17) between S(u) and the Wigner’s
Di(u) function* where u is a unitary matrix, Eq. (3.25)
is nothing but the basic orthogonal theorem in the

double-valued representation of the three-dimensional
rotation group.

4. EIGENVALUES OF M(R) AND M(I)

First we shall calculate the eigenvalues of the
matrix representation M(R) of the general linear
transformation R in GL(2) defined by Eq. (3.2), then
specialize the results for the representation of in-
volutional transformation defined by Eq. (3.6). The
calculation is based on the following simple theorem.

Theorem 1: If R is a triangular matrix, then its
matrix representation M(R) is also triangular in
shape similar to R.

The proof is trivial. Suppose one of the matrix
elements & of R be zero so that R becomes a tri-

1229
angular matrix R, defined by
a 0
R, = . 4.1

¢ (c d) 4.1)

Then from Eq. (3.3) we obtain
a"(c + dy)’ =3 M, y" (4.2)

pu=0

Accordingly, M,, = 0 for 4 > ». In the analogous
manner, whenever one of the matrix elements of R
becomes zero, the nonzero matrix elements of its
representation M(R) form a triangle in shape equiv-
alent to R.

According to the well-known theorem, it is always
possible to transform any arbitrary square matrix
into a triangular matrix by a suitable unitary trans-
formation. Let U be such a unitary matrix which
transforms R into a triangular matrix R,,

0
)_=_R,,

€

U-'RU = (Z‘ 4.3)

where { is a constant and ¢, and ¢, are the eigenvalues
of R. According to Theorem 1 the representation
M(R,) is also triangular and thus its diagonal elements
are the eigenvalues of M(R). Substituting R, in Eq.
(3.3) we obtain the representation M(R,),

£#0,

£=0,
where 4,, is Kronecker’s delta. Therefore, the eigen-
values of M(R) are given by

1’=0,1,2,"’,q
The determinant of the matrix M(R) is given by

. Salg+1)
H €] ey = (5152) wart) =
v=0

M(R)),, = (”)
"

= 0, u€1 €,

(4.4)

a—v_Vv
€ €2,

(4.5)

det M(R) = Abatarn)

(4.6)
where A = ad — bc the determinant of the matrix R.
The trace of M(R) is given by

Tr M(R) = Zeg*"eg
= (EG{H - fgﬂ &1 — €2), € # €2,
= (q + 1), 6§ =¢€. (4.7)

We shall apply these general results to the repre-
sentation of the involutional transformation I(a, b, ¢)
defined by Eq. (3.6). From the definition, the eigen-
values of I(a, b, c) are +¢, where

€= (a® + bo)t, (4.8)

and the determinant is given by
det I(a, b, c) = —€ 4.9)
Accordingly, from Eq. (4.5) its representation

M(a, b, c) has only two eigenvalues +e? and its
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determinant and trace are

det M(a, b, ¢) = (—e)alet)

Tr M(a, b, c) = €, ¢ = even,

=0, ¢ = odd.

Therefore, when ¢ is even, the degeneracy of the
eigenvalue € is larger by one than that of —e’. We
may note here that the trace of a nontrivial 2 X 2
involutional matrix is always zero but the trace of its
representation is not necessarily zero. We also note
that all these properties of M(a, b, c) are described by
a single parameter €. This is not surprising because of
the following discussion.

If we restrict ourselves to the eigenvalue problem of
involutional matrices from the beginning we can
handle the problem more generally. Let M(J) be the
p-dimensional representation of an involutional
transformation I in n dimensions defined by Eq. (2.8).
Then rewriting Eq. (2.9) we obtain

MDX. = £4%,, X, = M)+ 29, (@411)
where + (—) sign should be taken for X, (X_).
Therefore, the eigenvalues of M(J) are 4237 and the
corresponding eigenvectors are given by the column
vectors of X, . At least half of these eigenvectors are
redundant. We can also write down the square of the
determinant M(I),

[det M(D)]* = A, 4.12)

where p is given by Eq. (2.4) and, in particular,
p =9q + 1for Ie GL(2).

(4.10)

5. SYMMETRY PROPERTIES OF M(R), S(R),
AND M(I)

To obtain the symmetry properties of M(I) we
first study the symmetry properties of the representa-
tion M(R) for the general linear transformation R in
two dimensions, many of which may have been known.
The most obvious symmetry property of M(R) arises
from the fact that F,(r) = x?y" is (g — »)th degree
in x and »th degree in y. With this in mind, inspection
of the generating equation (3.3) for M(R) yields

Mol =D)L

oz )]
L Ac Ad Vi
(]
Ac d v
]
L\C ld vi
— M (l“ ’“’)] (5.1)
| ZC ld 723

SHOON KYUNG KIM

Hereafter we refer to these as the Euler relations for
M(R). More frequently than not, we use these equa-
tions for A = —1, in which case combination of the
above equalities yields two additional properties,

ML= (D

_ (—1)“+‘”“‘M[ (“c” _”d)]w.

(5.2)

Further symmetries of the matrix M(R) arises from
the fact that the basis function F,(r) = x*y" is
invariant with respect to the simultaneous inter-
changes ¢ — v v and x 2 y. Applying this property
into the generating equation (3.3) of M(R) we obtain

ot - 9.
S ) e e

These equations mean the following. We regard the
matrices M(R) and R as rectangulars (not squares)
whose edges are parallel to the rows and columns of
the matrices. The set of symmetry operations P,
which leaves the rectangular invariant forms the
dihedral group D, which consists of three 2-fold axes
of rotation. Then the above equations (5.3) are written
formally as

M(P,R) = P,M(R), P,eD,. (5.4)

More important symmetry properties of M(R) arise
from the symmetry of the following bilinear form in
xand y:

éo éﬂdQ(%")vM(R)w(Q)”

d
= [ad + be(x + y + xy)]°, (5.5)
where we have used Eq. (3.3). Obviously the right-
hand side of the equation is symmetric with respect to

(x,y) or (b,c) or (a,d). Therefore, we obtain the
following theorem:

Theorem 2: The expression ()d*"~*b'ctM[(43)],,
is invariant for interchanges of two variables (v, u)
or (b, ¢) or (a, d).

By means of this theorem, if we perform the simul-
taneous interchanges (v==pu) and (bc¢) for the
expression defined in the theorem, we obtain

(Z) MRy = (Z) M(R),, , (5.6)
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where R is the transpose of R. Accordingly, if we
introduce a matrix defined by

(o (2"

S(R) = S(R). (5.8)

Since S(R) and M(R) are related by a similarity
transformation, S(R) is also a representation of
R e GL(2).Infact, S(R) is generated by the normalized
basis function f,(r) = x%y*/[(g — »)! »!}# which is
well known in the representatton theory of the
unitary groups in two dimensions®*

JARE) = > S(R),, f(F)-

We call this representation the symretrized rep-
resentation. Obviously, S(R) satisfies all the sym-
metry properties of M(R) given by Egs. (5.1), (5.2),
and (5.3). If we combine Eqgs. (5.4) and (5.8) we may
write the symmetry properties of S(R) formally as
follows,

S(R)y, = (5.7)

it satisfies

(5.9)

S(P,R) = P,S(R), P,eD,, (5.10)

where P, is a symmetry operation which leaves a
square invariant, regarding the matrices S(R) and R
as squares. The set of symmetry operations forms the
dihedral group D,. We can write Eq. (5.10) explicitly
as follows:

slle o) =slG L
=sla D=l 2
=51 L s
=slo sl e

Before we give further discussions on the symmetry
properties of M(R) and S(R), we discuss a couple of
elementary but important applications of these
symmetry properties. If we combine Eq. (5.8) with the
property that S(R)* = S(R*), where asterisk denotes
the complex conjugate, we can conclude that, if the
matrix R is symmetric or Hermitian or orthogonal or
unitary, then so is S(R) in each case. This is well
known but the present proof is direct and simpler than
the proof given by Wigner* for the case when R is
unitary.

The conventional representation due to Wigner? is
defined by

SR = z; £DDR),. (5.12)
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Accordingly, D(R) is given by S(R) as follows:
D(R) = S(RY). (5.13)
Since the inverse of R is given by
R =1—( d ‘b), A =detR = ad ~ be,
A\—c a
(5.14)
we obtain
I ()
—C a vu
= (=D)"AS(R)yyoys (5.15)

where we have used Euler’s relations (5.1) and (5.2)
and the last equality of Eq. (5.11). Accordingly, from
Egs. (5.13), and (5.15) we have

D(R),, = (—1)""A™S(R) (5.16)

It is obvious that, when A = I, the representations
D(R) and S(R) are equivalent. The Wigner function
DI(U)pym With j = 3¢ in the double-valued representa-
tion of three-dimensional rotation® is given by
‘:Dj(U)m',m = (_1)m’+mD(U)j_
= S(U)i+m’.j+m ’ (5.17)
where U is a unitary matrix belonging to SU(2). Note
that the suffixes of S(U) are always integers so that
half-integral suffix could be preferably avoided by
using the representation S(U).

We shall now return to further discussions on the
symmetry properties of M(R). Somewhat less elegant
but useful symmetry properties of M(R) are obtained
by using Euler’s relations and Theorem 2 concern-
ing the interchange (b <= ¢) or (¢ == d). The results are

MGl =G G A
=l
=) G C D
- ()],
=arm| (L 2]
- om0 )]

= @orearu[ (7 )]

(5.18)

a—v,q—4*

m’, j~m



1232

It is obvious that the symmetrized representation
S(R) satisfies all these equations besides Eq. (5.11).

We shall now specialize these symmetry relations
for the case of the involutional matrices M(a, b, ¢)
and S(a, b, c), where M(a, b, ¢) is given by Eq. (3.7)
and S(a, b, c) is defined by

ses=f[t )]

Because of the restriction d = —a, the number of
symmetry relations for these reduces. We write down
the results as follows:
M(a, b, ¢),, = A"°M(Aa, Ab, ic),,

= (—1)"""M(a, —b, —¢),,

= ('—1)q+v+"M(_a7 b» C)vu

= (¢/b)""*M(a, c, b),,

= (—l)q—v—u(c/b)v—”M(aﬁ b’ C)q—v,q—u

= (ab)q(__c/b)vM(a_lﬁ b—la c_l)v,q—lt

= (ac)(—bjcy*M(a, b, ¢ Myyu

(5.20)

(5.19)

Besides these the matrix S(a, b, ¢) satisfies
S(a, b, ©),, = S(a, c, b),,. (5.21)

Since the symmetry properties of A(£) have been
given in the previous work! we shall only give the
symmetry properties of E(§) = M(§,1, 1),

E(),, = (=1)"™E(=$),,
= (_1)q+v+uE(E)q—v,q~u
= (_I)VEQE(FI)V,Q—;;
= (—EEE Do (5.22)
and the corresponding symmetrized representation
E(&) = S(&, 1, 1) satisfies
E(8),, = E(4),y- (5.23)

Finally, for the representation S(6) = S[/(6)] of the
two-dimensional involution /(6) defined by Eq. (3.15)
we have

SOy = S0y = (= D)™ S(0) sy

= (—1)""S(=0),, (5.24)
and
S(%ﬂ- - 0)vu = (_l)vs(e)v,q—ua
S %71’ 0 v = —1 q-—uS 0 v,g—H *
=+ 6) (=180 (5.25)

S(7T - e)vu = (_1)q+v+us(6)vu s
S(m 4 0)yu = (=1)?S(0),,.-
As is well known, analogous equations hold for the

representation S[R(6)] of the proper rotation R(0) in
two dimensions. This is seen most easily from the
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relation
S(G)vu = (_ 1)vS[R(6)]vu s
because of Eq. (3.17).

(5.26)

6. RECURSION FORMULAS OF M(R) AND
INVOLUTIONAL MATRICES

In the derivation of the recursion formulas it is
necessary to denote the degree of the basis poly-
nomials of the representation explicitly, thus

Fior) = xy,
By definition we have
F(vq)(l‘) = Ff,‘i‘)(l‘)F(q—q’)(r),

v—v1

v=0,1,2,-"",4q.

1< g, v, <v. (6.1)

Introducing a linear transformation R e GL(2) in
this equation and expanding it by means of Eq.(3.3),
we obtain

']
M(q)(R)vu — z M(ql)(R)vlﬂlM(a—ql)(R)
p1=0
In the special cases where g, = 1 or ¢, = ¢ — 1, this
equation becomes
(g— —
ME = aM™ + bMISY

= cM + dM)

v—1,pu—1>»

(6.2)

V—=Vy,h—py *

(6.3)

where we have omitted the argument R for simplicity.
Equations (6.3) are particularly useful in obtaining
the explicit form of the matrix M(R). Actually these
are generalizations of the well-known pyramidal rule
for the binomial coefficients

-1 -1
=)+ G)
“ J p—1
In fact, Eqs. (6.3) reduce to this if we set R = (} 7).
Analogous recursion formulas are obtained if we

differentiate both sides of the generating equation (3.3)
of M(R) with respect to x or y,
(¢ — WM, = a(q — ML + oM 5T,

M@ = b(qg — M + dvM ')

v—1,u—~1*

(6.4)

The recursion formulas involving the differential
coefficients of M(R) are obtained by differentiating
the generating equation with respect to a or b or c or d.
The results are

0 -

é;Mi?ﬁ =(q —M&"Y,

d (a) (¢—1)

a_b Mv,u = (q - y)Mv,y—ly

G (g} (¢-1) (6.5)
aM‘m = VMv—l,y’

d () (¢—1)

a Mvu = VMV—I,‘L——I .
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Repeated uses of these yield the differential equation
for M(R):

)M(R) = 0. (6.6)

0* 0
(6aad ~ dbadc
These equations (6.3)-(6.5) form the fundamental set
of the recursion formulas.

We. can obtain an auxiliary set of recursion formulas
which exhibit the various homogeneous dependence
of M(R) on the matrix elements a, b, ¢, and d by
applying Euler’s theorem on Eq. (5.1):

0 0
(a %t b 53) M@ = (q — M,
9 9\ @ — @
(c o d ad) M@ = yM?,
(6.7)
0 0

i

(b__a_ + d"a—)Mf,"") — IuM(q)
and

0 0 0 d
= b — B d—=I1M'PR) = gM'?(R).
(“aa+ b ‘ot ad) (R) = aMFAR)

(6.8)

These formulas can be easily obtained by combining
the fundamental set (6.3)~(6.5).

Now we shall specialize these formulas for the
involutional matrices. The recursion formulas for the
general involutional matrices M(a, b, c) are not much
simpler than those of M(R) except that the first and
the fourth of Egs. (6.5) have to be combined. We shall
give the results only for the matrices A(£), B(§), C(§),
and E(&) which have more practical applications:

(1) A9E),, = M“”[(i _51)]”:

(@ (¢~1) {g—1)
Ay = A, + EAS

v,u—1
= A:q——ll;)l - Aia—-li);_l s
(@ — WAL = (g — VALY + 9450,
_ . 6.9
pA = (g — EASY — paey_, (69
k‘i&A:‘;’ = (q — NASY,.

Using the first two recursion formulas one can show
that the partial product defined by

b = ZOA‘V‘;’A?J, 0<s<gq, (6.10)
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satisfies the recursion formula
g’ = (1 + Haf T + A% AL (6.1

(2) B@),, = M[(; _f)] - (;) PR 1)

Bvu = ‘SBv—I,u - Bv—l,u-—l,
v — Bv = ‘Sva— ’
( y B v (6.12)
c—ig an =B, ,,.
From the first recursion formula one can show that,
forv>s2>u,

ZoBvdBau = (_])s("’ —a=

1)Bw, (6.13)

which has an important application in the transforma-
tion of spin-spin correlation functions of the Ising
model.!

0 -1 q—pu
Cl) = Cle? + £Clh)
= _C(q—l)
P yLp=1 (6.14)
5O =@ —naih.
@ E°@,=ml (7 )]
1 —& Jw
E{ = ESY 4 g
= E(q—ll) _ EE(Q—II) L
v—1,u v—Lu—1>
(q _ )E:q) = —y EE(,G-I) + vE:q_—l)_ ,
M) Lyy (q ) " 1,p—1 (6.15)

BEy =(q = WELL — 0B,

B = (= MY — B
(5) Finally we shall give the recursion formula for
the representation S@(R) which is defined by Eq.
(5.7). The fundamental set of the recursion formulas
of M(R), Egs. (6.3)-(6.5), gives the following for S(R):

(q — r)isy‘:‘) = a(q — lu)#s(q—l + bluis(q—l)

i v,u—1s
WS = olq — sl + dutsid,
(4 — WIS = a(g — Wisly? 4 evisien, (610)
sl = b(q — »¥sieh + atsi
0
2 Sw =g =g~ witse,
] _
= S =l ~ »ults,
2 (6.17)

o S =g - witsiet,

0 —
5‘; S:;Ia) = (”H)ési-a—lh);—x-
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Recursion formulas for this representation are rather
cumbersome if not complicated. One could avoid this
representation using M(R) together with the symmetry
property (5.6). If we use Eq. (5.17) we could write
down all the recursion formulas for the Wigner func-
tion DI(U) as well.
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The hyperplane formalism of Fleming is developed to include a discussion of the operations of the
Poincaré group, as seen by an arbitrary hyperplane observer. Basis states for the m > 0 irreducible
representations of the Poincaré group are re-expressed within the framework of generalized covariance
provided by the hyperplane formalism and are seen to be related to the conventional helicity states by a

special Lorentz transformation.

I. INTRODUCTION

Since the introduction of the helicity formalism by
Jacob and Wick!in 1959, helicity states and amplitudes
have become widely utilized in elementary particle
physics. The helicity formalism has most fruitfully
been applied in the theoretical development of and
calculations involving dispersion relations,? resonance
decay,® the absorption model,* and the Regge pole
model.® Despite the elegance of the Jacob and Wick
theory,! however, helicity amplitudes, although
covariant in a true physical sense, are not ‘“‘mani-
festly” so. This is, of course, related to the problems
of kinematic singularities discussed by various
authors.®

Fleming’ has given a technique based on his
“hyperplane” formalism for explicitly displaying the

* Work was performed in the Ames Laboratory of the U.S.
Atomic Energy Commission. Contribution No. 2433,

1 M. Jacob and G.-C. Wick, Ann. Phys. (N.Y.) 7, 404 (1959).

2 W. R. Frazer and J. R. Fulco, Phys. Rev. 117, 1603 (1960).

3 K. Gottfried and J. D. Jackson, Nuovo Cimento 33, 309 (1964).

1 K. Gottfried and J. D. Jackson, Nuovo Cimento 34, 735 (1964).

5 M. Gell-Mann, M. L. Goldberger, F. E. Low, E. Marx, and
F. Zachgriasen, Phys. Rev. 133, B145 (1964).

S H. P. Stapp, J. Math. Phys. 8, 1606 (1967).

? Gordon N. Fleming, J. Math. Phys. 7, 1959 (1966).

covariance of systems which are not manifestly
covariant in the usual sense. One of the merits of
Fleming’s hyperplane formalism, as interpreted by
Hammer, McDonald, and Pursey (HMP),? is that it
provides a convenient, covariant way of describing
various observers simultaneously with the observed
physical system. Fleming” has shown that operators
which are not usually considered to be covariant may
be generalized to forms which; by relating to operators
used by an arbitrary observer, are indeed manifestly
covariant. This sense of manifest covariance is
described in detail by HMP.#

The purpose of this paper is to construct helicity
states within the framework of the hyperplane
formalism. While the results are not expected to
resolve any currently outstanding problems in the use
of the helicity formalism, it is believed that further
developments along these lines will lead to a con-
siderably deeper insight into the relationship between
the observed system and the observer.

The hyperplane formalism is, most simply, a
restatement of the equivalence of the various inertial

8 C. L. Hammer, S. C. McDonald, and D. L. Pursey, Phys. Reyv.
171, 1349 (1968).
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Recursion formulas for this representation are rather
cumbersome if not complicated. One could avoid this
representation using M(R) together with the symmetry
property (5.6). If we use Eq. (5.17) we could write
down all the recursion formulas for the Wigner func-
tion DI(U) as well.
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observers. In the Minkowski space, with signature
(+ — — =), spanned by a given orthogonal tetrad

{1 =0,1,2,3}
= {(1,0,0,0), (0, 1,0,0), (0,0, 1,0),(0, 0,0, 1)},
¢))

an arbitrary spacelike hyperplane is defined by a unit
normal #*, with 7,7* = 1. The spacelike frame of
every inertial observer may then be said to span a
particular hyperplane. Fleming’ has called the partic-
ular hyperplane with #* = (1, 0) the “instantaneous”
hyperplane and this hyperplane is spanned by the
triad {e’: i = 1, 2, 3}. The observer with this particular
triad for a reference frame is called by HMP® the
“superobserver.” Observers associated with all other
hyperplanes are accordingly called hyperplane obser-
vers.

Fleming” has constructed operators which generate
infinitesimal transformations of the Poincaré group
but which are not, in the usual sense, canonical.
HMP® have shown how Fleming’s operators may be
constructed from the superobserver’s canonical Poin-
caré generators by performing on them a Lorentz
transformation which takes 7 into the specified
hyperplane normal 7. In this paper, these operators
will be shown to form what will be defined as a
“supercanonical” set of infinitesimal Poincaré genera-
tors. It will be seen that this set of operators are those
used by the superobserver to generate the Poincaré
group as seen by a hyperplane observer. In Sec. III,
the transformation parameters used by the super-
observer are found explicitly in terms of the corre-
sponding parameters used by the hyperplane observer.
In Sec. IV, the helicity representation basis states for
the m > 0 irreducible representations of the Poincaré
group as seen by a hyperplane observer are con-
structed. In Sec. V, these hyperplane helicity states are
related to the usual helicity states.

The HMP® interpretation of Fleming’s operators’
will be used, with the understanding that, unless
otherwise specified, all transformations are to be taken
in the ‘“active” sense. That is, once the hyperplane
observer’s reference frame is defined, all Lorentz
transformations will transform vectors and not
reference frames. Also, as with Fleming,” the hyper-
plane normal 5 will always be a c-number so as to be
identified with a macroscopic observer. As usual,
units will be chosen such that ¢ = /i = 1.

II. THE SUPERCANONICAL GENERATORS

The proper orthochronous Poincaré group is that
group of transformations, with typical element (/, a),
which carry the point with space-time coordinates x#
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into a point with coordinates x'* given by

x'* = lx* 4 a*,

)]
where
Mg =I5 = 67, det|ll=+1 and I[§>0. (3)

Under the subgroup of homogeneous transformations
of the form (/, 0), the quantity x,x* is left invariant.

Here, the indices u, v, -+ label vector components
with respect to the tetrad {e*: u=0,1,2,3} of
Eq. (1).

The infinitesimal generators of & are P* and M*,
and satisfy the commutation rules

[P*, P"] =0,
[P, M¥) = i(g"P* — g"P"),
[M*, M) @
— l-(guanP + ngMua — gﬂPMVU - gVGMﬂP).

No confusion will arise if the same symbols P* and
M are used to denote both elements of the abstract
Lie algebra of ¥ and the Hermitian operators which
represent these generators in the state space of the
quantum mechanical system under consideration.
Corresponding to each /€, there is an operator L
acting on the state space such that

L'P*L = 1P,
LIMPL = BIM®,

In particular, the operator L is taken to be unitary
and written as

()

L(w) = exp }io,,M*, ©)
where w,, = —w,, so that, at most, only six of the
components of o are independent.

One may further define the operators
Ji= M, NT= MY, 0, j=1,2,3,
WH = 3P M,;,, with €% =% = 41.
These operators satisfy the canonical commutation
rules

™

[P, P'1=[P*, W'l =0, [P%J]=0,

[P°, N*) = iP%, [P, N']=ié"P°,

[Ji, Ji] — _[Ni’ Ny] — ieia’ka’

[Pi’ J:i] — iGijkPk, [Ji’ NJ] — iéijka.
The P* generate four-translations, the J¢ generate
rotations, and the N’ generate “pure” Lorentz
transformations, which are homogeneous transforma-
tions in the i0-planes. Moreover, the operators P, P*

and W, W# are group invariants in that they commute
with all of the group operations.

(®)
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Since a homogeneous Lorentz transformation is, in
general, specified by six parameters, three may be
taken to be the parameters W, say, of a pure Lorentz
transformation /y, and the remaining three the Euler
angles a, 8, y for a rotation r. Thus; any such trans-
formation /(w) may be written as

H(w) = r(afy)l(w), )

where the w,, may be found in terms of «, #, y, and p.
The corresponding operator is given by

L[l(@)] = R[r(afy)]Lo[lo(w)]

R R S N G G S SR S
zaJezﬂJewJezuNezuNezuN‘

(10)

Alternatively, the same transformation may be
written as a Lorentz transformation /(») which takes
the vector 7 = (1, 0) into the vector 7 = ((1 + %), n),
followed by a transformation r(s; ) which leaves 7
fixed,

=€

l(w) = r(n; w)i(7), 2y

where n* = [*(n)7j¥ and r(n; w’)y* = n*. Following
Fleming,” the vector # will henceforth be thought of
as the unit normal to a hyperplane, the particular
hyperplane with normal 7 being called the “instan-
taneous” hyperplane. Each hyperplane will be
associated with an observer who has velocity v, say,
relative to the superobserver. The transformation /()
of Eq. (11) is then given by

L) = 65 — (/@ + 1),

lot) = i) =o', L) =n" > 1,
where the identifications #° = (1 — v3~% and n =
(1 — v&)~}v are made.

The transformation /(w) of Eq. (11) will be com-
pletely defined only if a particular triad spanning the
hyperplane, i.e., the hyperplane observer’s spacelike
frame, has been specified. For simplicity, a special
hyperplane tetrad (&' u=0,1,2, 3} will be defined
in terms of the superobserver tetrad {e*: u =0, 1, 2, 3}
by

(12)

(E7Y = Bn(e)” = Isn) = 7",

(EY = Bp)e) = L.
Here, the “primed” (“‘unprimed”) subscripts and
superscripts will label the hyperplane (superobserver)
tetrad to which the subscript or superscript refers.
As seen by the hyperplane observer, the tetrad of Eq.
(13) is written as

{E“':,u =0,1,2,3}
= {&, Y, g 53'}
= {[1,0,0,0},[0, 1,0,0], [0, 0, 1, 0], [0, 0, O, 11}
(14)

(13)
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where the braces (brackets) enclose the components
of a vector with respect to the hyperplane observer’s
(superobserver’s) tetrad. For the instantaneous
hyperplane, /#(7j) = 0%, so that the tetrad of Eq. (13)
is the superobserver’s tetrad, Eq. (1). From Eqs. (12)
and (13), it is clear that

(E Y, = EPE), =0,

(Ei’)u(y')u = &7 = §t

Any other tetrad {#, &":i =1, 2, 3} is then related
to the special tetrad of Eq. (13) by a Lorentz trans-
formation r(7; ') so that specification of an arbitrary
hyperplane observer’s reference frame is equivalent
to specification of 5 and r(»n; @’). In the following
discussion, the special tetrad of Eq. (13) will be taken
to be the hyperplane observer’s reference frame.

The transformations discussed from Eq. (9) to Eq.
(15) are “passive” transformations, in the sense that
reference frames are transformed. However, the
“active” interpretation is desired in the following
discussion. Hence, the hyperplane tetrads to be used
henceforth will be taken to be known a priori, defined
by relations of the type (7) and (13). Any other
hyperplane tetrad may also be used, by specifying it
a priori by Eq. (13), with /(%) replaced by r(n; o")(7).
With this understanding, there should be no ambiguity
as to the interpretation of Lorentz transformations.

In order to discuss the Poincaré operations as used
by a hyperplane observer, it is necessary to find the
infinitesimal generators for these transformations.
Following HMP,® one may use the transformation
I(n) of Eq. (12), with corresponding operator L(), to
define the hyperplane operators

H(n) = L(n)P°L7'(n),
K*(n) = l(n)L(n)P'L(n),
JH () = B(n)L(pJ*L (),
N¥(m) = ) L(n)N'L(n).
By using Egs. (3), (5), and (12), it follows that
H(n) = n,P*, K*(m) = P* — n"(5,P°),
JHm) = § M, m,, N¥(n) = M*y,, 17

which are the operators constructed by Fleming.’?
Furthermore, by using Eqs. (8) and’ (16), together
with the identities

Eln)g? = g** — n'n” (18)

(15)

(16)

and
EmLmLne ™A L (n) = —e" A (nn;, (19)
where

A(n) = L)L A'L™ () (20)

A* = pr_Jk

with
and AN,



HYPERPLANE HELICITY STATES

one may show that

[K*, K’} =0, [H,J]=0,
[H’ N#] =— iKI" [Ku’ NV] _ __l-(guv — nunv)H’ (21)
[J#, J'] = —[N* N*] = —ie""*J 3, ,

K4 J') = —ie"K,n,, [J*%N'] = =i N,

as was previously shown by Fleming.’

Since, from Eq. (17), the canonical generators P, J?,
and N' may be written as linear combinations of
Fleming's operators,” then these operators also
generate the Poincaré group. As seen by either the
superobserver or a hyperplane observer, these opera-
tors are not canonical operators in the usual sense.
The operators defined by Eq. (16) will henceforth be
called “supercanonical” in that their commutation
rules are the hyperplane generalization of the canon-
ical rules of Eq. (8). In fact, Eq. (21), together with
the constraints (7K) = (5J) = (yN) = 0, completely
define the structure constants for the abstract Lie
algebra of 9. In the case of the instantaneous hyper-
plane 7 = (1, 0), the supercanonical generators are
identical with the canonical generators P#, J¢, and N*
used by the superobserver.

The canonical generators used by a hyperplane
observer may now be defined by

P = H(y),
P = (&),K*) = LK (n),

. ., . 2
F o= @) = Lo, 2
N¥ = (§),N*(m) = Lm)N"(x).
It follows that, by using Eqs. (16) and (22),
0% = L(n)O*L7(n) (23)

where 9¥(9%) is one of the canonical generators
P%,J%, N¥(P2,J%, N¥) used by the hyperplane observer
(superobserver). Conversely, the supercanonical gener-
ators may be written in terms of the hyperplane
observer’s canonical generators

H = P%,
= I?Pi’,
Jt =18, 24)
N* = [*N¥,
By defining the quantities
8 = (51')”(51')v(8uv — M)
€ = (fi')u('fj')V(Sk')p(so’)deuvpa s (25)

one may show that P*, J*, N* satisfy Eq. (6), with
primes on all indices. Hence, the operators of Eq. (22)
are indeed the canonical Poincaré generators used
by the hyperplane observer whose reference frame is
the tetrad of Eq. (13).
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An operator which will be seen in Sec. IV to be of
considerable interest is the helicity operator II. For
the m > 0 irreducible representations, the helicity
operator used by the superobserver is given by

= JiPi(P:‘Pj)h%- (26)

Correspondingly, the hyperplane observer used the

operator
H(n) = Ji’Pz"(Pj'Pa")_% @7)

for his helicity. In terms of the supercanonical
generators, this hyperplane helicity operator is, from
Eq. (22),

Ny = ~J,KH =Ky (28)

which, for the instantaneous hyperplane, is just IT of
Eq. (26).

III. HYPERPLANE TRANSFORMATIONS

From Eqs. (17) and (24), it should be clear that the
supercanonical operators H, K*,J#, and N* generate §
as seen by either the superobserver or a hyperplane
observer. H and K* generate translations normal to
and parallel to the hyperplane, respectively, and the
J# generate homogeneous transformations within the
hyperplane. Transformations generated by the J¥
will be called ‘“‘hyperplane rotations” since the J*
generate a group isomorphic with the group of three-
dimensional rotations. Furthermore, the N* generate
homogeneous transformations in all planes containing
7, transformations which a hyperplane observer sees
as pure Lorentz transformations. From Egs. (17) and
(12), it is easy to see the relationships between the
various transformation parameters used by the
hyperplane observer and those used by the super-
observer.

For an arbitrary translation #(a), the hyperplane
observer uses the operator

T(’ﬁ t(a)) = e-ia”,P"' = ei(a”K“—rH), (29)

where o, = [!() a" and = = a°. For the same transla-
tion, the superobserver then uses the operator

T[t(a)] — e—iau(n)P" = ei(uﬂK"”—rH),

(30)
where it follows that

a'(n) = Kn)a”. 3y
An arbitrary hyperplane rotation r(7) may be
parametrized in terms of the Euler angles o, 8, y
as seen by the hyperplane observer, with corresponding
operator
Rl r(n; afy)) = =7 ¢ et
— eia,,(r,,a:).f“eiﬂu(n,ﬂ)J“eiy“(n,y).ﬂ"

(32)
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where
«, = aly(n), B, =pliy), and y, = yl(n).
The superobserver’s operator is

Llw(n; r(af7))]
' =eiv}w,,v((s',a)M#Veiirw,,v(z',ﬂ)Mﬂ“eiéw,w(a',y)Mﬂv’ (33)
where
(3, 0) = o€y 8’
02’y B) = Beyypaltn’.
Similarly, a pure Lorentz transformation as seen
by the hyperplane observer has the operator

(34)

Lln; o)) = 'V = gnulwN¢ (35)

with v () = I,’;(n)u"'. As seen by the superobserver,

L[w(n; u)] — ei%wuv(q;u)Muv’ (36)

where
wuv(n, u) = Upnv - vvnu = (IL"YV - l:’h)ul’- (37)

IV. HYPERPLANE HELICITY STATES

The basis states for the irreducible representations
of ¥, as seen by a hyperplane observer, may now be
constructed. Here, only the m > 0 case will be
considered. As in the conventional treatment,! basis
states are labeled by the eigenvalues of the various
hyperplane observer’s operators, consistent with
Eq. (8) with primes on all indices: |n; (ms)epl),
which satisfies

P¥ |yy; (ms)epd) = p*' |9; (ms)eph),

P |n; (ms)eph) = e(p,py + md} [m; (ms)epd), (38)
&(n) [n; (ms)yepl) = € |n; (ms)eph),
I(n) |n; (ms)epA) = 4 [n; (ms)epA),

where é(n) = PY/|PY| is the hyperplane observer’s
sign-of-the-energy operator and Il(%) is his helicity
operator, given by Eq. (27). Here, p is taken to
represent [p', p¥, p¥]. The first entry in the ket
symbol, followed by a semicolon, is used to specify
the observer’s tetrad. In this case, 5 specifies the
special hyperplane tetrad of Eq. (13).
The normalization is taken to be

(n; (ms")e'p'A | m; (ms)eph)
= Zw(P)as’sbe’eaz’;.aa(P, —-p)» (39

where w(p) = (p,p, + m®}. These states are, as
seen by the hyperplane observer, the same as the
conventional states used by the superobserver.

Using the little-group technique,® one defines the
state |5; (ms)e0A) which corresponds to a hyperplane

5 L. P. Bouckaert, R. Smoluchowski, and E. Wigner, Phys. Rev.
50, 58 (1936); E. P. Wigner, Ann, Math. 40, 149 (1939),
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standard four-momentum pj = em[l, 0,0, 0], such

that , ,
P¥ [n; (ms)eOA) = p* |n; (ms)e04). (40)

As seen by the superobserver, thisstandard momentum
is p* = emn*. The parameter A is defined to be the
component of spin in the & direction so that

J¥ |n; (ms)eOA) = A |n; (ms)e0A). 4D

The little group is the group of transformations which
leave j fixed, which is in this case the group of
hyperplane rotations, (7). Under operations of
R(n), the states of Eq. (40) transform according to

R(n, r(n; afy)) In; (ms)e0A)
= > Dilr(n; «By)] n; (ms)eO), (42)

where r(17; «By) is a hyperplane rotation with Eulfer
angles «, B, ¥, and with corresponding operator
R[n; r(n; aBy)] given by Eq. (32). Also, D*(r) is the
usual (25 4+ 1)-dimensional irreducible representation
matrix of the rotation group.

The general state is then defined by

In; (ms)eph) = Hiy(n; p) In; (ms)e0R),  (43)

where
Hy(n; p) = R(y; r(p)Z(n; z(p")).

The transformation z(7;p’), with operator Z¢(;
Z'(p')), is a Lorentz transformation in the &% direction
such that

;0P = p' = [e(m® + p)2, 0,0, p],

with p = (p,p,)t. The transformation r(p), with
operator R(7; r(p)), is a hyperplane rotation such that

(46)

(44)

(45)

r(pp’ = p = [e(m® + pt, p*', p*, p*1.

The general state defined by Eq. (43) is then seen to
transform under a general hyperplane transformation
I(n, w(n)) according to

L{n; i(n; @)1 |n; (ms)eph)
= 3 D3,ltn; D] In; (ms)ep'),  (47)
where g

Py = Li:n; o(m)p, (48)

tln; 1) = k(s 1p) k5, p)
is an element of the little group R(#), with operator

Tly; l(n, )] = Hgln, 1p)7'L(n; DHG(n, p). (49)
From Eqgs. (41), (43), (27), and

and

HM(pH, = 27712’ = J¥, (50)
it follows that
(%) |n; (ms)epd) = A|n; (ms)eph).  (51)
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Hence, the general hyperplane state of Eq. (43) is an
eigenstate of the hyperplane helicity operator I1(7),
A being interpreted as the component of spin in the
direction of p = [pY, p?, p*']. For the particular case
of the instantaneous hyperplane, these states are
identical with the conventional helicity states:

|7]; (ms)epl) = |(ms)epi). (52)

It was seen in Sec. I1I that the Poincaré group as
seen by a hyperplane observer may also be param-
etrized in terms of superobserver variables. Indeed,
by utilizing the intermediate status of the super-
canonical generators, the hyperplane helicity states
may now be written in terms of parameters used by
the superobserver. Such states may be defined by

|75 (ms), e(n), k(n), A(n)) = |n; (ms)epA), (53)

where k, = (§),p, = li(n)p, is the hyperplane
momentum as seen by the superobserver. Where the
context permits, these states will be written as
17; (ms)ekX), where it is understood that k = k(n),
€ =¢e(n), and A= A(n). Due to the constraint
n,k* = 0, the symbol k(u) in the ket of Eq. (53) need
only represent (k', k?, k®). Then, from Eqs. (24) and
(38), it follows that

H(n) 1755 (ms)ekd) = e(m® + k2 |75 (ms)ekd),
K*(m) |75 (ms)ekAy = k* |ij; (ms)ekA),
&(n) |7]; (ms)ekd) = € |ij; (ms)ekd),
H(n) 1775 (ms)ekAy = A |7j; (ms)ekA),
where k? = —kk* >0 and k° =7 -K/7® is well

defined. From Eq. (47), these states are seen to trans-
form according to

L{i(y, 0)]177; (ms)ek)

(54)

= 2 DyaltCn, DY 177; (ms)ek'n),  (55)
where k,, = [X(n, 1(17, w))k, with
i s @) = LIi(n; o))
= (§),l1(n; )& (56)

By using Eqs. (33) and (36), the hyperplane observer’s
operators L(n, ) and T(#, t) have been replaced by
the corresponding operators L(I/(n, w)) and T(i(n; w))
used by the superobserver.

The normalization of the hyperplane states of Eq.
(53) is found by considering the invariant integral

1= [ s € et = b
(57
used by the hyperplane observer. This integration
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can be extended to p* by noting that since d%p =
dp' dp¥ dp* and

f PpF(p) = f PpF(p) f dp*8(p") = f )
(58)
then

1= f s 8070 (U s (e (9

Alternatively, the variable transformation p, =
I(mk, yields
J d*kd(nk)
I = 3
2(m® + k%)
where k? = —k,k*, and d’p = d*% and p* = [}k, =
n*k, have been used. Hence, the normalization is
given by
(71 (ms')e'k' A | 77; (ms)ekd) = 0,,0,.8,.,0(k" — k),
(61)
where, analogous to the usual Lorentz invariant
o(p" — p) = 20(p)&(p’ - p),

Sk — k) = 277°|:m2 ¥ kk, ~ (’-7"—0"")2]‘%53@' - k).
! (62)

V. CONNECTION BETWEEN HYPERPLANE
STATES AND CONVENTIONAL HELICITY
STATES

To see the connection between the Poincaré basis
states of the hyperplane observer and the conventional
helicity states used by the superobserver, it is perhaps
easiest to first note that the hyperplane rest states of
Eq. (40) are related to the conventional rest states! by
the transformation /(#) of Eq. (12):

|n; (ms)e02) = L(n) |7; (ms)eOA),

(@ (ms)e' k'3 | 1; (ms)ekA),  (60)

(63)
where
I(n)(em, 0) =

The transformation /() may be used either in the
passive sense, in which case it transforms the tetrad
{e*} into {&#}, as seen by I(n) (em, 0) = [em, 0], or in
the active sense, in which case it transforms py, =
(em, 0) into p* = emn*. Acting on the ket vector used
by the superobserver, L(7) must be taken in the active
sense, since the ket is associated with the fixed super-
observer tetrad {e*}. Appearance of the passive
possibility is due to the definition, Eq. (13), of the
hyperplane observer’s tetrad.

Using the transformation property Eq. (55) for the
instantaneous hyperplane states, which have been

eml(n)7] = emn = [em, 0]. (64)
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seen to be identical with the conventional states,!
Eq. (63) becomes

s (ms)e0Ay = > D3 [1(; W] 1775 (ms)epu), (65)
where j* = emn* and

H7j; I0n) = HG; Ip) " LHY; p)  (66)
is an element of the group of rotations in the instan-
taneous hyperplane. Also, from Eq. (23), it follows
that J¥ = L(5)J3L~1(%) so that the helicity interpreta-
tion is clearly preserved:

J3 |75 (ms)e0A) = L (n)J¥ L(m)LY(n) |n; (ms)e0R)
= 1 |7}; (ms)e0A). 67)

From Eq. (43), the general state for the instanta-
neous hyperplane is given by

|75 (ms)epA) = Hy(dj; p) |7; (ms)e02), (68)

with

p = hy(P)po = r(P)zo(P)Py - (69)
Here, hi(p) = h;(7j, p) is a Lorentz transformation
z5(p) in the € direction which takes p, = (em, 0) into
p = (e(m?® + pz)%, 0,0, p), followed by a rotation
r(p) = r(ij, p) which takes p’ into p = (e(m? + p??, p).
Then, by using Eqs. (43), (63), and (66), the connec-
tion is found to be

In; (ms)ep'd) = Hns DLODHE™ (7, p) 13 (ms)epd),
(70)
with

p’ = hi(n; P)hy; 7P, (1)
and p’ and p refer to the same momentum vector as
seen by the hyperplane observer and superobserver,
respectively. However, from Eqs. (12) and (13), one

also sees that

Py = (2, = Em)p, = (T (), (72)
This comes about owing to the definition of the
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hyperplane tetrad {£*} so that, in Eq. (72), the
transformation /(%) must be interpreted in the passive
sense. With the understanding that the corresponding
active and passive transformation operators are
related by L, = L, it follows that

Hi(n; p)LH(7; p)™" = L(n) (73)
with the active interpretation. Hence, Eq. (70)
simplifies to

|77; (ms)ep’A)y = L(n) |7]; (ms)eph). (74)

The superobserver’s hyperplane helicity state is then
related to his helicity state by

|75 (ms), e(n), k(n), A(n)) = L(n) |7j; (ms)eph), (75)
with
k) = Lmp;. = LmImp, = p, — 1.0°p,).

It then follows that the connection between the
states used by observers on two different hyperplanes
71 and 775, with corresponding tetrads {&, } and {&, }
defined by Eq. (13), is given by

|m2; (ms)epyh)y = L(ne) L (ny) |y (ms)epy Ay (76)

where (py),. = [(n2)l7(n)(p1), - The superobserver’s
hyperplane helicity states for the two hyperplanes are
then related by

Iﬁs (ms), 6(772)’ k(772)’ 1(772»

= L(na)L"Y(ny) |7]; (ms), (), k(n1), A(n)), (77)
where
kiny) = (6 — nemlky(n) + hl"hv],
Iy = (p)y = e(m® — ky, k), (78)

k(nomt = k(n)ns = 0.
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It is shown quite generally, through a correspondence between S-matrix and classical descriptions of
particle states and of their measurements, that an S-matrix theory actually leads, under_ appropriate
conditions, to the classical space-time description of interactions, involving the usual ciassical concepts

and formulas.

I. INTRODUCTION

Does S-matrix theory describe such complicated
processes as the creation of straight tracks in a bubble
chamber? This is the kind of questions that we aim to
solve.

The above process is usually described in a classical
way. In that classical description, since particles
propagate in space-time, they can be submitted to
some measurement or can have some interaction with
other particles. The concepts of localization in
space-time, of locality of an interaction, of causality,
and of separate or successive interactions are used
and corresponding formulas are written.

On the other hand, the theorist introduces an S-
matrix formalism to which all the above concepts are
foreign at first.

Our purpose is not only to study which more or less
qualitative hints indicate that S-matrix theory could
actually describe the processes quoted above, but
mainly to show, through a correspondence between
S-matrix and classical descriptions, that, under special
conditions, S-matrix theory actually leads to the
usual classical description and formulas.

What we are going to do is, then, as follows.

In Sec. 11, we recall the general features of S-matrix
formalism and study to what extent some general
properties of the S matrix can be good candidates to
account for classical concepts.

In Sec. 111, we establish a correspondence between
S-matrix and classical descriptions of particle states
and their measurement apparatus and study why,
when, and to what extent it is a good candidate in
order to compare S-matrix and classical results.

In Sec. IV (for single scattering) and Sec. V (for
multiple scattering), we will then actually show how
S-matrix theory leads to the classical formulas for
transition probabilities in many interesting cases.

In Sec. VI, we show how these results lead to the

* This work is an enlarged and rtevised version of *S-Matrix

Theory and Phenomenological Space~Time Description,” University
of California, Berkeley, preprint.

usual classical description of preparation and evolu-
tion of a state and as an example, we answer the above
straight-tracks problem.

Spinless particles with nonzero masses are con-
sidered and we adopt a system with % = ¢ = 1.

1I. S-MATRIX FORMALISM: GENERAL
PROPERTIES

The general features of an S-matrix formalism are
givenin Sec. II.A. Sections ILB-ILD are devoted to the
study of the general properties which can account for
the classical concepts and formulas.

Among those, some are closely related to the
classical aspect of the description of the states (locali-
zation in space-time, locality of an interaction, etc.).
Some others can be stated in the form of a property
(P) of the transition probability, which is independent
of the detailed description of the states, involving only
space-time translations of states.

This concept of space-time translations is intro-
duced in S-matrix formalism by assuming the existence
of a representation of the Poincaré group in the
Hilbert space of states; a usual line of thought is the
following: the property (P) of the transition proba-
bility will also be assumed, in some way to be made
precise, in S-matrix theory. One looks for the induced
property of the S matrix or S-matrix elements, which
we call (H).

Conversely, one determines if some hypothesis of
type (H) gives back property (P)—at least under
special conditions. If these are less restrictive than the
conditions used to obtain the classical formulas, it is
reasonable to think that the hypothesis (H) actually
accounts for the classical concept and formula corre-
sponding to (P).

In Sec. I1.B, we study how Poincaré invariance of the
transition probability is related to the “energy-
momentum conservation” of the S matrix. In Sec. II.C,
we study how some cluster property of the transition
probability is related with a property of the connected
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amplitudes of a cluster decomposition (following
Refs. 1 and 2).

It is tempting to use this approach in order to
account for the classical concept of successive (or
multiple) scatterings. However, it becomes in that
case rather ad hoc to get precise results. A general
discussion is given in Sec. [I.D and a more precise
short account of what can be said is given in Appen-
dix A.

A. General Features

The S matrix is usually understood as an isometry
of a Hilbert space J.

In the following, we consider the usual Fock space.
One-particle states are the space L2(R®) of square-
integrable functions and many-particles states are de-
scribed in the corresponding Fock representation.

The transition operator T is defined through

S=1+iT. (1)

An ensemble of final states of » particles is described
by an efficiency matrix F,. The operator F, is
Hermitian and positive-definite, asis 1, — F,, as well,
where 1, is the identity operator of the subspace of
n-particle states and

0<F, <1, @

With some orthonormal basis |¢,), F can be written
as F =Y, ¢, |9,){(pl, where the efficiency coefficients
¢, for the state |g;) are positive and less than unity. It
leads to the general characterization given here in
Eq. (2).

As is well known, a density matrix, furthermore,
satisfies the equation Y, ¢, = 1 which leads to Eq. (3).

An initial state of m particles is similarly described
by a density matrix {,, which satisfies

04, L1 @)

Trmy {m = 1. 3)

The transition probability W of an initial state
described by the density matrix {,,, when the measure-
ment apparatus is described through the efficiency
matrix F,, is

and, furthermore,

W =Tt [y TP o Thun (4)
where T,,, is the restriction of T to the initial space of
m particles and the final space of n particles.

Because of the above properties of {, F, and T, the
transition probability W enjoys the expected property

o< W<l Q)

1 E. H. Wichmann and J. H. Crichton, Phys. Rev. 132, 2788
(1963).

2J. R. Taylor, Phys. Rev. 142, 1236 (1966). Other interesting
aspects of the cluster decomposition are discussed in M. Froissart
and J. R. Taylor, “‘Cluster Decomposition and the Spin Statistics
Theorem in S-matrix Theory,” Princeton University preprint, 1966.
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In the following, it will be useful to consider the
kernels associated with the operators T,,,,, Syuns> {ms
F, in the momentum representation.

The normalization will be

[ =1,
2p,
(| p) = 2pd(p — P),
po = (p* + mz)%_
The kernels exist as temperate distributions, the
order of which can be bounded. Consider, for the
sake of simplicity, an operator 4 bounded from
L*(R3?) to L2(R®). It can be extended to a continuous
operator from § to §’, which implies that the kernel
exists as a temperate distribution due to the nuclear
theorem. As it is, furthermore, continuous from
L*(R?) to L*(R3), the order of this distribution can be
shown to be bounded by Eq. (4). Due to properties
(2", (3), the kernel {,(p1 " Py, P, - P,) is also a
square-integrable function

, d dp
fllm(pl"-,pl---)lzﬁ---—"}---=1, )
2pyo 2pyo

The transition probability W can then be written as

(6)

W=me(p{'-'p£n,pl"'pm)Fn(ql"'qn,q{--'q;)

X Tmn(pl' ' 'pm’qlb'.qn)
X TraPL " Pms@i” " " Qn)

x T2 T2 T 2R 2 ®
i1 2Py i=1 24y i=1 2Pig i1 2419

One should keep in mind that the meaning of the

right-hand side of Eq. (8), where products of distri-

butions have been written, is nothing else but the

right-hand side of Eq. (4). However, we will in the

following make further hypotheses on the kernels

involved and use approximations which will explain
the use of Eq. (8).

B. Energy-Momentum Conservation of the S Matrix

The property (P) which is considered here is
Poincaré invariance. Let us assume that it holds in
S-matrix theory for any given initial and final states
and every element (@, A) of the Poincaré group

W(a, A) = W. )

It implies the existence of a phase 6(a, A) such that
U(a, A)TU(a, Ay = 0T (10)

U(a, A) is the representation of the Poincaré group.
Equation (10) is obtained using the theorem that two
linear bounded operators such that (f| 4 |g) = 0 <~

(fI Blgy =0, for all (f,q), are proportional. The
modulus of the proportionality constant is unity here.
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The phase 0, being a representation of dimension

one of the Poincaré group, is a constant. Thus,
[U,T] = 0. 1

Let us note that a postulate concerning only trans-
lational invariance (of the transition probability)
would not be sufficient to get a similar result (with U
being a representation of the translations).

Equation (11) implies, in particular, the “energy-
momentum conservation” of the S matrix. A precise
definition of what is meant in general by energy-
momentum conservation of an operator and its rela-
tion with translational invariance of this operator is to
be found in Ref. 3.

The case of a Fock space and of the S matrix is a
special one.

If we look at the properties induced for the matrix
elements, Eq. (11) implies that the matrix elements
T,., can be written as a product of a global d function
of “energy-momentum conservation” by a kernel 7,,,
defined on the corresponding hyperplane:

Tl 20 ) = tmad(300 = S.4). (12
This result is obtained by considering the quantity:

T:"’fr)l,(a) =| TPy 5 )PP )

x exp [ia(% p; — 2 gl dp; 7 du;.
Taking its derivative with respect to a yields
(@)
oT*" _ 0,
da;

(37 -3 a)Tm=0 (14

which yields Eq. (12). As a matter of fact, we get
formula (12) only when the distribution kernel 7,,, is
restricted to the dense subspace of test functions with
supports such that all velocities cannot be equal all
together.

Conversely, assuming energy-momentum conserva-
tion of the S matrix, we get translational invariance
of the S matrix, of the transition amplitudes, and thus
of the transition probabilities for all initial and final
states.

If the assumption is that the T-matrix elements
satisfy Eq. (12), it yields translational invariance of
the transition amplitudes (and probabilities), at least
for'a dense subspace of states (which depends on the
nature of the ¢,,,).

i=0,123, (13)

C. Cluster Property of the S Matrix

One deals in a similar way with the concept of
separate interactions.

3 D. N. Williams, J. Math. Phys. 8, 1807 (1967).
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As in the classical case, it is assumed that the main
contribution to the transition probability, when
subgroups of initial and final particles are taken away
through 4-vectors a, b, - - - , is obtained by calculating
the product of partial transition probabilities.

What is meant by main “contribution’ is made pre-
cise by Taylor? as a condition of uniform convergence
in |a2 4+ a?|, |b® + B3,---, for |a%+ @l — + oo,

|b2 4+ bE[ — 40, - - - . He is then able to show that
it implies a factorization property of the transition
amplitudes.

As emphasized by Wichmann and Crichton,! then
Williams,® we can, independently of the property
stated above, consider a cluster parameterization of the
S matrix (which is just a combinational mechanism):

T, = ;H T, {15)

where I is -any decomposition of the set m, n into
subsets.

A result by Williams?® tells us that the 77, param-
eters are also bounded operators,as are the T,,,. In
this special case, they also conserve *“‘energy-momen-
tum” as do the T,,, operators and their kernels can
also be written as the product of a ¢ function of
“conservation of energy-momentum’ with a kernel
defined on the corresponding hyperplane:

Tfnn(pl U Pms @t T qn) = t:nné(g b — ; qz)
(16)

The factorization property of T, is then equivalent
to a further property of the connected amplitudes: if
subgroups of initial and final particles are taken away,
the amplitude of the matrix 7, goes to zero.

It may seem too strong to consider the fac* ‘rization
property for all initial and final states and some
authors'? prefer to consider it only for subspaces of
states—for instance the subspaces D or S (of test
functions of distributions or temperate distributions)
of L2(R3). The special conditions used to obtain the
classical formulas are, in the usual cases, still more
restrictive. The equivalent property of the matrix
T,  stated above refers to the subspace considered.

In all cases, the T, kernels have the form given in
Eq. (16) and, in particular, the t;, kernels do not
contain any ¢ function of partial conservation of
energy-momentum (nor any derivative of 4, of
course). Further hypotheses on these kernels will be
studied in the following.

D. One-Particle Singularities

Let us consider a scattering involving initial particles
A, B, C and final particles A;, B;, C;. The kinematical
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and other (superselection rules, etc.) conditions allow
the possibility of partial scatterings 4 + B— 4, + M,
M + C— B, + C,, for some particle M—all other
partial scatterings of this type being forbidden.

If particles C, B,, C, are taken away with a timelike
4-vector p (p > 0) the main contribution to the
classical transition probability is obtained through a
formula corresponding to successive scatterings 4 +
B—>A, + M, M+ C— B, + C,.

One first determines the state of the real intermedi-
ate particle M, which may be either stable or not. The
probability of the second scattering is then calculated
and gives the final result.

In that case, the description of the intermediate
particle state is involved. Let us note that, in the usual
classical situations, the two scatterings can be well
enough localized in space-time and the intermediate
particle M can be considered as freely propagating
when the second scattering takes place.

If it is, furthermore, a stable particle, the above
property of the transition probability can be stated
independently of the description of the states.

The following property (P) would then be assumed
in S-matrix theory: the main contribution for large
po to the transition probability of the scattering
A+ B+ C— A4, + B, + C, is obtained by con-
sidering a first scattering 4 + B — 4, + M, evalu-
ating the final state of particle M, reinterpreting it as
an initial state, and calculating the transition proba-
bility of a second scattering M + C— B, + C;.

One uses then the same line of thought as in Secs.
IL.B and II.C. What is meant by main contribution can
be made precise with the help of more or less strong
hypotheses which imply the existence of the well-
known propagator in connected S-matrix elements.*8

Conversely, one may assume a polelike behavior
of the S-matrix elements plus some related hypotheses
and find back the above property of the transition
probability.”®

One may also assume a Landau-type behavior of the
S-matrix elements. Simple qualitative arguments!® are
hints which indicate that Landau singularities in the
physical region may correspond to some related
physical processes. Then, it is also possible to deduce
some related property of the transition amplitude,?
thus the transition probability.

G. Wanders, Helv. Phys. Acta 38, 142 (1965).
K. Hepp, J. Math. Phys. 6, 1762 (1965).
D.

® o .

I. Olive, Phys. Rev. 135, B745 (1964).

7 A. Peres, Ann. Phys. (N.Y.) 37, 179 (1966).

8 H. P. Stapp, Phys. Rev. 139, B257 (1965).

? D. Iagolnitzer, J. Math. Phys. 6, 1576 (1965). A first study to
show how S-matrix formalism leads to the classical formulas will
be found in particular cases.

19'S. Coleman and R. E. Norton, Nuovo Cimento 38 (1965).
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We give an account of such attempts in Appendix A.

However, the hypotheses used, either in the precise
statement of property (P), or together with the polelike
or Landau-type behavior to get some property of the
transition amplitude, are rather arbitrary and not
unique. On the other hand, even if we assume any of
them, the classical formulas have still to be obtained.

We will then, assuming the polelike behavior in a
weak form, directly show how it leads, under special
conditions, to the classical description and formulas.?

1. CORRESPONDENCE BETWEEN QUANTUM-
MECHANICAL AND CLASSICAL DESCRIPTIONS
OF STATES

Section I11.A is devoted to the analysis of the classi-
cal description of particle states and their measure-
ment apparatus through probability densities and
measurement efficiencies in phase space.

Following Wigner,11'12 we introduce the density and
efficiency functions associated in quantum mechanics
to the density and efficiency matrices. Invariant
density and efficiency functions are also introduced.
The general properties of such functions are studied
in Sec. III.B. Cases where the Wigner functions are
actually positive and smaller than one are given. In
all cases, it is shown that these functions, once they
have been smoothed out over a phase space region of
dimensions larger or equal to one are always positive
and smaller than one (i.e., enjoy a property required
for the classical probability density or measurement
efficiency).

Invariant density or efficiency functions are shown
to enjoy a similar property in the approximation
where the quantity 1/m is negligible compared to the
space diameter of the phase-space region considered.
Note that 1/m = A/mec. In the nonrelativistic case, the
condition is then always satisfied (¢ = + o).

These properties are already a first hint that such
functions are actually good candidates for a corre-
spondence between quanturn-mechanical and classical
descriptions.

In all what follows, a situation will be said to be of
a classical type if the density or efficiency functions
involved can be replaced with a good approximation
by functions enjoying the properties of classical
probability density or measurement efficiency. We
also say that the classical approximation can be used,
and we obtain a classical-type formula.

11 E. P. Wigner, Phys. Rev. 40, 749 (1932).

12 For a review of the applications of the phase-space formula-
tion of quantum-statistical mechanics, see H. Mori, J. Oppenheim,
and J. Ross, in Studies in Statistical Mechanics, J. de Boer and G. E.
Uhlenbeck, Eds. (North-Holland Publ. Co., Amsterdam, 1962),
Vol. 1, p. 272-298. 1t is a kind of work analogous to what is done
in our work 'in the nonrelativistic case when equations of evo-
lution with time are used.
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In Sec. ITI1.C, it is shown that density or efficiency
functions are themselves of a classical type, without
smoothing, if they are slowly varying over a phase-
space region of dimensions large compared to unity. A
similar property holds for the invariant functions if,
furthermore, 1/m is small compared to the space
diameter of a region for which the above property
holds.

All these results are new hints that the correspond-
ence is a good one. We will use it in the following parts
and the fact that it will allow one to obtain classical-
type formulas in many cases of interaction processes
proves that the whole scheme is consistent.

A. Classical Description

In classical formalism, the state of a particle is
described by giving its current j,(P, x), where j, is the
probability density of finding the particle at point x
with momentum P and j is the current density.

For a freely propagating stable particle of mass m,
the following properties hold:

0", = 0. (17a)

The current j, is proportional to P, and we define
the current intensity j(P, x) through
JP, x) = j,[2P,.

The quantity j(P, x) has the form
J(P, x) = g(®, x — (P[P)x)d(P* — m*)(P,). (17c)
The function g is the probability density in phase
space and contains all the information [the fact that
the mass is known to be m and the particle is known
to be freely propagating have been used in writing

(17¢)].
A final property is

f (P, %) dP dx = f g(P,y)dP dy = 1. (17d)

(17b)

The function g defined above is a positive measure
(as well as j).

A “pure case’’ is

g, y) = o(P — Po)3(y — yo)-

The description of a measurement apparatus of a
particle is dome in the same way by defining its
efficiency E(P, x) for detecting a particle at point x
with momentum P.

With similar hypotheses, E has the form

E(P, x) = (P, x — (P/Py)x)0(P* — m*)B(Py),
(18a)

where the quantity ¢ is the measurement efficiency in
phase space.
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For every given quantity g satisfying Eqs. (17), €
has to satisfy

0< f «(P, )g(P, y) dP dy < f g(P.y) dPdy = 1.
(18b)

It seems “‘physically reasonable” to consider that
€ belongs to the class of Borelian functions satisfying

0<e®,y) <1 (18¢)

One could choose a more general definition, mathe-
matically speaking [we only want § €g to be defined for
all measures gJ.

Physically speaking, some authors prefer to restrict
€ to be a continuous function. An apparatus with
efficiency one inside a box and zero outside this box
is then excluded.

Information theory'® allows one to determine the
quantity g (or €) corresponding to a given information.
The guantity

fg(P, x) In g(P, x) dP dx

has to be made minimal with respect to the given
information.
If we know a set of quantities

ry= f g(P, \)R(P, x) dP dx

for a set of functions R;, the solution has the form
g(P, x) o exp [—2, LR(P, x)]. (19)

For instance, if we know the position and momen-
tum of the particle to be Py and x, with root-mean-
square deviations 4,, 4,, there is a solution for all
Py, x4, A,, A,:

&P, %) = (27,——)—(377 P [” %(’5_;'}”)]

— 2
X exp ‘:—- 1<P——P° ] (20)
2\ 4,

More generally, if we know the distribution in
momentum and position to be a positive measure
w(P, x), with rms errors 4, 4, on the measurement of
position and momentum, the solution is the convolu-
tion:

g(P, x) = w(P, x) * 7,4, (X)7,4,(P), (21a)
where

1 1 1 x?
W= oo (-35) e
@ T

13 See, for instance, A. Katz, Principles of Statistical Mechanics,
The Information Theory Approach (the Weizmann Institute Lectures,
1963).
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B. Wigner-like Density and Efficiency Functions

We go back to the quantum-mechanical description
of one-particle states and measurement apparatus by
means of density or efficiency matrices and we asso-
ciate to them the following quantities:

{(p, ") . ,
2P, X) = f i P i — B

x 0G(p + p) — P)dpdp,  (22)
JdP, %) = f Lp, ) exp [i(p — p')x]
, dp dp’
SG(p + p) — )RR
x 03(p + P) )2P02P6
= /1P, X — (P[Py)x,) 3)

p(P, x) = [ f 1P, %) dl:l 5(P% — mHB(P,)

= gx(P, x — (P/Pg)xo)d(P* — m*)0(Py),
(24)

and similar quantities ey, Ey, Ep associated with the
efficiency matrix F.

As a matter of fact, the quantities to be compared
with the classical probability density are (27)~* times
&w Or j1, jr, gr - The quantities to be compared with
the classical measurement efficiency are ey, E£;; Ep,
€5 .

All the kernels involved are temperate distributions,
which give a precise meaning to the Fourier trans-
formations considered as temperate distributions.

The function gy is the usual Wigner function.!* The
functions j; and j are more suited in the relativistic
case for reasons of covariance. The function jp
formally has the same form as in the classical case
[Eq. (17c)].

Our purpose is now to study the properties of these
various quantities in Sec. III.B and to show how they
behave under special conditions in Sec. IIL.C. We
first begin by studying the properties of gy and ey,
for the sake of clarity.

1. General Properties of Wigner Functions

The quantities gy, introduced by Wigner,'? and e,
are, as stated above, well-defined distributions. As
for gy, it is also a square-integrable function due to
Eq. (7). As is well known, these real quantities are
not always positive.

To find which { and which gy correspond to a
given information on a system, one makes the
quantity Tr {In { minimal according to the given
information.1®

Cases where the Wigner function is positive.
first study cases where gy is actually positive.

We
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Take the special case where the information comes
from “measurements of position and momentum”
of the particle. For instance, as in the classical case
studied above, we know the position x,, the momen-
tum P, with rms errors 4, and 4, or, more precisely,

Tr {X,, = X,,
Tr CPOZI = PO ’
Tr Z(x()p - x0)2 = Aia
Tr {(Py, — Py)* = A7,

(29

where X, is the usual Newton-Wigner operator.

The Wigner functiou is then found to be formally
identical to the probability density of the similar
classical case

1 1 1/x— xo)j 1
gW(Ps X) = (2,"_)3 A_g €xXp [— '2' ( Ax A"—;:’

1/P = P2
xexp|—=——} (| (26
r[=2(50) ) e
It is the Wigner function of a density matrix { if and
only if 4,4, > }:
[ = 1 1
@m)* (4:4,)
— P\ — x,\2
X exp [_ 1(1)017 0) _ 1(X09 xo):l, @7)
2\ 4, 2\ A

where

(- =
Al A,]  ALA,tanh (1/4,4))

Thus, the Wigner function is actually positive. More
generally, if we know a ““phase-space distribution”
4, with rms errors A,, 4, in the measurements of
position and momentum (4,4, > }), the Wigner

function takes the form
gw(P, x) = u(P, x) * 74 (x),(P), (28)

where

T4, (X) = 1 Lexp (-— 1£)
A Qmt 42 242

A similar result would be obtained for €.

The following result then holds: if .u satisfies the
properties required from a classical probability density
(positive measure of sum one) (respectively, the
properties of a measurement efficiency 0 < u < 1),
then gy (respectively, €p) is actually the Wigner
function of a density matrix (respectively an efficiency
matrix).

General properties. As is well known, even if the
Wigner function is not positive, the marginal proba-
bilities of gy;- in x or P are positive (and equal to the
quantum-mechanical probability in x or P).
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The most interesting property is the following:
the function gy (respectively, €y,) once smoothed out
over any phase-space region of dimensions larger than
or equal to unity, is always positive and smaller than
one—i.c., satisfies the property required from a
classical measurement efficiency

0 < ep(P, x) * 75, (X)75,(P) < 1,
for BB, 2> %
The discussion is given in Appendix B.

Another well-known property concerning measure-
ment results is the following:

Tr (F = f ¢ (P, X)e;p(P, x) dP dx.

(29)

(30)

This is, then, a formally classical-type formula.

We recall however that, as is well known, the Wig-
ner function—which is generally defined with the same
Wigner transformation as used in the special cases of
the density or efficiency matrix—associated with a
product of two bounded operators, is different from
the product of the Wigner functions:

(AB)w(P, x)
= f (A) (B, X)(B) (P, X"
1 P x
xexp|2i|1 P x'||dP' dP"dx'dx". (31)
1 P x'

It is also different from (BA)yy in general.

Other special cases. In the following we consider
particular cases where gy;- is slowly varying in intervals
of the order of some quantity 4, in x or 4, in P, or
both. The specific form will be

gw(P, x) = hy(P, X) * 74 (x)
(or similarly in P) where 4 is some distribution.

We will then call 4, the position deviation (respec-
tively, 4, the momentum deviation). In fact, the
probability of finding the particle at point x, with an
apparatus measuring with infinite precision at that
point is

W(x,) =f 2w(P, x)0(x — x,) dP dx

- f g (P, xo) dP

and is thus slowly varying with x, in an interval of the
order of 4,. A similar argument holds for a quantity
ey of form (30). We say here that the probability
of detecting a particle at point x, with rms error B,
and, say, momentum P, with rms error B, is

W = [h(P, X) * 7 (P)7 1 ()1(Py., X,),

A, = (A2 + BY.

(32)

where
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Then, however small we choose B, 4, islarger than
.
2. General Properties of Invariant Density or
Efficiency Functions

As already stated, the functions j; and jp are co-
variant. Furthermore, jp enjoys the property ex-
pressed by Eq. (17c). We will be interested in this
section in the function g .

It is a covariant function, as opposed to gy, but it
does not enjoy anymore the properties given in Eqs.
(29) and (30). We will now show that it almost enjoys
in some sense the property expressed in Eq. (29) for
gw. The invariant density or efficiency functions
smoothed out over a phase-space region of dimensions
larger than or equal to one, are positive and smaller
than one, in the approximation that the space diam-
eter of the region considered, is taken large com-
pared to the quantity 1/m.

Explicit calculations give

fi{P,y) = f {(p, p') exp [i(p — p)yl

2popo
X a(zﬂ — w4+ “{ - (—v:—)?) dpdp, (33a)
where
v=P/P,,
u=p—p.

As for g, it can be written as

gr(Py) = f EPu)exp (iny) du,  (33b)

with
E(P, u) = (1/A){(4,P, w),

Zo = (1 + Ez‘ﬂ)%,

4m?
(P + ' ' 1 + 0
(B - v) =t BER
2 2popo
To prove the result, we first obtain a slight ex-
tension of Eq. (29) for the case when B, depends on
the momentum.
Limiting the proof to the case B,B, = }, one writes
the inequality,
0 < ol Flxo < o | Ao
for the minimal wave packet:

_@pt
Lo(P) = 2

7 €XP (iPX,)
1(p — Py’

X exp (— S Bf,(Po)),Bi(Po),
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which gives the general result

1 _1(P— P
0 Sf (B X) o P [ 2( B,(P,) ”
_lx=
X exp l: 2(Bm(Po)):| dPdx < 1.

It is now sufficient to prove that at the approxima-
tion stated, e can be replaced by €. We will use the
special choice

B(Py) = By(1 — viy >
We consider the quantity
N = f [EP, w) — £(P, u)] exp (iuy,)B(Py)

x exp [—3(P — Po)zBazc(Po)]
X exp [—Bi(Pou’] dP du,

where
&P, u) = {p, PP 2P,

5P, u) = T {(4P, u) TP
Ao 2(popo)

A tedious but straightforward evaluation leads to
the result that |N({)| is of the order of [P(1/m?B2B,)|
(which is smaller than 1/mB,,).

It is obtained, by using

Ao =14 O([mB,(Py)]™)

Pot Py _ | 4 o((mB(PYI)
2popi)t 0

P - P, 4 O( 1 1 2)‘
(mB,(Py)]"  [mB,(Py)] B,(Py) [mB,(Py)]

Because of the exponential factor in the integrand,
all correcting quantities are well defined.

C. Classical Limit of Wigner-like Functions
1. Classical Limit of the Usual Wigner Functions

A density or an efficiency function is expected to be
of a classical type if the probabilistic aspect due to
insufficient data (with respect to phase space) is such
that essentially all information on the quantum level
is lost.

If the correspondence between classical and S-
matrix descriptions of states which has been estab-
lished by means of density and efficiency functions is
good, these functions should then enjoy without
smoothing the properties required from the corre-
sponding classical functions with a good approxima-
tion. We emphasize that only a subclass of the
classical functions will be obtained, as is physically
the case.

A qualitative requirement which is expected is a
slow variation of the density ot efficiency functions
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over phase-space regions of dimensions large com-
pared to unity.

More generally, a qualitative requirement for a
situation to be of a classical type is that some product
[(V./)(V,2)| of some functions involving f and g,
should be large compared to unity.

In this section, we show, in some simple cases, that
this qualitative requirement can be made precise in a
satisfactory way. We study the case of a Wigner
function itself, the case of a product of two Wigner
functions, and, finally, different classical-type situa-
tions corresponding to measurements.

Classical limit of a Wigner function. Let us first
consider the special simple case of the density matrix
{, defined in Eq. (27).

(=1 1
0 14 I3
2m)* (4,4,
X exp [_ l(lilLPO)z _ l(&g’ﬁ)ﬂ
2\ 4, 2\ 4, ’
1 1
gO(Pa X) =
(2m)* (4,4,)°

[ 1(P—P02 1X—x02}

Xexp|—=-{——}) —=|—) |,

e Iy
2 \2

(-A—”-) = (ﬁ) = 24,4, tanh 1 .
A, A 24;A;,

The Wigner function g, is always positive (and less
than one), but for instance the Wigner function
(Cg)W(P, x) associated with {2 is completely different
in general from g3(P, x).

However, if we consider a sequence of such density
matrices such that 4,4, goes to infinity, the following
results hold:

P

f‘—z= 14 O(Aj p), (34a)

4, Ly

=1t O(AmAp) (34b)
(D) (P, %) — g3(P, x)| = 0( y 1 A,,)' (34)

Equation (34c) is easily obtained due to the simple
form of {,.

We now study the general case when the Wigner
function is slowly varying over some phase-space
region, with a “space deviation”” 4, and “momentum
deviation” A4, . The specific form is thus

ep(P, x) = u(P, x) * TA’)(P)TAJE(X), (35)

where u is some function such that ey is actually the
Wigner function of a density or efficiency matrix.
It is sufficient to limit ourselves to that case as we
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consider the limit 4,4, — oo in the following. If it
were a more general distribution,a small part of the
convolutions would be taken out to smooth it.

It includes the cases already studied where u was
positive, but also all other possible cases.

Owing to Eq. (29), one has, forany B,, B, (8,8, >
%)’

0 < ey * 75, (P)rp,(X) = pu * 70, (P)7¢,(x) < 1,
(36a)
B}
cp=1%[1+(zj},

B\t
Co=A, 1+ (=2} |.
G

If we consider a sequence of Wigner functions
(ew)a,a,(Ps X) = /’LAZ,AD(P9 X) * TAD(P)TAJD(X):

such that 4,4, goes to infinity, and u,, 4, is a set of
uniformly bounded functions, it is easily shown that

l(EW)A,,,Ax(P ,X) — (EW)A,,,AZ * TB,,(P)T B,(x)l
= 0((4,4,)), (36)
with
B, = A, (4,4,
B, = A,(4,4,)7%,

Equation (36b), together with Eq. (36a), proves that,
actually for large A,4,, the Wigner function ey
becomes positive and less than unity. (It is always a
C® function, because of the convolutions.)

Two special limit cases can be mentioned, namely,
cases when the Wigner function only depends on the
position or the momentum variables, corresponding
to measurement apparatus only detecting position or
momentum.

The special form of the efficiency matrix F is such
that

Fy(p, p) = 4GP + ),

ey (P, X) = A(P), (37)
or

Fp(p,p) = B(p — p),

e (P, x) = B(x), (38)

where B is the Fourier transform of B.

In both cases, the condition 0 < F < 1 is equiv-
alentto 0 < e < 1.

The property corresponding to Eq. (34b) in the
general case will be a special case of the general result
which will be obtained now.

Classical character with respect to each other of two
Wigner functions. We consider here the Wigner
function (FyFp)y-(P, x) associated with the product
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FF, of two density or efficiency matrices F;, F;, the
Wigner function of each ey, €y, having the form
given in Eq. (35), in general with different quantities
Ay Azi,and 4,5, A, 5t

e (P, X) = py * TA,,,I(P)TA,M(X):
€W,2(P, X) = Uy * TA,,yz(P)TAz,z(xl

We will then show that, for large products 4,14, ,
and A4,,4,,, the product of the Wigner functions
e 1(P, X) ey o(P, X) becomes equal with a good
approximation to the Wigner function (F,F,)(P, x).
The result holds even if the Wigner functions €, ; and
€2 are not themselves of a classical type. We will
say, generally speaking, that the two Wigner functions
are formally of a classical type with respect to each
other.

We assumed that u, and u, are uniformly bounded
functions.

In fact, one has

(F1F) (P, x)

=f/"1(P1 » X))o Ps , X,) dP, dx, dP, dax, L

(2m)*(4,4,)°

cfon[- Yoz ity
2 ol 2\ 4,

1/X,, — x,\° — P,
X exp [__ _( 0p ' XZ) _l(POp - P2):l} (P,X).
2 x,2 2 Ap,Z w
(39)

A straightforward calculation gives
oo [0 =30
2\ Ay, 2\ Ay,

— 2 _ 2
e [ =3 () -5 ) e
2\ 4, 2 .2 W

1
(1 + KW + K3t

R wiiew
X exp | — =~ -
2\ Ay, 1+ Kj,
Y

oo -4 e
2\ 4., /] 1+ K3,

i l(x - x2)2 { }
x exp | — - —=2} ——
2\ 4,, /1 + K&

- i 2
X exXp —~1—(P Pz) 1 ]

L 2\ 4,, / 1+ K5
X exp i(Pz_Px—xl K212
= AI),? A:c,l 1 + K2l

K12 P - Pl X — x2):|
+ 3 R
L+ Ki, A4,  Agp



1250

where
K12 = I/Ap,le,Z’

Ko = 1/4,24,,-
Due to the above hypotheses, the result announced
above holds in the following form:

|(F1F2)W(P, X) - €W,I(P9 X)EW,2(Pa x),
= 0(Ky,, Ky).  (40)

We have thus been able until now to study the case
of classical-type Wigner functions and of two Wigner
functions formally of a classical type with respect to
each other. We deal now with measurement processes,
as a first simple example.

We have given a precise characterization in the
form of Eq. (35). A question is to what extent is it
possible to generalize it. In the same line of thought
as above, generalizations can be made by allowing
A,, A, to depend on phase-space points. The momen-
tum dependence can be easily given. A complete
phase-space dependence is not quite easy, and not very
useful (some more conditions on the variations of
A,, A, as functions of P and x have to be given).

More generally, it is possible to write formally
different “‘expansions of the Wigner functions in
powers of A.”” What is sometimes stated as “‘taking the
limit 4 = 0" means in our formulation that terms of
the kind [(V, f)(V,g)]™* would be assumed to be small
enough to be negligible.

However, if it is formally possible, we do not know
how to specify, in general, how the limit is obtained.

The characterization given in our text seems
“physically reasonable.”

Classical type formulas for measurements results.
The general formula for a measurement result has been
written in Eq. (30). We note that it is already a
formally classical-type formula.

Cases for which we get classical-type formulas are
all those for which the Wigner functions involved are
actually positive (and less than one) or are of a classi-
cal type.

A simple example of another possible classical-type
situation is exhibited as follows: assume that g,-(P, x)
is negligible outside a sphere of diameter D and center
P, and that €,,(P, x) is slowly varying in an interval
of the order of D in the variable P. Different kinds of
hypotheses can make the following rigorous.

An approximation for the quantity Tr {F will be

Tr {F =fgW(P, X)en (P, x) dP dx
~ [gtoe P, 1) dx

- J gBrE(x)8(P — P ey (P, X) dP dx, (41)
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where
gIeTE(x) = f g(P, X) dP.

The particle state measured is thus represented by
the function gp*™(x)o(P — P,), which satisfies the
property required from a classical probability density,
and if eW(P, x) is itself of a classical type, we have a
classical-type situation, even if for instance the func-
tion gy is far from being of a classical type by itself.

As a usual simple case, we assume the particle
state is a pure one, corresponding to a wavefunction
@(p) vanishing outside a sphere of diameter D and
center P,. The function gy, is just the opposite of a
classical-type function.

2. Classical Limit of the Invariant Density or
Efficiency Functions

The same kind of results will be obtained in this
section for the invariant functions under some new
hypotheses.

We will consider a sequence of invariant functions
with a ““space deviation” A, (P):

g(P! “) = XAz(P9 ll) exp [—Aa:(P)Zuz]a
A,(P) = A,,(1 — vi L. (42)

The sequence is such that 1/md, , goes to zero and
the set {y,} is, for instance, a set of uniformly
bounded functions.

A first result concerns the quantities j; and jz. Once
smeared out in the variable P, with test functions
slowly varying in intervals of the order of (1/4,) X
(1/mA4,,), they are equal to a good approximation;
ie.,

f Lid(P, x) — jx(P, )]¢(Py) dP,

P P, ,
= 0w Mt s sup ). 49)

The physical meaning is that j; and jz are equiv-
alent under most usual phenomenological situations.

If we are now interested in the functions gp, €z
[associated with kernels of the form of Eq. (42)], the
results obtained in Sec. 111.C.1 using gy;-, €y are valid
using g, €7 with a good approximation. In fact,
along similar lines.as in Sec. III.B.2, g and gy
(respectively, ez and €p) can be shown to be equiv-
alent to a good approximation.

A classical-type invariant function is thus charac-
terized in the following way: it is slowly varying in
phase-space regions, the dimensions of which are
large compared to unity, and furthermore with a
space diameter large compared to 1/m.
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In the same way, if we consider a measurement
process and if the particle measured has its state
defined by a density matrix of the form of Eq. (42) with
A large compared to 1/m, we obtain, here too, a
formally classical-type situation.

Classical-type situations are easily deduced along
the same lines as in Sec. H1.C.1.

IV. SINGLE SCATTERING

We begin the comparison of S-matrix results and
classical formulas by the simplest case of a single
scattering 4 + B— A4, + B,.

The states of particles 4, B are defined through the
density matrices {,(p, p'), {,(q, q'), the final states of
particles A4,, B; through the efficiency matrices

Fy(p,, 1), Fi(4y5 qp)-
The transition probability is

W= f £¥(p, P)03a O)Fo(prs PYF(8; > @)

X T*p, q', p1, TP, 9, P1> @)
dp dp’ dq dq’ dp, dp; dq, dq;

(44)
2po 2Po 290 290 2P10 2P10 2910 2(110

where the T-matrix elements can be written as

TP, q, p1,40) = (P, ¢, P1> QP + 9 — p1 — qo).

The following hypotheses, which could be weakened,
are made. On one hand, the t-matrix elements will be
assumed to be C? functions, bounded as well as their
first two derivatives. On the other hand, the density
and efficiency matrices will have the form given in
Eq. (42). They are also such that the velocities cannot
be equal all together.

We also generally assume—although it is not neces-
sary in all cases—that the kernels {(p, p') = {(P, u)
or F(p,, p;) = F(P,,w,) (for all initial and final
particles) are C* functions in all variables. The C*
character in P corresponds to the usual smoothness
of the Wigner functions. The C® character in u
corresponds to a rapid decrease in space of the Wigner
functions.

We now use the results of Eq. (35) and the following
development of the product f(p, q, p;, q.)1*(p’, q,
P;»9q;) to the first order in the variables p — p/,
9—4q, P — P> & — &
(P — $u,Q — v, P, —

x (P + 4u, Q +
= ‘t(P’ Qa l)1 ’ Q1)|2
X exp (iu-Vp + v + uVp 0 + vV, 0)
(45)

fu,, Q, — ivy)

%V, Pl + %ul’ Ql + %vl)

+ second order,
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where P=4(p+ p),u=p—p’, -, and where 6

is the phase of ¢.

It is interesting to note that the derivative of the
modulus || does not appear in this first-order develop-
ment.

A. Coarse-Grained-Type Formula

By keeping only the first-order term, we obtain the
following approximation of the transition probabil-
ity—we do not specify the order of errorl4:

jﬁ:”(P, X — gxo + vPe)

0

Xj(lb)(Q’x - (Q_l-xl) + VQe)
0

X E(Ia)(PI, X — ;‘—IXQ + Vple)

10

“’)(Ql, X — % Xo + VQIO)

10
x 2m)~ (P, Q, Py, Qy)*
x 8P + Q — P, — 0,) dP dQ dP, dQ, dx.
(46)

In this expression, the quantities j;, E; can be
replaced by the corresponding quantities j, £, at the
limit of small (mA4, )" (for all particles).

It gives the following approximation:

r\«f (a)( x——x0+VP0)

X g(lg)<Q’ X - “ngo + VQO)
0

X e‘p‘”(P] ,X — % Xy + Vplﬂ)

10

(b)(Ql’

X (277)_4 lt(Ps Q’ P] ) Q1)|2
dP dQ dP, dQ, gt
2P 2Q, 2P 20y,

- RN v,)le)

10

b

XP+Q—-P —Q)—
(47)
where Py, = (P2 4+ m?)}, etc.

In formula (47) we note that we do not have in the
integrand a product of the functions j, E at the same
point x, but that each one appears with some displace-
ment.

14 M. Froissart, M. L. Goldberger, K. M. Watson, Phys. Rev. 131,
2820 (1963).
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As a matter of fact, there are three relative space-
time displacements 7,,, 7, o, 75 4, Satisfying

Tba -_— aQ-TO,ba = VQH - VPG,

0

Topa — & Toaq = VPIG - VPO, (48)
Py
Tbla _ QLTO,bl(L = VQIO _ V})e.

10
In the usual case, when the f-matrix elements are
functions of two invariants only, there are only two
independent scalar parameters.
The interaction is coarsely localized in some ““space-
time grain,” the dimensions of which are given by
considering the quantities 7.

B. Local-Type Scattering

If the dimension of the grains is negligible compared
to the “space deviations” A4, of the particles involved,
we get the following local-type formula:

W A | SRR, x)j9AQ, X)E(Py, ))ER(Q, x)

X (27T)V4 lt(Pa Q’ Pl H (21)12
X 0P+ Q— P, —Q)dPdQ dP, dQ, d*x.
(49)
The product of the functions j, E appears now at
the same point x.
The approximation is valid if the -matrix elements
are slowly varying in intervals of the order of A:1.
The error is of the order of (mA, ), so that

Vet(l — V%)
tA;r,ﬂ
In order to compare S-matrix and classical formulas,

we are first going to write down the usual phenom-
enological formula for classical local scattering.

SUPR-P,0,P,,Q,

1. Classical Formula for Local Scattering

The usual formula used by the experimentalists is
as follows: if we define particles 4, B by the proba-
bility densities j (P, x), j,(Q, x) and the measurement
apparatus of particles 4;, B; by the efficiencies
E (P, x), E,(Q:,x), assuming furthermore the
locality of the interaction, the phenomenological
energy-momentum conservation and considering a
phenomenological probability function w(P, Q, Py,
Q,), we get:

w =fj‘“’(p, x)j (@, )E(Py, \)EV(Q1, x)
X W(P’ Q: Pl ’ Q])

X (0P + Q — P, — Q,) dP dQ dP, dQ, dx.

(50)
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We have not developed here a complete classical
formalism. The phenomenological formula written
here is valid for functions g and € smooth enough and’
with sufficiently slow variation. These conditions are
usually satisfied when the classical description is
good.

The effective cross section is

O'E(Pa Qs X) .
= [}(PQ)* — (mym,)'1™*

XJ‘E(a)(PI’ X)E(Q,, x)w(P, Q,P,, Q)

Q,) dpP, dQl'Po-(P +maz)§
Qo=(Q%+m,?)?

(51

By using the effective cross section, the formula for
the transition probability is, in fact,

o Wy [(PQ? — (mgm)' It
w =[P, xiPQ, x) o,

X 0(P, Q, x) dP dQ dx.

XoP+Q—P —

(52)

This formula is a sophisticated expression of the
usual rule W = nynypo. If Q = 0, then

[(PQ)* — (m,m,)*F _ [P
POQO PO

2. S-Matrix and Classical-Type Formulas

Equation (47) is already formally of a classical type,
as is easily seen by comparing it to Eq. (49).

If the density and efficiency functions involved are
themselves of a classical type, the functions (27)~3j(),
(2m)7%%) can be replaced by functions having the
properties of classical probability densities, and £,
E® by functions having the properties of classical
measurement efficiencies.

Adopting, furthermore, the correspondence

W(Pa Qa Pl s Ql) = (277)2 lt(Pa Q; Pl > Ql)l2> (53)

we obtain a classical-type formula for the transition
probability.

Other classical-type situations can be exhibited.

In the same line of thought as in Sec. 1IL.C.1 for
studying measurement processes, we give an example
here of such a situation.

In the same way as in the classical case let us define

Gl‘(P’ Q, x)
= [H(PQ)* — (mymy)
x f WP, EL(Q;, ))2m)* |1(P, Q, Py, Q)|
X P+ Q—P,— 0,)dP, dQ1|Pn—(P2+ma )*

Qo=(Q*+m; 2
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which yields

W ~ f ‘“’(P x——xo)

X g(I?’) (Q: X — (-Qz_ XO) GF(Ps Qa X)

0
4 4P dQ
2Py 20,

If we assume that g and gi’ are negligible outside
spheres of diameter D and centers P,, Q, in the vari-
ables P, Q and that [(PQ)? — (mym)* oy is slowly
varying in P, Q in an interval of the order of D, it is
possible to obtain the following approximation:

W~ f J00 (00 ) (6, () A,

x 4[(PQ)" — (mym,)"] d'x. (54)

(35)

where

_ P dP
(a) {a) —x
]marg(x) f ( 0 0)2P0

e f (b)( x——x)dQ
J g( ) Q QO 0 2Q0
Srua®) = (4P, OF — (mas m)Fop(®, Q X)}pp .
=%b

We also assume that the kernels of the density
matrices are C* functions of the form of Eq. (42). The
C? character implies that the functions gz are rapidly
decreasing as functions of yp = x — (P/Py)xy, yo =
x — (Q/Qy)x,. If they are assumed to be negligible
outside spheres of dimension d and if the velocities of
the two particles cannot be equal [|(P/Py) — (Q/QO)|
is of the order of one], the product g% (p, y p)gi2'(Q, yo)
is then negligible outside a sphere of dimension d in all
directions of space-time, in particular for |x,| larger
than d.

Assuming a condition of the type

dD ( dD
resp
POAw QO

we obtain the approximation
W~ f it (x = - x0) o = 2

X gl('gzirg( - 2 xo)é(Q - Qa)
Qo
x (P, Q, x) d*x dP dQ,

)<<1

(56)
where

P P dapP
{a) a (a) a

Emarg| X — X, = P9 X —

" g( Pa,O 0) ng ( Pa 0 )ZP

il o) <[ o 2o
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The functions g%, , g{%,, can be replaced by posi-
tive functions at the approximation (md4, )" < 1.

Thus if, for instance, the efficiency functions are of
a classical type, we obtain here too a classical-type
formula, even for density functions which are far from
being themselves of a classical type.

The same comments can be made as in the case of

the measurement processes studied in Sec. IIL.C.1.

C. Other Possible Situations

We end this part with the following remark: We
have studied until now S-matrix results under special
conditions of slow variation of the -matrix elements,
which allowed us to obtain coarse-grained-type or
local-type formulas.

If these conditions are not satisfied, we may obtain
very different results. For instance, if the f-matrix
elements have some polelike behavior, this situation
can correspond in some cases to a physical process
of creation of an intermediate propagating unstable
particle in the scattering 4 + B — M, followed by the
decay of M into particles 4,, B, .

Such a case is similar to what is studied in the next
part, to which we refer.

V. MULTIPLE SCATTERING

In Sec. V, our aim is to show directly how it is
possible to obtain the usual classical type formulas
for different situations of multiple scattering.

In Sec. V.A a polelike behavior of the connected
matrix elements is assumed in a weak form. A general
formula is obtained and we show how it leads under
various conditions either to the usual bump in the
cross sections (e.g., N*) or to a formula for successive
scatterings with the propagation of a real intermediate
stable or unstable particle (e.g., neutron) or to
intermediate cases, where only a one-mass-shell
kinematical condition for the “intermediate’ particle
is expressed (e.g., X°).

In Sec. V.B, a simple case of Landau-type behavior
of the connected matrix elements is exhibited as an
example, and it is shown how it can correspond to a
physical process of successive and multiple scatterings.

As we are interested in successive interactions which
can be separated by macroscopic distances, a param-
eter p corresponding to the separation is explicitly
introduced.

A. Double Scattering

Let us consider the scattering 4 + B+ C— A, +
B, + C,.

The states of particles 4, B, C are defined through
the density-matrix kernels {,(p, p'), {,(q, @), . (r, 1),



1254

the final states of particles 4,, B;, C; through the
efficiency-matrix kernels F,(p; , p,), F(q, ,q;), F.(r,, ).
The transition probability is

W= f LX(p, p)CH, 4)LE, ¥)

X Fu(p1s POFy(Qr, q)F (ry, 17)
X T(p,q, 1, P1s @, T)T*P', 4, 1, P1, 41, 11)
(o dp ¥ b b
2py  2py 2P 2P10
where

T = ——— efc,

The T-matrix elements can be written as

T(P’ qs l', pl, qls 1'1)
=tp,q, T, P1,qs, rl)a(P +g9g+r—pr—q— ry).
Along the lines of Sec. II.D, the z-matrix elements
are now written as

'jK’(p! q,r P, ql s rl)
K—m+ iy

t(p’ qr P1,4, rl) = > (57)

where k = p + g — p, and where y is zero for a stable
particle.

The AG-matrix elements are assumed to be C!
functions at least. Furthermore, some hypothesis
about their variation is made to make formula (57)
meaningful when y # 0: The M-matrix elements are
assumed to be slowly varying in an interval of the
order of y/k, in each variable, the kinematic (and
other) conditions being such that k, is positive and
bounded below. In particular, it will be slowly varying
as a function of k% in an interval of the order of y (for
[kjko| of the order of or smaller than unity).

If, as usually assumed, M is function of the in-
variants only, such that

‘/K’(p’ q, %P1, 1'1) = ‘/K-’(kz’ o ')9

it is enough to assume that the function S is slowly
varying in k2 in an interval of the order of y.

1. General Formulas

For the sake of simplicity, we do not consider
coarse-grained-type formulas for each individual
scattering.

Assuming that the function G is slowly varying
over intervals of the order of 4! in all variables—the
density and efficiency functions are assumed to have
“space deviations” A4,—we obtain the following
approximation for the transition probability (for
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particles C, B, C, translated through a vector p)—
with an error of the order of |[VAM/AMA,|:

W(p) ~ f Lxp, P, 40K, T)
X Fa(pl s p{)Fb(ql ’ qi)Fc(rl ’ l'{)

pt+p g9+4q
xa( : p)a( : Q)

x 6(%5— - R)a(ﬂl—f—fl - Pl)
X a(ql '; ql — Q1)6(r1 _;' " _ Rl)

XHp—p +q9—qgi—(Pr—pD)—D
xXo(l+r—r—(g—q)—(1—rD))
dv dy v di
2py 2py 2P 2P0
X l‘/K’(Ps Qa R, P1 3 Q1 s Rl)l2
XdP+Q—P,—K¥§K+R—-0Q,—R)
X dP dQ dR dP, dQ, dR,
1

X 2 2,

(K+ 12y —m" + iy
N 1

(K—l/2)2—m2—

X 7

— exp (—ilp) dK dl.
iy

(58)
This formula may be written as follows:

W(p) ~ f 9P, )90, %)

x EP(Py, ))EP(Qy, EY(R,, »)jT(R, y)
X (277')_8 IMP,Q,R,P,,Q,, Rl)l2
Xé(P+Q_P1—K)5(K+R—Q1_R1)
X DK,y —x+p)

x dP dQ dR dP, dQ, dR, dK dx dy.  (59)

A “‘generalized propagator” D(K, x) has been intro-
duced, such that

1
(K +1/2 — m® + iy
y 1

(K = 12" — m* — iy

DK, x) = f exp (—ilx)

dl. (60)

It may be written by using the causal Green’s
function as:

D(K, x) = [D°(2x) exp (—2iKx)]
* [D°(—2x) exp (2iKx)],

D(x) = —(2m) ( exp (ikx)(k* — m?® + iy)™" dk.

v
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However, we are not interested in this general case placed by

and we do consider the usual conditions, when A4, is ‘:D( K, x) = J exp (il%) 1

large compared to the inverse of all the masses of the ’ K} —m*+ Kl + iy

particles involved. This allows one to replace the func- 1

tions j;, E; by the functions jz, Ep. Xt Kl iy dl. (62)

Furthermore, a new important approximation is as

follows. For convenience, we write Eq. (58) in the A straightforward calculation gives (for K, > 0):
form

4
1 DK, x) = (2m) 6(x _K xo)e(xo) exp (— y_x_o)
A K K K
W f FK, ) = _ : 0 o
KE+PFla4+m*+ Kl + iy 20/2K ¢
1 xf exp (i(K® — mHu) du. (63)
dK dl, (61) 2o

X 2 2 2 .
—m®— Kl —
Kt =m f— by The final formula we get is thus

where the function F is obtained by integrating the
right-hand side of Eq. (58) on all variables except K, .  W(p) ~ j(}’(P, x) j‘}’ (Q, x)
For kernels of density and efficiency matrices of the @ (o) . .
form of Eq. (43), the function F(X, /) is thus slowly X Ey (1: 1> X)Jj5 Ry, )EF (Q1, V)EF'(Ry, y)
varying in K(K, K,) over intervals of the order of 4, 2nm)” 2
andy is,g on the contrary, exponentially decreasing in X K, 4P, Q R, Py, Q, R
the variable I(1, Iy), i.e., it is negligible for |/y], |1} large X 8P +Q — P, — K)XK + R — 0, — R))

compared to 4% A
Owing to that behavior, we can show that it is X DK,y —x+p)

possible, to a good approximation, to replace K? + X dP dQ dR dP, dQ, dR, dK dx dy.  (64)
I*/4 in both propagators by K2 In fact, let us consider .
the following quantities: The function D already contains the factor
1 K oy
W =|F(K,I s (x — K _ %)
J ( )Kz + P4 — m® + KI + iy (Xo) (x X, xo) exp ( Ko)

1
X
K2+ P4 — m? — KI — iy

dK dl, which has formally the form of a classical factor
corresponding to the propagation of an unstable (or

, 1 stable for v = 0) particle after its creation [the factor
W = f F(K, D K®— m® + Kl + iy 6(x,) accountin'g.thus for causali‘ty]: However, the
1 mass-shell condition does not obtain in general.
X — 5 — dK dl. We are now going to show how Eq. (64) leads to the
. K*—m" — Kl —1y usual classical-type formulas.
Defining
FyK, ) = F(K, ) 2. Observation of a Resonance
- K5 — 1) Let us now assume the following condition:
= F(K*+ I}]4 — m%, K, KL, 1),
Lyl (65)
FyK, ) = 5(2%2—’) = F(K® — m% K, K1, 1), Koy 4,
we get ’ Because of the presence of the damping exponential

. X exp (—yzy/K,) in Eq. (64), the main contribution to
w—Ww =f[F (s, K, 1, 1) — Fyfs, K, 1, 1] the integrand is obtained for |zj| K 4, (where z =
1 1 Y — x + p). A similar condition holds for |z| due to
* i —dsdKdtdl.  the factor 8z — (K/Kop)zg).

Iys—1t—1iy N :
We thus limit ourselves to the case p = 0 as there is

From the result, it can be actudlly shown that no point in considering large values of p.
W — W'is negligible with (KyA4,)™. Looking at Eq. (58), it is now possible to neglect
In that way we obtain a new approximation for K/ ascompared to y in both denominators K2 — m? 4
W(p), where the function D(X, x) in Eq. (59) is re- KI + iy, K2 — m? — Kl — iy and to obtain, with an
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error of the order of Ky/(y4,), the following approxi-
mation:

W s | 2P, x) (0, ) j% (R, x)

x E@(Py, X)ER(Qy, MEF(R,, %)
2m)*
x?—é(P+Q—P1—K)

0
X K+ R—0Q,—Ry)
X !JK)(P9 Q; Ry Pl’ QI, RI)I2
(K2 _ m2)2 + y2
x dP dQ dR dP, dQ, dR, dK dx,

(66)

where we recall that A is slowly varying in K2 in an
interval of the order of y.

In that special case, it would be more suitable to
obtain this formula directly from Eq. (58).

It is formally a classical-type formula for a local
scattering with a bump in the cross sections. As a
matter of fact, it is difficult to have an interaction
between three joined particles and the corresponding
formula is more usual for the case of two initial inter-
actipg particles.

3. On Mass-Shell Kinematical Condition for the
“Intermediate” Particle

A particularly interesting case is usual and corre-
sponds to the condition stronger than condition (65),
so that

A7 K y[Ky K 4. (67)

If we consider Eq. (66) in the limit when /K, is
small compared to 4,, it is possible to replace the
factor

1 Y 1 2 2
(K — Y 1 by ) (K m°).

In fact, in this case, it is phenomenologically
neither possible to see a bump corresponding to a
resonance nor to see an intermediate propagating
particle, but only to observe the on-mass-shell kine-
matical condition (P + Q — P,)? = m?2.

Here too, the case of two initial particles is more
usual. Experimentally, if one still wants to speak of an
“intermediate’ particle with a lifetime = or a resonance
width, one can only deduce that the following inequal-
ity holds:

A7 K y[Ky K A4,
It is the case for the measurement of the X, lifetime:

10" sec™ < 75 < 10% sec™ .

DANIEL TAGOLNITZER

4. Propagation of an Intermediate Real Particle

We aim in that section to study the case of a classical-
type formula corresponding to an actual propagation
of a real intermediate particle between two successive
scatterings.

Particle C will then be assumed to be away from
particles 4, B at time zero. In practice, the following
conditions will hold. The density and efficiency matrix
kernels will be C* functions. As already stated in Sec.
IV.B, the product gi@(P, x — (P/Py)xo)g® (Q, x —
(Q/Qy)x) is then rapidly decreasing in all space-time
directions, for different velocities of 4 and B. If it is
assumed to be negligible for [x], |x,| larger than some
quantity d (d > A4.), the first interaction is then
localized in this region.

The product

(¢) _B_ , () _ Q_l
8F (R’ Yy R, }O)EF (Q1 > Y 0w J’o) '

X E”’(R , _R ')

Fall SRR Ry, Yo

is also assumed to be negligible for |y|, |y,| larger
than d.

To say that particle C is away from 4 and B at time
zero means that [py| will be taken large compared
to d. Owing to the damping exponential factor
exp (—yz0/Ky) (2 = y = X + p, 12l ~ | o)), we have
to assume, similarly, in order to obtain a non-
negligible transition probability, that

(VIK) lpol <1, y/Ky KL 1/A,. (68)

Condition (68) is just opposite to the condition
expressed in Sec. V.A.2.

We also note, as expected, that the transition proba-
bility is rapidly decreasing with py, for p, negative,
and is negligible for —p, larger than 4, due to the
causality factor 0(z,) in formula (64).

Assuming p, > 0 and condition (68), we consider in
the right-hand side of Eq. (64) the factor

20/2K ¢
f exp [i(K? — m®)u] du,
—zp/2K g
where
Zg= Yo — Xo + pPo> Zo > 0.

For p, large compared to 4, it is possible to use the
following approximation:

zo/2K ¢
f exp [i(K® — mHu] du ~ 278(K? — m?),
~z0/2K o

(69)

which can be justified because of the smoothness with
respect to momentum variables of all the functions
involved in Eq. (64).
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The following formula is obtained:

~ f 2P, 0720, %)
X E@(PL, 0% (R, YEY(Q1, MEF(R,, y)
K
X 6(y—x+9—?()’o_xo+Po))

0
X 0(yo — Xo + po) eXp I:" Mo =X+ po) pO):l
K,
X |M(P, Q, R, P;, Q,, Ry
X0(P+Q—P,—K)W¥(K+R—@Q, —Ry)
o @m)?
2K0
X dP dQ dR dP, dQ, dR, dx dy dK. (70)
For the case when y = 0, the usual factorization
property of A is assumed:
MP, Q, R, Py, Qp, R gy mth}

- 21_ t(P, Q, P,, K)(K, R, Q;, R,). (71)
T

A(K* — m*)i(K,)

For the case of an unstable particle, it is still
assumed that, at least with a good approximation, a
factorization property also holds:

M(P, Q, R, Py, Q, R e xtimt?

~ o= (P, QPY KR, Q1 R). (72
Classical formula. Along the lines of Sec. [1.D, we
write now the usual classical phenomenological for-
mula corresponding to two successive scatterings.
The first scattering 4 + B — A; + M is considered
and the current intensity of the intermediate particle
M is written as

, 1
Jjnt(K’ y) = ;}é— a(K2 - mz)e(Ko)

x f Ju(P2 3)4(0s EPy , %)

X Oy — x — (K/Ko)(yo — X¢)}0(yo — Xo)
X exp {~[y(yo — x)l/ Ko }wy(P, Q, P, ,K)

X 8P + Q —~ P, — K)dP dQ dP, dx.
(73)
We have used the hypothesis of locality of the
first interaction, and the fact that after its creation we
deal with a propagating particle of mass m (which

may be unstable).
We also note that the quantity

f JoulK, y) dK dy
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depends now on the time y,. If the product

ja(P> x)jb(Q, x)Ea(PI ’ X)
is negligible for |x|, if |x,| is larger than some quantity
d, and if y, is positive and large compared to d, the
following approximation can be used:

Jint(K, y)yo))d

~——6K2—-m20K ex ( 7/y")
2K0( )0(K,) exp K,

x f Ju(P, )10 VEPy %)
X 6()’ — X (K/KO)(yO - xO))Wl(Pa Q’ Pl s K)
X 0(P + Q — P, — K) dP dQ dP, dx
= exp (—yyo/Ko)Jint(K, )
with
f Jin(K, y) dK dy

= f JolPy X)](Qs DEL(Py, %)

X 6(K2 - mZ)O(KO)Wl(Pa Qa Pl H K)
X 8P+ Q — P, — K)dP dQ dP,dx = W,,
(74b)

where 0(K2 — m®)f(K,) is the efficiency of an appa-
ratus measuring all possible states of the particle M.
We consider now the second scattering

M+ C—B, + G,

(74a)

and we obtain the transition probability of the whole
process:

W(P) = ja(Pa x)jb(Qa x)Ea(Pl ’ X)

X jR, MEQ1, MELRy, y)

X Oy — x + p — (K/Ko)(¥o — %o + po)}

X 0(yo — Xo 1+ po)

X exp {—[y(yo — Xo + po))/ Ko}

X 6P+ Q—P,—KWJK+R—~Q;,—R))
x wi(P, Q, Py, K)wy(K, R, Q;,R)H(K?* — m?)

X 6(K,) 2~1K— dP dQ dR dP,dQ, dR, dK dx dy.
1}
(5)

It is easy now to see how formulas of this type are
obtained in S-matrix theory. In fact, by replacing in
formula (70)’ (277.)—3j(Fa)(b)(6) by j(a)(b)(c) , E}l‘l)(b)(C) by
E(a)(b)(c) » ,‘/K’(P’ Q, Ra Pl 3 Ql s ;Rl)l2 by

(277)‘6"‘)1(1)’ Q; 1)1 ’ K)W2(K9 R5 Ql ) R]_),

formula (75) is (formally) obtained.
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Classical-type situations can be studied along
similar lines as in Sec. IV.

Special cases. If we consider W(p), it can be
written as

W(p) = f w(p, K) dK,

where w(p, K) is obtained by integrating over all
variables except K in the right-hand side of Eq. (70).

We then note that w(p, K) is negligible for |p —
(K/Ky)po| larger than d. The kinematic conditions
may determine a region for K outside of which
w(p, K) is negligible. If the quantity [p — (K/Kj)p,| is
larger than d over all that region, W(p) is still negli-
gible.

B. Multiple Scattering

We consider now the general case of a Landau-type
behavior of the f-matrix elements (in the physical
region). We treat as an example the case of a scattering
A+ B+ C— A4, + B, + C,, assuming the follow-
ing hypothesis on the z-matrix elements:

t(P, q, %, P1594, rl)

=f ‘/K’(pa LD, 0,0, kl’ k2= k3)
Di(ky) Dy(k3) Dy(ks)

X 0(p+q—k — k)
X 0(py + g1 — ki — k3) dk, dk, dk;,

(76)

where G is a C! function satisfying, furthermore,

‘M’(p, q, I, P14, T, kl’ kzs k3)lk12=miz

= (277')_3t(Pa q, ki, k)t(ky, Ky, pys qi(k,, 1,11, Ky),
77
and where
Dy(k) = (kf - m% + ie)_l-

DANIEL IAGOLNITZER

pA  —
q8

Apy
By q

rc

FiG. 1. The unitarity graph.

These hypotheses guarantee that ¢ has the singularity
corresponding to the unitarity graph (Fig. 1).

We note that 4G is not uniquely determined and
can always be chosen with a compact support around
the points k2 = mfA. In fact, it is sufficient to consider
any C! function A with a compact support around
these points and satisfying property (77) and a C!
function @(k,, k,, k,) satisfying the same condition of
support and furthermore

f #kr, ks k)(p + g — ky — k3)
X 0(py + g1 — ky — k3) dk, dk, dkg = 1,

for p, ¢, p1, ¢, defined by the kinematics. We then
define

Mo = Mo+ ks, ke, ky) T (62 — md)
i=1,2,3

M
X |t — d —k, — k
{ flezDa P +4q =k~ k)

X 8(p; + 4y — ky — ky) dk, dk, dk{l.

Particles C, C; will be taken away with a 4-vector
p; particles 4, B, with a 4-vector o.

Using expression (76) and assuming that the func-
tion G can be chosen to be slowly varying in intervals
of the order of 4., where 4, is the “space deviation™
of all density and efficiency functions involved, the
following approximation will hold:

W(p, 0) =j£2‘(p, PG, Q) v)F(p1s POF4(qy, 41)F (ry, 11)

2

X 6(P+Q_K1—K2)5(K1+K3—P1_Ql)a(R+K2—K3—'R1)
Xop—p' +a—q —L—=10)0(h+1L—(p—p) — (@1 —ag))(r —r' + b, — (r;—r) = 1)

X ldn’(P’ Q, R’ Ply Q19 Rl’ K15 Kz, K3)|2 H DI(KI + l‘é) D'I,*(Kl - é)

=1,2,3

2

x exp {iplr — r' — (r, — r)]} exp {iolg, — g1 + p1 — PDI}

790 A0 Al AP b 46 dR 4P, dQ, dR, TT dK. dl..

2py 2po 2p10 2P0

(78)

i=1,2,3
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Along the same lines as in Sec. V.A, we use
p—p+qg—q—hL—-1b
= @ry*[oxplitp — '+ a — g' = 1~ loxldx,
&(h + Iy — (pr — D) — (91 — @)
= @m*exp (ith + 1 = (o = p)

— (9, — qDly} dy,
or—r +lL—(—r)— 1)

= (27r)‘4fexp {ilr — 7" + 1, — (ry — 1)) — L)z} dz.
(79

The same approximations will also be used, since,
by construction of M, |K,,| is larger than or of the
order of m, and that negative values of K, will not
contribute for large positive p,, 0,.

The parameter d may be introduced for the three
bubbles (4, B), (4, By), (C, C;) and we will then
obtain for p,, 0o, large compared to d a classical-type
formula corresponding to three scattering processes
localized in regions of diameter d at times 0, p,, 0,
with corresponding real intermediate propagating
particles.

As in Sec. V.A, we may write

W(p, 0) = f w(p, 7, Ky, Ky, Ky) dK, dK, dK;.

The function w is appreciable only for

lp — Ki/Ky)pol < d,
lo — (Ki/Kyp)aol < d,
lp — o — (K3/K3p)(py — 09)| < d.

At the limit when d is negligible compared to p,,
0y, these equations are those given in'® for “point
processes,” and indeed correspond to classical kine-
matics.

Other cases. Other cases of Landau-type behavior
can be treated along the same lines.

Unstable intermediate particles are related to a
behavior of type (76) with a propagator D,(k;) corre-
sponding to an unstable particle

Di(k,) = (ki — mi + iy)™.

However, we are restricted to the cases when only
one line joins two bubbles in the graph of the singu-
larity.

VI. EVOLUTION OF STATES
A. Preparation of a State

We have written in Eq. (73) the classical current
intensity of a particle M produced in a scattering
A + B— A, + M, for given probability densities or
efficiencies of particles 4, B, 4,.
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Under special conditions (y, > d), an approxima-
tion has been obtained in Eq. (74). The particle M can
then be considered as freely propagating.

We now assume furthermore that the first final
particle 4, has actually been measured by our appa-
ratus. This new information leads us to consider the
new current intensity j,; for particle M

JusKs V) = K ), (802)
W
where /i (K, y) is defined in Eq. (74a) and W, in Eq.
(74b), the new normalization being as expected:

f 784K, y) dK dy (80b)

vopd — 1,

where
(K, y) = exp [(—y/Koyol j' (K, y).

In dividing by W;, we have used the new informa-
tion that particle M has actually been produced.

It can now be easily seen that, under classical-type
conditions, S-matrix theory actually leads to a classi-
cal-type description of the preparation of a state.

In fact, for py > d, the factor 6(y, — xo + pp) in
Eq. (75) can be replaced by unity and

exp [—v(yo — X0 + po)/ Kol

by exp (=vpo/Ko)-
These approximations amount to replacing the
factor

1 1
K —mP+ iy k' — m® — iy

in Eq. (58) by

exp (-— %)6(!62 — mH)§(k'®* — m?).

0

If here, too, the final particle 4, has being detected,
the global transition probability of the scattering
A+ B+ C—~ A, + B, + C; can be calculated as
the transition probability of the scattering M + C —
B, + C, where the state of particle M is given through
the density matrix {y;:

£, K) = exp (= ypof Ko)(1/ W)
x f L0 )00 OOF By DD, 4, Br, K)

x t*(p, q’, p1,K)(p + g — p, — k)
xop +q —pi— k)
2Py 2P0 296 294 2P10 2P10 ’
ko = (k* + m)E, kp= (K + m)E,
Ko = 3(ko + ko),

(81)
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where W, is the transition probability of the scattering
A+ B— A, + M, for A, B, A, defined by {,, {,, F,
and for M defined through the efficiency matrix:

F 3k, k') = 2kod(k — k).

We may then describe the process by saying that we
have prepared particle M in the state defined in Eq.
(81).

This can be extended to processes of multiple
successive scatterings.

B. The Straight Track

As an example, we answer the following simple
problem: does S-matrix theory describe the creation
of a straight track in a bubble chamber?

In the framework of quantum mechanics, where
one uses some equations for the evolution of states in
time, this problem has been solved.'s1¢

We will give here the classical description of the
process, and because of the results of Sec. VLA, it will
easily be seen that S-matrix theory actually leads to
that description.

We consider an « particle which has been emitted in
the chamber by a nucleus. Its probability density is
constant inside the bubble chamber, zero outside,
after its emission. The momentum distribution is
isotropic and is usually peaked around some value of
{P|. It also decreases exponentially with time.

The chamber is filled with atoms which are de-
scribed by similar probability densities.

After a while, we see an ionized atom and an
electron. If we call j,(P, x), j,(Q, x) the current in-
tensities of the « particle and the atom, respectively,
E,(Py, x), E,(Q,, x) the efficiencies for the detection of
the ionized atom and electron, respectively, we get,
according to formula (73), the «-particle current inten-
sity after collision:

jilnt(Ka y)

= % Jo(P, ) Jo(Qs DE(Py, )E(Qs, X)

1

X 6(x —y —KE,O(XO — yo)) exp (— m"K——OXO))
X O0(yy — xo)é(k2 - m2)W(Pa Q. P.Q.K)

x 8P + 0 — P, — 0, — K) dP dQ dP, dQ, dx
x i S(K? — mYB(K,). (82)

0

The process of seeing, in S-matrix theory, is akin to

15 N. F. Mott, Proc. Roy. Soc. (London) 126, 79 (1929).

18 For the general study of many problems similar to those
studied in our work in the framework of quantum mechanics, we
refer to A. Messiah, Mécanique quantique (Dunod Cie., Paris, 1965).
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the process of trackmaking and should be, of course,
treated along the sarhe lines. A complete measurement
theory should involve these ideas in a “bootstrap”
sort of way.

If E,, E, are rapidly decreasing in x — (P1/Py4)x,,
x — (Q./Q1)x, and have no overlap in velocities
P,/Piy, Q1/Q10, the region of the first interaction is
well defined and the product E E, rapidly decreasing
in x in all directions.

Now we see a second group of ionized atoms and
electrons. Then the current of the o particle, after the
second collision, will be

Jin(L, 2)
= (1/W1W2) j%nt(K’ y)Jb(R’ y)Ea(Rla y)Eb(Sl ’ y)

X 0y — z — (L/Lo)(yo — 20))0(2o ~— Yo)

X exp [—¥(zo — yo)/Lolo(L* — m®)

wK,R,R,,S,L)dK + R— R, — S, — L)

X dK dR dR dS; dy6(Ly)(1/2L,). (83)
Here, again, the product E,(R;, y)E,(S;, y) defines
the region of the second interaction.

We substitute the expression of j(K, y) given by (82)
into Eq. (83). Because of the factor d(x —y —

(K/Ko)(xo — yo))s

K_3y—-x

Ko yo— X0
is well enough defined. Then, because of the shape of
w(K, R, R,, S;, L), the current density j{3/(L, z) will
be peaked in the region defined by

Yo — X

(This is the well-known fact that, if the particle « has
a well-enough defined velocity, this velocity cannot
be appreciably changed.)

Now since j(L, z) is peaked around some value of
L/L,, the probability of a new interaction will be
peaked for this new interaction happening around the
direction given by the line joining the localized regions
of the two first scatterings, and so on, which explains
the occurrence of a straight track.

Owing to the results of Sec. V.A, the same result
will hold in S-matrix theory: the probability of seeing
a new interaction is peaked in the direction of the

first two.
VII. CONCLUSION

The following general hypotheses have been made.
The S matrix is assumed to conserve energy-momen-
tum, which yields energy-momentum conservation and
translational invariance of the transition probabilities.
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TabLE I. Results for the § matrix.

Approximations Consequences
Invariant density or efficiency 1 KA, P ~ ja(P, )
functions m
. , P 1
Ji(P, 0, (P, ) = go(B,x = 75, L,
’ ) 0< gr(P,¥) < 1
X (P2 — mH)B{Py) T K A,
»
Vit Ist order coarse-grained locality
Single scattering — '
4 Oth order locality

Double scattering

1 1'¢
x4,
A«)!«

F4

laacdapc™
m ¥y

fy-“«Ang;,

bump in the cross sections

on-mass-shell kinematical condition

propagation of a real intermediate
particle

A property of the decomposition in connected elements
is also assumed to hold and yields a cluster property of
the transition probabilities.

The other results can be summarized in Table I.

In this table, 4, and A4, are the space and momen-
tum deviations of the density and efficiency functions,
respectively. Under the approximations made, they
enjoy the properties of classical probability densities
and measurement efficiencies, respectively.

The table then shows under which conditions
coarse-grained locality or locality of an interaction is
obtained.

A polelike behavior of the connected elements is
assumed in a weak form (analyticity hypotheses are
not necessary) and, under the conditions of the table,
leads to the usual classical cases mentioned. The
4-vector K is the momentum of the “intermediate’
particle. The first case is the observation of a bump
of width y/K, in the cross sections, for instance the
case of the N*. In the second case, an on-mass-shell
kinematical condition is written, as in the case of the
X% The last case mentioned corresponds to two
successive scattering processes which are localized in
space-time regions of diameter d, separated by a 4-
vector p, with the propagation of a real intermediate
particle, for instance, a neutron.

Landau-type behavior of the connected elements
can also lead to classical-type formulas of multiple
successive scatterings.

All the above results allow one to understand how
S-matrix theory actually leads to the usual classical
description of the preparation of a state, and generally
to the usual classical description of processes, in-
volving the usual classical concepts and formulas.

These results are satisfactory and justify « posteriori
general hypotheses on S-matrix theory and on the
correspondence between the § matrix and classical
description of states.

Dynamical aspects of interaction processes are not
studied. It is the aim of theories involving stronger
hypotheses to obtain the corresponding results. For
instance, axiomatic field theory?” or analytic S~matrix
theory are two theories which contain, in particular,
all the features of S-matrix theory used here and are,
of course, much more restrictive.

Thus we think it is useful to know what part of the
hypotheses of such theories corresponds to the kine-
matical aspects of the description of processes, and to
understand precisely how and when they lead to the
classical description, which is the only ground on
which theory and experiment meet.

Note Added in Proof: Various new results on
asymptotic space-time properties in S-matrix theory
have been obtained recently by C. Chandier and
H. P. Stapp [J. Math. Phys. 10, 826 (1969)] and
D. Tagolnitzer and H. P. Stapp (report of work prior
to publication). A general review of space-time prop-
erties in S-matrix theory and the current status of the
results reported in this paper were presented by the
author at the 1968 Boulder Institute for Theoretical
Physics.
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APPENDIX A: SINGULARITIES

This is a short critical review of what has been or
can be said about the relation between timelike
cluster properties of the transition amplitudes and
one-particle singularities or more generally Landau-
type singularities of the connected matrix elements.

It is thus distinct from the general purpose of this
work which is to obtain the classical formulas.

Derivation of the Propagator

We consider, for the sake of simplicity, a scattering
A+ B+ C— 4, + B, + C;, where the particle states
are defined through the wavefunctions ¢,(p), ¢,(q),
(pc(r)’ 'Pa(lh), %(‘h), 1/)0(1'1).

The kinematical and other conditions allow the
possibility of scatterings 4 + B— 4, + M, C+
M — B, + C, for some particle M. No other possi-
bility exists.

We denote by A~ the state of particle 4 translated
through the 4-vector p and we define the following
quantities:

L(p) = (ABC*| T |4,B{CY),
N(p) = (C*M| T |B{CY),

where the state of particle M is defined through its
wavefunction

¢u(k) = (4B| T |4.k),

dk
K’ — = W,
f|¢M( | 2k, 1
where W, is the transition probability from 4, B to
A, and M, the states of particles 4, B, 4, being defined
above, and all final states of M being considered.
We then define

H(p) = L(p) — 0(po)N(p).

For large [p,!, the property (P) stated in Sec. II.D
means that |L(p)| should behave like | N(p)| for p, > 0,
and be negligible for py < 0. Assuming furthermore
that it also holds for the transition amplitudes, it
means that H(p) should be negligible for large | p,|. We
do not know if and how it is possible to derive it. As it
is stated here, it is a strong hypothesis.

Different kinds of conditions can be stated. For
instance, Wanders* requires the rather weak, but yet
arbitrary, condition:

fmmﬁw<+w
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as opposed to

fuv(p)j2 dp = +, fIN(p)lz dp = const.

From that condition, the polelike behavior of the
connected matrix elements is derived:

T(p,q,x, P1, 91, 1) = P, q, T, P;, Q1 T1)
Xdp+tqg+r—p —aq —nr),
(P, 95 pP,q0,0)
ko — (k* + m® + ie)t’

(P, QT P, Qs 1) =

where
k=p+q—p

and R has a suitable regularity property.

This polelike behavior can also be derived”® from
analyticity (and unitarity®), the function R being then
analytic.

Some authors® like better to consider, instead of the
quantities L(p), N(p), H(p), the quantities N(0) and

E(PO) =fT(Pa 47T P4, 1'1)
X XDy @ermv(p)vy(a)vry)

X exp {ipalky — (k% + m¥P7pm 2 7 41
2py 24,
Their requirement, claimed to be “physically rea-
sonable,” is that—at least for test functions of 8 such
that furthermore all velocities cannot be equal all
together—the quantity

H'(pg) = L(py) — G(PO)N(O)

should go rapidly to zero for large |p,|. To us, the
restriction of the test functions given here may be
reasonable enough, but not the substitution of the
quantity H' for H.

The polelike singularity is derived here too, the
Fourier transform L'(£) of L’(p,) being the product of
the propagator 1/(¢ + i€) with a C* function.

Converse Part

Conversely, let us consider the hypotheses of a
polelike behavior of the r-matrix elements in the
following form:

RP, 41, P15 G, 1)
ko — (K + m)t + ie’

H(p, QT Py, Qs 1) =
where R is some function, satisfying, furthermore,
the condition

3{(1)5 q, T, P1,4:, rl)kg:(k2+m2)*
= (1/2k0)t(P, q’ pl ’ k)t(k’ r, ql H rl).
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One gets
1

L(p) = f S(k, k) PRI

x exp (ipk) d*k,

$(k) = f R(P, 4,1, Pr» @ DPEDH@ )

X P(P)Ys (@)Y (r)dp + 9 — p1 — k)
dp i .Y

romw— m——
' 2p, 2Plo

N(p) = f S(k, ko)d(ko — (k* + m®)}) exp (iph) dk,

Xa(k-l-r—ql

1
— (kK2 + m)t + ie

6(po)N(p) = f Sk, (K + m®h) -

x exp (ipk) dk,

1
o — (K2 + m)t + e
— (K + m)H)} dk.

L(pg) = J Sk ko) -
x exp {ipolko

By making different kinds of hypotheses both on
the nature of the function R and on the test functions,
it is possible to get results.

For instance, H'(p,) can be written as

H'(po) = f G @ -
where

S = f S(k, ko)o(k, — (k* + m)t — £) dik.

SO i - exp (ipud) .

By assuming that R isa C* function and considering
test functions in 8, the rapid decrease of H'(p,) for
large |pol can be deduced.

Although the consideration of H(p,) is not so easy,
conclusions can also be drawn from the expression

8(k, ko) — Gk, (k* + m*)?)
Hipo = [ =5

— (2 + m) + e

exp (ipk) dk.

Unstable ‘‘Intermediate’’ Particle

The case when the z-matrix elements behave like

‘/ﬁ’(p’ q5r plaql’rl)
k® — m® + iy

t(p> q, rLh, q, l.1) =

with some hypothesis on the behavior of A(, can also
be studied”® (e.g., if A is analytic and factorizable
in two parts for k? = m? 4+ iy) by comparison of
L(p) [respectively, L'(p,)] for large |pol, {¥po/kel ~ 1
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with N.(p)0(p,) [respectively, 8(po)N,(0)], where
0(po)N,(p)
=J¢(P, q’ r, pl ’ ‘11 ’ rl)t(pa q9 pl ’ k)t(k; l', ql s rl)

X 0(p + q — pr — K)0(po)
x Ok + 1 — g, — rym T2 5 I
2py 2P0

dk
X exp (—ypolke) — .
P (—7polko) 2%k,
This case may be treated along the same lines as the
“stable” case.
Landau-type Case

The case of a Landau-type behavior can also be
treated in a similar way. A simple qualitative hint!
indicates why Landau singularities in the physical
region can be related to physical possible processes.

In general, a predominance rule of all physically
possible processes with all possible intermediate
particles should be stated.

Some progress seems to be made from different
kinds of hypotheses.

Analyticity hypotheses with simple conjectures lead
to interesting results.®

Hypotheses of rapid decrease in time of the part of
the amplitude remaining after all terms corresponding
to physically possible processes have been subtracted
out may seem “‘physically reasonable” and promising.

APPENDIX B: ABOUT WIGNER FUNCTIONS
Definition

There has been a lot of literature about the Wigner or
other “quasiprobability”’ functions. Curiously enough,
people usually limit themselves to the case of a density
matrix—and do not study the more general case of an
efficiency matrix!

Authors then consider the following correspond-
ence:

L~ 8(1, )

where ~ is the closure of the operator. Then the Wigner
function is the Fourier transform of S8(4, u):

=Tr Cexp [i(APUD + NXOp)~]s

guA( P, x) =f8(l, ) exp [—i(AP + ux)] di du.

The above correspondence is more generally an g*-
isomorphism of the algebra of Hilbert-Schmidt
operators on the Hilbert space of square-integrable

18 F. Pham, “Singularités des processus de diffusion multiple,”
CERN Preprint 65/487/5-TH651, 1965.
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functionsinto the algebra of square-integrable complex-
valued phase-space functions [with multiplication
defined in Eq. (32)].1°

Discussion of Equation (29)

To some extent, Eq. (29) is related to von
Neumann’s?® construction of sets of two commuting
operators which approximate X,, and P,, and which,
instead of having a continuous spectrum as the usual
position and momentum operators, have discrete
eigenvalues, the product of intervals between two eigen-
values of each being larger or equal to one.

To prove Eq. (29) as recalled in Sec. 1I1.B.2, one
may write the inequality

0 < (ol Flao) £ Ko | Xo)

for a minimal wavepacket y,:

3
P
Bﬁ-) exp (ipx,)

\/277
x exp [—3BXp — Py)*].

Equation (29) follows for B, = (2B,)™*, B,B, = 3.
The generalization to B,B, > } is then trivial [a con-
volution with B,B, > 4 can be separated into the
product of convolutions with B B, = } and another
one with positive (exponential) functions].

We may also obtain this directly by using the in-
equality

7o(B) = (2po)*(

0<TrF{, <1,

valid for all density matrix {,, then choosing

Zo(p, ) o< exp [i(p — p')X,) exp [—1Bi(p — p:)Z] 1
X exp {—[4(p + P) — PoF’B,*}(2po) *(2p0)*,

which is a kernel of density matrix if and only if
Bpr 2 %

Some authors define new kinds of *““quasiprobabil-
ity”” functions instead of the Wigner function.

For instance, what Bopp has written?! is, as a matter
of fact, nothing else than the convolution of gy
through 7,(x)r,, (P) where / is some ‘“fundamental”
length. However, the physical meaning as well as the
exact equation (29) is not clearly given. Furthermore,
we do not follow him on the ground of ‘““funda-
mental” length /. Equation (29) is valid for all {B,, B,:
B.B, > }}.

Other authors?? prefer to say that instead of the

19y C. T. Pool, J. Math. Phys. 7, 66 (1966).

20 ), von Neumann, Mathematical Foundations of Quantum
Mechanics (Princeton University Press, Princeton, N.J., 1955),
p. 398-416.

21 F. Bopp, Ann. Inst. Poincaré 15, 81 (1956).

22 See, for instance, C. L. Mehta, *“Coherence and Statistics of

Radiation,” in Lectures in Theoretical Physics, Veol. VIIC, W.
E. Britten, Ed. (University of Colorado Press, Boulder, Colo., 1965).
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above correspondence,
{— 8(%, w) = Tr {exp [i(APy, + uX,,)"],

they will consider correspondences using other
“orderings” of P;, and X,, or combinations, i.e.,
things like exp (ilP,,) exp (iuX,,), etc.

If one defines dimensionless operators p,, and xg,
using py, = [Py, , x,, = 1/IX,, (/is some length), and

A = (x0p + ipOp)/\/E’
A+ = (X()p - ipﬂp)/\/_?:’
o= —2(IV?2) + iu(V?2),

one gets
—a*d + adt = Py, + uX,,,

exp (—a*4) exp (aA™)
= exp (—a*4 + ad™) exp (—[x[?)
= exp [i(AP,, + uXo,)l exp [— (43212 + w?}2)].

Thus the new “quasiprobability” function defined
by Glauber et al. through

L~ S(4, p) = Tr L exp (—a*4) exp (a4™)

is also just the convolution of the Wigner function
with 7,(x)ry;,(P) as in Bopp’s case. Same comment as
about Bopp’s case applies.

Positive Wigner Functions

Let us end now through a short discussion of
Eqgs. (26), (27), and (28) where cases when Wigner
functions are positive were studied.

The function g, defined in Eq. (26) can be proved to
be the Wigner function of the density matrix {, defined
in Eq. (27) by using, for instance, a theorem by Bloch
concerning the probability law of a combination of
momentum and position.?

In the special case studied here, the Wigner function
is formally identical with the probability density of the
classical case. It can be easily understood by consider-
ing that one has to minimize in the classical case
§ gIn g and in the quantum case Tr { In {.

Then

Tr{ln{ = f (O (P, x)In {)(P, x) dP dx,
(POp)I/V = P9
(Xop)W = Xx.

In this special case, (In £)y(P, x) oc In ({)y(P, x).
The equations of the classical and quantum mechanical
case then become identical.

28 See A. Messiah, Mécanique quantique (Dunod Cie., Paris, 1965),
Vol. I, p. 382.
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Partial-Wave Expansion in the Crossed Channel for Scattering
Amplitudes Invariant under the Galilei Group*
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A partial-wave analysis in the crossed channel is performed for a Galilean-invariant scattering matrix
using the irreducible unitary representations of the Euclidean group in two dimensions. As in the rela-
tivistic case, a formula is obtained which is useful in determining the high-energy behavior of the scattering
amplitude for fixed-momentum transfer. In particular, the Born term is shown to correspond to a ¢
function in this representation. Moreover, this parametrization is related by a group contraction to the
corresponding background term of the relativistic case.

1. INTRODUCTION

In the Regge approach to relativistic two-body
scattering, an expansion is obtained for the amplitude
T(s,t) by a Sommerfeld-Watson transformation.
One gets, typically, for unit masses

T(s, 1) = 23 B{DPyyn ('—1 Ty is 4)

1 [ 2s
+ = do Py .l—1-— s
i Lo b ( t — 4)

(1.1)

where s and ¢ are the usual Mandelstam variables.
A group-theoretic interpretation can be given to this
formula which is identified with a partial-wave
analysis performed in the ¢ channel while remaining
in the physical region of the s channel? and it pro-
vides a very interesting link between Regge poles and
certain representations of the Poincaré group. There
seems to be a general feeling that such a link does not
exist in the case of nonrelativistic scattering, where
the group of invariance is the Galilei group.® We
believe that this is due to the fact that people have
been seeking expressions looking exactly the same as
(1.1). In this connection it is useful to recall that (1.1)
contains the Regge poles of the crossed channel and
not the poles originally obtained by Regge.? More-
over, in nonrelativistic scattering there is a funda-
mental difference between the s and ¢ channels, the
latter being a purely kinematical concept.

G(t, o)
cosh (wo)

* Research supported in part by the National Science Foundation.

t Present address: Laboratoire de Physique Théorique Faculté
des Sciences, Batiment 211, Orsay, Seine et Oise, France.

1 On leave from the Istituto di Fisica dell’Universita di Bologna
(Italy).

Y H. Joos, in Boulder Lectures in Theoretical Physics, Vol. VII
(University of Colorado Press, Boulder, Colo., 1964), p. 132.

2 M. Toller, Nuovo Cimento 37, 631 (1965).

3 J.-M. Levy-Leblond, Nuovo Cimento 45A, 772 (1966); L. H.
Ryder, ibid. 52A, 879 (1967).

¢ T. Regge, Nuovo Cimento 14, 951 (1959); Nuovo Cimento 18,
947 (1960).

For these two reasons one should not expect to reach
a result exactly similar in structure to (1.1) in the
Schrodinger theory. We will show that a partial-wave
analysis in the ¢ channel using the Galilei group leads
to an expression whose main difference from (1.1) is
the replacement of Legendre polynomials by Bessel
functions. This is quite natural, since in the contraction
of the Poincaré group to the Galilei group the
Legendre functions go to the Bessel functions.
Furthermore, the Born term, which determines the
high-energy behavior at fixed-momentum transfer
corresponds to a pole in the continuous parameter in
which the expansion is made.

2. GROUP-THEORETICAL COUPLING OF
INITIAL AND FINAL STATES

We recall that the Galilei group G is the set of
elements of the form

g=1(da,v, R). (2.1

This group acts on the coordinates (7, x) of space-
time according to

"= RX + vt + a,

4, (2.2)

where a® and a are time and space translations,
respectively, v a velocity, and R a rotation.

Bargmann® has demonstrated that all irreducible
unitary continuous projective representations of the
covering group of the Galilei group G are characterized
by the system of factors

o(g’, g) = exp [Lim(a' - R'v — v/ . Ra + a%' - R'V)].
2.3)

The universal covering group G is obtained by per-
forming the usuval substitution R-—> A4 e SU,. As
shown by Bargmann, the parameter m, if greater

5 V. Bargmann, Ann. Math. 59, 1 (1954).
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than zero, can be interpreted as the mass of the
particle.

We give a brief sketch on how to get the irreducible
unitary representations of G following the method
of Mackey.® (For details see Refs. 6-8.)

The characters of the space-time translations
(a®, a, 0, 1) are the usual ones,

200 0
—p'a
Pt ),

and the energy-momentum p = (p°, p) transforms
according to

p¥ =p®+ v Rp + tmv?,

2.4
p = Rp + mv. 24

(We always adopt, where possible, the four-dimen-
sional notation.)
It can be easily checked that

2mp® — p* =B 2.5)

is invariant under the transformation (2.4) and, con-
versely, two four-vectors, lying in the same orbit corre-
sponding to a fixed value of B, can be connected by
a transformation (2.4). Thus the number B is one of
the labels of the irreducible unitary representations.
We can then parametrize each orbit by choosing a
fixed vector & and a transformation M, of the type
(2.4) such that p = M _h. [We will always denote by
M the elements of the form (0,0, v, 4), written
simply as (v, A).]

The irreducible unitary representations can now
be written in the space of the square-integrable func-
tions on the orbit with respect to the measure
dypd(2mp® — p* — B):

(U(a, v, A)f)M,) = e7 QM7 MMy ) f (M ),
(2.6)

where we have put M = (v, 4). The set of Q’s form
an irreducible unitary representation of the little group
G, of h,towhich M;*MM y; 1 belongs. More generally,
Mackey® works with the functions defined on the
group G and the representation is the left-regular
representation. The link between the functions on the
group and f(A,) is given by the so-called “Q covari-
ance along left cosets™ ® expressed by

J(Mg) = Q7o) f(M)
if p ey

8 G. Mackey, The Theory of Group Representations (The Uni-
versity of Chicago Press, Chicago, 1955).

7 J.-M. Levy-Leblond, J. Math. Phys. 4, 776 (1963).

8 J. Voisin, J. Math. Phys. 6, 1519 (1965).

® P. Moussa and R. Stora, in Boulder Lectures in Theoretical
Physics, Vol. VII (University of Colorado Press, Boulder, Colo.,
1964), p. 37.
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We now have to distinguish two different cases:
if m is not zero, looking at (2.4), one sees that G, is
isomorphic to SU,. Accordingly, the Q’s are the
standard D° matrices and s is interpreted as the spin
of the particle. In the following, a convenient param-
etrization of the orbit will be the choice

m

h= (—11,0) and M, = (2,1). 2.7
2 m
Then one obtains
MZ'MM 3y -1 = (0, A).
If m =0, G, is the set of (0, 0, v, 4) such that
h.-v=0 and R(4)h=h.

This group is isomorphic to the two-sheeted covering
group of the Euclidean group in two dimensions E,.
The irreducible unitary representations, of E, are
recalled in the Appendix. If the representation of the
little group is one-dimensional (the so-called finite-
spin case), one has simply

Q(n)(M;IMMAM’;l) = einﬂ(]ll,,‘lﬂllllyp—l).

In the case of infinite-dimensional representations
(infinite spin), the representations of G take the form

(U(a, v, A)H)(M,, C))
= €% X D(CICCo 1) f(Myg, -1, Coper)s (2.8)

where we have let M 'MM ;-1 = (u, C). Asit can be
seen by direct inspection of (2.4), givenany 2 = (h°, h)
on the orbit with —h? = B, a convenient choice of
M, is (w, A,), where R(4,)h = p and

w = p[p® — h%]/p?.
With this choice, one has

w=R(4)" v =2
p

and C = 4,744y 1. As expected, u is orthogonal to

h, since
Ve
op P

p

is the component of v orthogonal to p.

Since we are interested in making a partial-wave
analysis in the crossed channel, that is in coupling an
incoming particle of mass m with the same outgoing
particle, we now focus our attention on performing
the reduction of the product of a representation of
mass m # 0 and a representation of mass —m (see
Secs. 4 and 7). In this case the product of the factors
(2.3) gives unity and one expects to find in the de-
composition true representations, i.e., mass-zero

vV —
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representations. In performing the reduction we follow
the method of Moussa and Stora,® stressing only those
points which are particular to our problem.

The product representation is given by

(Ua, M)f)5,0,(M,,, M)
= DY (MIMM 3, )
X D3, (M5 MM My el Mg, -1, My, ).
(2.9)
The orbits are, respectively,
2mp} — Ipf* = By,
_zmpg - “’2‘2 = Bz,
and we denote by #, and h, the fixed vectors chosen as
explained in (2.7). As shown in Ref. 9 the set
(M, , M) has to be decomposed into double cosets
which are characterized by the condition: (M, , M,,)
is equivalent to (M, ., M, ) if and only if there exists
an M such that pj = M, and p, = M, . In each
double coset one can choose a representative
(M, , M,,) with
M, =1 and M, = (—v,1). (2.10)

Then, o, and w, are given by

‘5

w, = my,
0 _ 1 2

wy = (By/2m) + Lmv®, @.11)

w, = my,

we = —(By/2m) — imv.
If we define

T =y + Wy = (Bl — Bz, 2mv),
(2.12)
q = 0 — @y = (M + mv?, 0),
m

Eq. (2.4) shows that = transforms with the mass 0
and y with the mass 2m. The invariant B of = can be
used to label the double cosets. For any (M, , M, )
in the same double coset of (M, , M), we introduce

P = + s
D1+ Pe @2.13)
0= P11~ P,
and we denote by
Mpg = (W, Ap) (2.14)

one of the homogeneous Galilean transformations
such that

Pr = Mp .,

2.15
P2 = Mp gw,. ( )

It follows that
P = (77'0 + W R(A[))n, R(AP)TC),

0 = (x° + mw?, 2mw). (2.16)

UNDER THE GALILEI GROUP
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Any member of the double coset under consideration
can be written as (MpoLiM,, , Mp oL,M,) Where
L;€G,, (i = 1, 2). Therefore, by covariance,
f(MP.QLle1 H MP,QL2Mw2)
= DM LM, ) D*(MG,L.M,,)
X f(Mp,oM,,, MpoM,,). (2.17)

If we put
f(MpoLM,, , MpoLM, ) =f(MpoL), (2.18)
the transformation law for /(Mp ¢) is
(U(a} M)f)crlo‘z(MP,Q)'
== eiP.(LDi.llrl(M;iM;fQMMMP—1’MQ—IMC,)‘)

X D3 (Mo ME oMM prp1, 31 M.,,)

X frir sl My 314-1)- (2.19)
One can see that Mp!,MM a1 belongs to
Gy, N G,,,which is the set of elements (0, 4), such
that R(4)y = v and v is the same as in (2.10). There-
fore, the M, (i=1,2) which commute with
G, N G,, can be dropped from the argument of
D% (i =1, 2) in (2.19). Furthermore, by quantizing
both spins along v we can simultaneously diagonalize
Dt and D*. They take the form

D5 AMEB. oMM 3151 376-1)
= 0y, exp [i0,0(Mp. oMM 371, 316-1)].
Looking at (2.14) one easily checks that
Mp o = MpS,,
where
Mp = (W1, 4p),
Sp = (R(4p)w,, 1),

and w;, w, are the components of w along P and in
the plane orthogonal to P, respectively. We recall
that, according to (2.16),

w = Q/2m. (2.21)

If Le G, NG,,, then SyL € G, and we can expand
F(Mp L) according to (A4). One obtains

FriodMpSoL)

+w
- 51- 3, dite [ dxe RAD v (0 M) (222)

T -

(2.20)

where ¢ is the rotation corresponding to L.
By covariance [see (2.17)], it turns out that / = g, +
oy . Finally, it is straightforward to verify that the

—i{a1+e)8(Cy), ( }
g ilortes X Wﬂ:}:fﬂ (X, MP)’

with [x| =r and e = %1 according to whether
o, + 0, is an integer or a half-integer, transform
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following (2.8). That is, the y are the basis for an
irreducible unitary representation of zero mass.

3. COMPUTATION OF CLEBSCH-GORDAN
COEFFICIENTS

As in Ref. 9 we introduce the state

4} = f dupy dipsd2mpd — B2 — By)

X 6(_2mpg - Pg - Bz)falaz(Mpls Mpz)

X Im’ Bla P15 S1» 0'1> |_m’ B25 P2, S2» G2>’ (31)
where f, , transform according to (2.9) and the
|m, B, p, s, o) form a basis for an irreducible unitary
representation of the Galilei group with mass m # 0,
inner energy B, and spin s. We set the normalization
to be
(m,B,p,s, 0| m,B,p,s,0)=2|m| 6(p — Py,
Since, clearly,

]"[P1 = MP,QMmlNl

and Mp, = Mp oM, N,

with N, € G, (i = 1, 2), we obtain by covariance

fa’laz(Mpl * Mpz) = DalTl(Nl_l) Da’grz(Ngl)ﬁlrg(MP,Q)7

where f'is given by (2.18).

After expanding £, (Mp ), as shown in (2.22),
we substitute it in (3.1) and perform the change of
variables (2.4). The result is

_ 1 o2
9= f_de f d,P d,06(P* + B)

x 6(4mQ° — Q® + B — 2(B; + By))
X 6(2mP° —P-Q+ B,— B)
D3, (NTHD3E, (N3

“171

xfd2xe—zx "R(A4p)" 1wy (11+”)(X MP)

71 T2

x |m9 Bls P1> 51, O'1> I—m’ B2’ Pz,sz’ GZ>- (32)

One can rewrite (3.2) in the following way:

|p) = f_ (:'dB f d,PS(P* + B) L “y d%ﬁ{)%

27
Xf d@sz“;”)(r 6, Mp) |B, P, v, 0;71,, Ty,
)

where (3.3)

|B, P, r, g, 7'1,1'2>
- ('P‘) f 4,05(4mQ° — Q* + B — 2B, + By)

x 6(2mP* —P-Q + B, — B)
X Dl (N7 Dgs, (Nghe Futrmms

X |m, By, Py, S1, 01) |—m, By, Pz, 53, 0). (3.4)
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As y transform according to an irreducible unitary
representation of zero mass, (3.4) form a basis for
an irreducible unitary representation with zero mass,
inner energy B, and degeneracy parameters 7, and 7.
The normalization is given by

(B,P,r,0,7,7s ] B,P,r, 0,71, 715
= 0,101, 04(P — P)Oy(R(Ap)(x — X))-

It is now straightforward to compute the Clebsch-
Gordan coefficients, obtaining

{m, By, 1, S1, O13 —m, By, Py, 52,02 | B, P, 1, 0,7y, 75)
= (2/m)(m [PD D3, (NT) D3 (N7
% e—lR(AP)x w253(P —p — Pz)

X 02mP" — P« (p; — p,) + B, — B)).

GaTy

3.5
As expected, they satisfy the completeness property

—s1 —S2

f P d(R(APD) S, S,

X (m, By, P1,51,01; —m, By, Py, 52,0, | B,P,r, 0,7, ,75)
_maB2’péssz,O’é>

(3.6)

X (B,P,r, 0,7-1,72| m, By, pi,s.,01;
= 4m260101'60202'63(p1 - Pi)(ss(pz - pé)

4. PARTIAL-WAVE ANALYSIS OF THE TWO-
BODY SCATTERING AMPLITUDE IN THE
CROSSED CHANNEL

In order to simplify the presentation we restrict
ourselves in what follows to the problem of the
elastic scattering of two spinless particles with zero
internal energy and masses m, and m,. We will denote
by k; and p,, respectively, the incoming and out-
going four-momenta of the particle with mass m;
(i=1,2).

The scattering matrix S(p,, Ps, ki, ko) is invariant
under simultaneous Galilean transformations on the
four particles. As discussed in Ref. 2, one must use
for the outgoing particles the complex-conjugate
representations. In our case this is equivalent to ex-
changing the mass m; with the mass —m, and the
four-momenta p; with —p;. We then decompose into
irreducible representations the tensor product of the
representation |k;) with the complex conjugate of
the representation of |p;). This is nothing else but
the decomposition performed in Sec. 2. Using the
identity

S(P1 El Pz s kl > k2)
- f dyp; dypy dk] dgkid(ps — p)ds(ps — )
x d5(k; — ky)ds(k, — k3)S(pi, p2, ki, k3)
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and the completeness relation (3.6), one can write
S(P1 s Pz, k1 L] k2)
= f diP d,P’ dy(R(Ap)X) dy(R(Ap)X')

X {my, p1; —my, —Kk; l Px)['(P, P', x, x')
X (P'x"| —my, —Pyg; My, Ky, (4.1)

where I is given by:
I'(P, P’, x, X')
= (16mym,)” f ] dops dok; diky

x (Px | my, pi; —my, —kDS(p;, P, ki, ki)
(4.2)

Because S is Galilean-invariant, the distribution I'
is diagonal in P and R(4p)x. We write it as

X {—mg, —Ps; My, Ky ] P'x’).

(P, P', x, X') = (7*/4 |P|)(mymy) 28,(P — P’)
S(R(Ap)X — R(Ap)XW(P, R(Ap)X). (4.3)

Furthermore; p(P, R(4p)x) is invariant under Gali-
lean transformations which rotate R(Ap)x in the two-
dimensional plane orthogonal to P and transform
P following (2.4) with zero mass. As usual, we con-
sider y as a function of the invariants which are only
P? and (x|, since P R(4p)x = 0. Accordingly, the
partial-wave expansion (4.1) takes the form

S(pi, P2, K1y ky)
_1_(5(1’_? A _L)

B dmm, \2m, 2my 2m, 2m,
X Oy(pr + P — ki — kz)fdzyeiy'A}'((Pl - k1)2, iyD,
(4.4)
where

A=P1+k1_l’2+k2

4.5
2m, 2m, (+35)

and the integration on y is performed in the plane
orthogonal to p, — k,. By going to polar coordinates,
(4.4) becomes

S(pls p2’ kl E] k2)
_m 5(_1’.°I_ Pk K
2mim, \2my 2m,

x o(py + p: — k; — ky)

x f “r dry(By — )% )o(r 1BD),  (4.6)

+

where J, is the Bessel function of zero order.
The important fact to be observed about either
(4.4) or (4.6) is that ¥ depends on the momenta of
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the particles only through the momentum transfer
t = (p; — k)% This makes these formulas particu-
larly appropriate to study the high-energy behavior of
the scattering amplitude at fixed-momentum transfer.
In a relativistic theory, the corresponding property is
that the “residue functions” depend only on .

It is known that, if the potential is regular enough,
the high-energy behavior of the scattering amplitude
at fixed ¢ is given by the Born term.1® One can verify
that, up to a constant, the corresponding y % is

yB(P, R(Ap)x) = S,(R(ApX)V(P),  (4.7)

where ¥ is the Fourier transform of the potential.
[If one wants to insert (4.7) into (4.6) the d,(R(Ap)x)
has to be replaced by —4'(r).] In this case, the high-
energy behavior at fixed momentum transfer is
given by a pole at the origin. The behavior of the other
terms in the Born series is determined by the regularity
of the corresponding y terms in the r variable.

5. CONTRACTION OF THE POINCARE GROUP

Since the Galilei group is a contraction of the
Poincaré group,’ we will show that it is possible to
reach (4.7) from the corresponding formula of the
relativistic case [see formula (9) of Ref. 1]:

2u )
t —4u®)’
(5.1)

M(s, t, 4% = 2f0 odoN(t, o, ”Z)P—%+ig(] +

where
s+t 4+ u=4u?

by choosing a suitable limiting process. First we recall
some machinery given in Ref. 11. If P, and M,
denote the usual generators of the Poincaré group,
the Lie algebra of the Galilei group is obtained by
multiplying P, and M, by € and letting € tend to zero.
As far as the irreducible unitary representations of
the Poincaré group are concerned, if m? > 0 one
obtains the corresponding representations of the
Galilei group by taking m? ~ 4, whereas if m®> < 0
one takes m? ~ €72,

Formula (5.1) is a partial-wave expansion performed
by using the little group of a spacelike vector, that is
0(2,1). Its Lie algebra is generated by M, , My,
M,,. In the representations appearing in (5.1), the
eigenvalues of the Casimir operator M3, — M7, — Mg,
are given by —(o® + ). Since, in the contraction,
eM,, is chosen to have a limit as € — 0, it follows that
o must behave like e71. Therefore, in order to contract

10 A. Klein and C. Zemach, Ann. Phys. (N.Y.) 7, 440 (1959).
1L E. In6ni and E. P. Wigner, Proc. Natl. Acad. Sci. (US)
39, 510 (1953).
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(5.1), one has to consider

. 2ué
limP_g., 1+ -———)
€m0 %‘H(A/E)( E2t _ 4/‘2

which is equal to!?

JO(}' |P1 _ k2|)-
,u

We remark that in this limit only the space com-
ponents survive in u. As a result, we see that in the
nonrelativistic limit (5.1) reduces to (4.6), interpreting

Aasr.
6. CONCLUSIONS

By partial-wave analysis in the crossed channel
we have obtained a new parametrization of the two-
body elastic scattering matrix in the nonrelativistic
case. Our results show that, in the same way as in
relativistic scattering, the partial-wave analysis in the
t channel is connected to the high-energy behavior in
the direct channel for fixed z. It is interesting to note,
however, that, for amplitudes tempered in the
momenta, the high-energy behavior is given only by
what corresponds to the background term in the
relativistic theory.

Finally it may turn out that the representation we
have derived is a useful tool to study potential scat-
tering, for example, by inserting it into the Lippmann-—
Schwinger equation.
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APPENDIX

For the sake of completeness we classify here the
irreducible unitary representations of the two-sheeted
covering group in two dimension E,.

We denote the generic element of E, by (u, C),
where u is a two-dimensional translation and -C an

12 This formula can be obtained in the same way as the analogous

ones in G.N. Watson, Theory of Bessel Functions (Cambridge
University Press, Cambridge, England, 1958), p. 156.
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element of SU, which corresponds to a one-dimen-
sional rotation. The product law is

(u;, C)(ug, Cy) = (u; + R(Cuy, €,Cy),

where R(C) is the rotation corresponding to C.

Still following Mackey,® we associate to each
vector X a C, such that R(C,)x, = X, where X, is a
fixed vector on the orbit of x, and we denote by 6 the
angle between x and x,. Then the infinite-dimensional
irreducible unitary representations, labeled by |x| = r
and € = =1, are of the form

(U™, O)f)(Cy) = €™ D(C; CCe1) f(Coriy).
(A2)

D* is an irreducible unitary representation of the
little group of x, which is simply the group of two
elements {1, —1}. The functions f(C,), at fixed r,
must be considered L2 functions with respect to the
measure db. The finite-dimensional representations
are one dimensional and they are labeled by an integer
or a half-integer

Uu, O)f = &*f,
where ¢ is the angle of rotation corresponding to C.

The matrix elements of the infinite-dimensional
representations are

01 Unt(u, C){8") = 85,(0" + @ — O)e™™,

(A1)

(A3)

whereas those corresponding to U™~ differ from the
ones above at most by a sign. J,, is the Dirac J of
period 27. From (A3) it is clear that any function on
the group € L% can be expanded into the matrix
elements of the infinite-dimensionalirreducible unitary
representations. More generally any tempered dis-
tribution has this expansion, since this amounts to
performing a Fourier transform in u. Explicitly, the
expansion has the form

1 +w ;‘ )
f@,€) = 5= Sy ebine f dx d,(x)e ™, (Ad)
7T —w

If fis a tempered distribution, (A4) automatically
includes the finite-dimensional representations which
correspond to d,,(x) concentrated at the origin.
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The method of developing exact power-series expansions for the partition function Z and related
thermodynamic functions for the Ising model valid below the critical point is generalized to include
exchange interactions between first-, second-, and third-neighbor pairs. Expansions of the spontaneous
magnetization M,(T") and zero field susceptibility yo(7") are derived through to sixth order of perturbation
for the s.q. lattice, and through to fifth order of perturbation for the AT, b.c.c., s.c., and f.c.c. lattices,
when interactions J,S7S} and J,S.57 are present between first- and second-neighbor spins, respectively
(second-neighbor model). These expansions have also been obtained for the case where interactions of
equal magnitude (/; = J, = J;) are present between first-, second-, and third-neighbor pairs (third-equiv-
alent-neighbor model); here expansions through to fifth order of perturbation are obtained for the s.q.,
A’f, b.c.c., and s.c. lattices and through to fourth order for the f.c.c. lattice. The Padé approximant.pro-
cedure is employed to discuss the effects of an extended but finite range of interaction on the behavior
of My(T) and x,(T) for T — T¢ as characterized by the critical exponents § and y’, respectively. For the
second-equivalent-neighbor model lattices, it is found that 0.122 < 8 <0.134 in two dimensions, and that
0.308 < f < 0.328 in three dimensions; from which it is concluded that § remains unchanged from its
value in the nearest-neighbor model. The corresponding limits for y” in three dimensions are 1.18 <y’ <
1.28; from this and the results for the b.c.c. lattice in particular, it is concluded that y” is probably § and
hence the transition in y, is symmetrical about T. (3" = ). A repetition of this analysis for the third-
equivalent-neighbor model three-dimensional lattices shows a marked shift in the estimated range of f
and y’; the results are 0.345 < f§ < 0.365, and 1.01 < y* < 1.14. In each of the above cases, the cor-
responding high-temperature (T > T.) expansions of x,(7’) obtained previously have been analyzed to
yield estimates of the critical exponent y. The over-all results and in particular the estimates of p for the
s.q. and b.c.c. lattices suggest that this index is unaffected by extending the range of interaction, and
that if y is a rational fraction then it is the same fraction for the n.n. model and second- and third-
equivalent neighbor models. Finally the high-temperature expansions of Zy in zero field, and of y(T)
for the second-neighbor model are used to examine the dependence of the critical temperature T, the
critical energy (Ew — E.)/kT,, and the critical entropy (S~ — S.)/k on the relative strengths of J; and
J, for values of J,/J; in the range O to 1. It is found that the variation of the critical point is well rep-
resented by

T() = TO)[1 + mya],

where « = J,/J; and lies in the range 0 < o < 1; and 7,(0) is the critical temperature of the nearest-
neighbor model. The values of m, are 0.61, 2.47, 0.84, 1.45, and 1.35 for the f.c.c., s.c,, b.c.c., s.q., and
A’r Jattices, respectively. All these calculations are compared with the corresponding results for the
Heisenberg model.

I. INTRODUCTION

JULY 1969

This is a paper about the Ising model of a ferro-
magnet in which the approximation usually adopted,
of only including nearest neighbor (n.n.) interactions
(/,8:5%), is relaxed and interactions (J,S7S7) between
next nearest neighbors (n.n.n.) are added into the
Hamiltonian. We also discuss the inclusion of third-
neighbor interactions. The Hamiltonian for an Ising-
model lattice assembly of N spins, generalized to
include interactions between 1st, 2nd, - - - , nth neigh-
boring spins, may be put in the form

n N
J=—32J,3 488" — mH 3 2S%. (1)
{r>

r=1 i=1

In Eq. (1), S? is the spin variable associated with the

ith lattice site, J, is the exchange integral between rth
neighbors, H is the external magnetic field, m is the
magnetic moment on each site, and 2, denotes the
summation over all pairs of rth neighbors.

Recent years have seen a resurgence of interest in
the Ising model and, although an exact solution for
the three-dimensional nearest neighbor assemblies is
still lacking, very successful efforts have been made
towards elucidating their equilibrium behavior. The
importance of the Ising model lies in that it represents
in semi-classical terms the simplest model of a strongly
interacting many-body system and is particularly
useful in formulating the short-range interactions
which are responsible for a variety of cooperative
effects, where attention is focused on the phenomena
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which occur very near critical points. Present interest
in the theory of phase transitions is centered mainly
on seeking a physical basis for the obviously similar
nature of critical-point behavior in apparently very
different types of phase separations. In this the Ising
model is very useful, since it can be adopted as a
model for such different phenomena as order—disorder
phenomena in binary alloys, liquid—-vapor condensa-
tion, and ferromagnetic and antiferromagnetic order-
ing processes. The effects of extending the range of
interaction beyond nearest neighbors on these
phenomena has been largely neglected in the literature,
and it is hoped that the present publication will help
in filling this gap. The reader who is uninterested in
methodological detail can find a review of the results
that have been obtained in the paper, together with
the main interpretative points, by skipping to Sec. IX.

The literature on the Ising model is extensively
reviewed; for an introduction to the general mathe-
matical problems of approximate theories, exact
treatments, and asymptotic methods, reference should
be made to reviews by Newell and Montroll,* Domb,?
Montroll,® Brout,* and Baker.® General interpretive
reviews of critical-point phenomena have been
given by Kadanoff,® Fisher,”and Domb and Miedema.?
A historical review has recently been compiled by
Brush.® Previous work specifically concerned with
extending the range of interaction has been done by
Hill," Guggenheim and McGlashan,'' Rushbrooke
and Ursell,’2 Domb and Potts,'®* Domb and Dalton,*
Dalton,® Vaks, Larkin, and Ovchinnikov,'® Baker,?
Kac and Helfand,® Hiley and Joyce,'® and Joyce.?
" 1G. F. Newell and E. W. Montroll, Rev. Mod. Phys. 25, 352
e Domb, Advan. Phys. 9, Nos. 34, 35 (1960).

3 E. W. Montroll, Applied Combinatorial Mathematics, E. F.
Beckenback, Ed. (John Wiley & Sons, Inc., New York, 1964),

Chap. 4.
* R. Brout, Phase Transitions (W. A. Benjamin Inc., New York,
1965).
5 G. A. Baker, Jr., Advan. Theoret. Phys. 1, 1 (1965).
6 L. P. Kadanoff et al.,Rev. Mod. Phys. 39, 395 (1967).
7 M. E. Fisher, Rept. Progr. Phys. 30, 615 (1967).
8 C. Domb and A. R. Miedema, Proc. Low Temp. Phys. 4,
Chap. 4 (1964).
? 8. G. Brush, Rev. Mod. Phys. 39, 883 (1967).
10T, L. Hill, J. Chem. Phys. 18, 988 (1950).
LE. A. Guggenheim and M. L. McGlashan, Trans. Faraday
Soc. 47, 929 (1951).
12 G. S. Rushbrooke and H. D. Ursell, Proc. Cambridge Phil.
Soc. 44, 263 (1948).
13 C. Domb and R. B. Potts, Proc. Roy. Soc. (London) A210,
125 (1951).
14 C. Domb and N. W. Dalton, Proc. Phys. Soc. (London) 89,
859 (1966).
15 N. W. Dalton, Proc. Phys. Soc. (London) 89, 659 (1966).
18y, G. Vaks, A. 1. Larkin, and Yu. N. Ovchinnikov, Zh. Eksp.
Teor. Fiz. 49, 1180 (1965) [Sov. Phys.——JETP 22, 820 (1966)].
17 G. A. Baker, Ir., Phys. Rev. 122, 1477 (1961); 130, 1406 (1963).
18 M. Kac and E. Helfand, J. Math. Phys. 4, 1078 (1963).
1% B. J. Hiley and G. S. Joyce, Proc. Phys. Soc. (London) 85, 493
(1965).
20 G. S. Joyce, Phys. Rev. 146, 349 (1966).
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Hill considered the effects of n.n.n. interactions in
monolayers on a simple quadratic lattice using, the
quasichemical approximation, and Guggenheim and
McGlashan extended the work to a treatment of
regular mixtures for the s.c. and b.c.c. lattices. Rush-
brooke and Ursell considered some of the properties
of one-dimensional assemblies with any finite range
of interaction, and Domb and Potts included n.n.n.
interactions in two-dimensional lattices by developing
exact series expansions for the partition function
below the critical point. Vaks ef al. have recently
obtained an exact solution for the zero-field partition
function and magnetization of the's.q. lattice with one-
half of the n.n.n. interaction present.

Domb and Dalton have considered the critical
properties such as the critical point, critical energy,
and critical entropy of the second and third equivalent
neighbor Ising-model lattices (see below) and have
given estimates of asymptotic behavior for large co-
ordination numbers. Dalton has given the high
temperature expansions of the zero-field partition
function and zero-field susceptibility for the second
neighbor model (see below), valid for general spin.
Baker, and Kac and Helfand have considered in-
finitely long-range forces of the type pJe=’" for one-
and two-dimensional lattices, and an Ising model with
interactions of the type 1/r**, where d is the dimen-
sionality and ¢ > 0, has been discussed by Hiley and
Joyce. Finally Joyce has given a treatment of the
spherical model with 1/r%+° type interactions.

All the existing mathematical techniques which
enable the two-dimensional n.n. lattices to be solved
exactly in zero field fail on the introduction of n.n.n.
interactions, where the lattices become nonplanar.
Consequently, the problem is effectively elevated to the
difficulty of the 3-dimensional n.n. assemblies, and it
is of interest to obtain the effect of this on critical-
point phenomena, where dimensionality is considered
to be of such importance. At the present time, the
only models where the effect of n.n.n. interactions can
be traced exactly are the linear loop of N spins, and
Fisher’s two-dimensional superexchange model of an
antiferromagnet.2!

In this paper we discuss both two- and three-
dimensional assemblies, and the mathematical ap-
proach is one of developing series expansions for the
partition function and related thermodynamic func-
tions in regions above and below the critical tempera-
ture. It has by now been amply demonstrated that in
the absence of any exact treatments the series-
expansion approach is the only method which is

21 M. E. Fisher, Proc. Roy. Soc. (London) A254, 66 (1959); A256,
502 (1960).



ISING MODEL WITH HIGHER-NEIGHBOR INTERACTIONS

powerful enough to yield an accurate account of the
critical region. The presentation here is in terms of
the Ising ferromagnet with (1) as the Hamiltonian
and S = }, but much of the material,such as the
configurational data and the conclusions on critical-
point behavior,can be carried over to other problems
such as binary alloys, absorbed monolayers, anti-
ferromagnets, and the lattice gas model of Yang and
Lee.?2

The success of the series-expansion approach
depends entirely on being able to extrapolate the
thermodynamic functions to their singularities, and
this in turn depends on how quickly the terms in the
series settle down to a steady behavior. Previous work
by the authors® on similar expansions for the
Heisenberg model has shown that in many cases the
lattices of large coordination number possess
expansions which appear to settle down more rapidly
than those of smaller coordination numbers. By
introducing higher-order interactions, we can effec-
tively increase the coordination numbers by equating
the magnitudes of all interactions present; this model
is known as the equivalent neighbor model. Thus,
for example, the f.c.c. lattice with first, second, and
third equal neighbor interactions has a coordination
number of 42 compared with 12 for the n.n. model.
It can be hoped, therefore, that the expansions for
the equivalent neighbor model lattices will very
quickly settle down to a smooth behavior from
which extrapolations to critical behavior can be made.
There is, of course, no sound basis for assuming
that the partition function is uniformly convergent in
the range of interaction, and although initial irregu-
larities in the expansion coefficients can be removed
by extending the range of interaction, a more rapid
convergence is not assured.

In this paper we extensively analyze the series
expansions of the equivalent neighbor model. The
notation for the equivalent neighbor model lattices
is as follows: A lattice L with n equivalent neighbor
interactions present is denoted by L(1,2, -+, n) and
will be referred to as the “nth equivalent neighbor
model.” Where we specifically wish to discuss the
effects of n.n.n. interactions we refer to “the second
neighbor model.”” The techniques used in this paper
in extrapolating the expansions are the ratio methods
of Domb and Sykes,* and the Padé-approximant
methods introduced to these problems by Baker.?

Considerable experimental interest is attached to
studying the effects of longer-range interactions on the

22 C. N. Yang and T. D. Lee, Phys. Rev. 87, 404, 410 (1952).
23 N. W. Dalton and D. W. Wood, Phys. Rev. 138, A779 (1965).
2 C. Domb and M. F. Sykes, J. Math. Phys. 2, 63 (1961).

1273

thermodynamic functions and critical parameters,
since here the effects are often too large to be ignored
when detailed comparisons between theory and
experiment are made. This has been clearly demon-
strated by several authors in the case of the Heisenberg
model, which provides a more realistic basis for such
comparisons in magnetic work. Of the experimental
work where the Ising model seems to be the appro-
priate model, one may mention the cobalt tuton salts
such as CoK,(S0,),'6H,O discussed by Domb and
Miedema,? and the recent work on CoCs;Cl; and
CoCsyBr; by the Leiden group.?-2¢ References to the
recent work on fluids and binary alloys can be found
in Fisher’s review article.

The plan of the paper is as follows. In Sec. II the
theory of obtaining the low-temperature (T < T,)
perturbation expansions of the partition function with
up to nth neighbor interactions present is outlined,
and the expansions for the second neighbor model are
obtained up to the fifth order of approximation.
These expansions are also obtained for the L(1, 2),
and L(1,2,3) lattices. All the low-temperature
expansions are collected together in Appendices A
and B. In Sec. I11 some of the combinatorial problems
associated with determining the low-temperature
lattice constants for configurations on lattices with
nonequivalent bonds are described. The lattice
constants of all configurations up to 5 spins are listed
in Appendix C for the L(1, 2) and L(1, 2, 3) lattices.
Padé-approximant methods are employed to analyze
the low-temperature expansion of the equivalent
neighbor model lattices in Sec. IV. Of primary
interest are the critical exponents 8 and 9’ of the zero-
field magnetization M,, and zero-field susceptibility
o respectively, and Padé-approximant techniques of
previous authors are employed to find estimates of
these exponents for the L(1, 2) and L(1, 2, 3) Iattices.

The high-temperature expansions (7 > T,) of the
zero-field partition function and zero-field suscepti-
bility are recalled in Sec. V; and the corresponding
coefficients for the second neighbor model lattices are
given in general form in Appendix D. In Sec. VI the
variation of the critical point with the strength of the
n.n.n, interactions is discussed, and the results are
compared with the corresponding behavior of the
Heisenberg model 3-dimensional lattices. The high-
temperature approach of y, to the critical region is
considered in Sec. VII for the second and third
equivalent neighbor model series, and estimates of
the critical exponent y are given. Here both ratio

25 K. W. Mess, E. Lagendijk, D. A. Curtis, and W. J. Huiskamp,
Physica 33, 555 (1967).

8 R.F. Wielinga, H. W. J. Blote, J. A. Roest, and W. J. Huiskamp,
Physica 33, 1234 (1967).
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methods and Padé-approximant methods are used.
Finally, in Sec. VIII the variation of the critical energy
and entropy with the magnitude of the n.n.n. inter-
actions is discussed ; estimates of these parameters are
given for the second neighbor model lattices; and
compared with the corresponding values for the
Heisenberg model.

II. LOW-TEMPERATURE EXPANSIONS

The problems discussed in this section are those
related to obtaining a low-temperature (7'< T,)
series expansion for the partition function Zy of the
Ising ferromagnet. The procedure which naturally
suggests itself is one of factorizing out of the partition
function the ground-state energy E,, where all the
spins are aligned parallel, and deriving the contribu-
tions to Z, from perturbations on E, obtained by
overturning successive numbers of spins. For the case
in which only one exchange parameter J; (n.n.) is
involved, this method has been considerably developed
by Domb,?” Sykes,?® Domb and Hiley?; and Sykes,
Essam, and Gaunt.®® Previous consideration to
extending the problem to include two exchange
parameters J; and J, (n.n., and n.n.n. interactions) has
been given by Domb and Potts'® (for two-dimensional
lattices) and by Sykes?; however, these authors did
not proceed beyond the fourth order of perturbation
(see below).

Consider an Ising-model assembly of N spins with
(1) as the Hamiltonian. The partition function is
given by

ZN(Ha K19 Kz, o

=2

Si=t}

5 Ky)
[T]i exp (K,%Sf»ij)} exp (LEIZSj), (2)

where the first summation is over a total of 2% spin
configurations of the assembly, and

K,=2JJkT and L = mH/kT. 3)

Consider now the excited states E,, which can result
from s overturned spins on the lattice; for a given s
the levels E, depend on the relative positions taken by
the overturned spins. For example, if two of the s
spins are rth neighbors to each other the contribution
to E, is reduced by 2J,, relative to that configuration
where the two spins are separated beyond the largest
interaction range (nth neighbors). In a configuration

27 C. Domb, Proc. Roy. Soc. (London) 1994, 199 (1949).

28 M. F. Sykes, Thesis, Oxford University, 1956.

29 C. Domb and B. J. Hiley, Proc. Roy. Soc. (London) A268, 506
(1962).

3% M. F. Sykes, J. W, Essam, and D. S. Gaunt, J. Math. Phys.
6, 283 (1965).

N. W. DALTON AND D. W. WOOD

of 5 overturned spins, let there be b, which are rth
neighbors (r =1,2,---,n), and let g, be the total
number of rth neighbors of any particular spin (the
rth neighbor coordination number); then the total
number of rth neighbor pairs is Ng,/2 and the total
number of antiparallel rth neighbor pairs is sq, — 25,.
The sum over rth neighbor pairs in (1) becomes

4TSI =0 - 2Ase, —2) @
(€2
and

N
23 87=N - 2s. (5)
i=1

Combining (2), (4), and (5), we obtain

e 3 (e ()
(6)

where u, = exp (—4K,), u = exp (—2L), and >, is
the summation over all configurations of s overturned
spins (s = 1,2, -+, N). We can group the expansion
(6) as a series in ascending powers of u with coefficients
which are polynomials in u,, u,,** -, u,; hence we

write
ZN = M_N/z H u;NW/B AA’(“I sUg, "t 5 Uy ’Iu)’ (7)
r=1
where
N
‘/\N(ul sUg, " " 7y unnu) =20f§v(uls Ugy * "7y un)lus
§=
(8)

and the polynomials f¥(u;, uy, - -+, u,) are of degree
<¢,52 in u,. Direct evaluation of these “low
temperature” polynomials soon becomes impracti-
cable for large s, all the more so with a large number
of parameters u,. With one parameter the labor
becomes prohibitive for s > 9, and for two parameters
the work is tedious at s = 4. We illustrate here the
procedure for the second neighbor model (taking
u; =u and u, =v) by obtaining the first three
polynomials for the f.c.c. lattice (g, = 12, q, = 6).
The illustrations also serve to introduce the notation
for the configurational data in Appendix B. All the
spin configurations which are referred to explicitly
below are listed in Fig,. 1.

A spin configuration of s overturned spins is
represented by a linear graph G of s points, where any
spins connected by a n.n. lattice spacing are drawn
as C(2, 1) in Fig. 1, and those separated by a n.n.n.
lattice spacing are represented by Cy(2,1). Spins
which are not n.n. or n.n.n. are unconnected and
represented by S(2,1). We use [G]y to denote the
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[ 7.,

c(2) c 2 s21)
C(@3,1) C,(31) c(3.1 C 3.0 Cc(32)
cla))  Cl42) Cl3) Cl42)  C@44)
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AN AL L.
c(32) C(32) S@BH  SEH S(32)

1N W

C(5,5)

FiG. 1. The spin configurations which are referred to explicitly in Secs. 2 and 3. Here C(x, y) and S(x, y) are connected and separated
configurations of x vertices and of topological type y respectively, and are examples of configurations occurring on a n.n. or an equivalent
neighbor model lattice. The configurations C,(x, y) or Se(x, y) are examples of graphs occurring in the second neighbor model where «

is the number of bonds connecting n.n.n. lattice points.

number of distinct separated graphs of type G, which
can occur on a given lattice, and N[G] denotes the
number of connected graphs of type G. The low-
temperature polynomials can be written in the form

[ =2, [GlyW(G) + N 3, [GIW(G), (9
1) )
where the first summation includes all separated
graphs of s points, and the second summation
includes all connected graphs of s points. The weight
of each graph W(G) is simply u@15/3-b1pexs2~t2 Consider
N, the only graphs for s=2 are [S(2, D]y,
N[C(2, 1)], and N[C,(2, 1)], thus
[ =[5, Dlyu"v™ + N[C(2, )]
x u % 4+ N[Cy(2, D]u®v™. (10)
Continuing in this manner we obtain /Y (u, v), which
is
f3 5(3 2)]Vu301/2 3q3/2 + [S(3 1)]Vu3q1/2—1 3¢ae/2
+ [S,3, D]yua > + N[C(3, 2)]
X u3q1/2—2v3q2/2 + N[C1(3, 2)]u3a1/2—1v3q2/2—1
+ NICy(3, D%/ 4 NIC(, 1))
X u3q1/2—3u3az/2 + N[Cl(.’,, 1)]u3a1/2—2v3az/2~1
+ N[C2(3, 1)]u301/2~lv3¢12/2—2
+ N[C3(3, D]Julu/?pnl>=3, (11)
Following Domb? we obtain the partition function
per spin Z by putting N = 1 in (7) and (9), and log Z
is equal to the coefficient of N in (7). In the expansion
of Z, (8) is written in the form

Auy,up, u,, @) =§)ﬂ,(u1, Ug, " s U,
and (12)
fog Attty ) = 3 gy,

(13)

where f, = f¥=1, and g, is the coefficient of N in fV.
The direct enumeratlon and counting of independent
occurrences of the low-temperature configurations
soon becomes complicated by the very rapid increase
in the number of diagrams contributing to f,(u, v).

This problem can be partially overcome by employ-
ing the transformation between the low-tempera-
ture and high-temperature developments of the Ising
model, which was discovered by Domb,?? and sub-
sequently developed by Wakefield®® and Sykes.?®
In the case of the second neighbor model, the trans-
formation is such that the expansion (12) can be
written in the form

g W(u, vy’

= Z @5 1)1 — 'l —

s+1=0

v)"/(l +Iu)2(s+t)~1’ (14)

where
2(s+1)

Zastv

and is a symmetric polynomial of degree < 2(s + ¢)
in p. From (14) we readily obtain

P @) = (15)

?f S6L Dt = (=1)"pl ! @ ((W)/(1 + ¥,
(16)

where

£ 1) =2

Jlu; v)lu 1 17

llaq

The symmetric polynomials (15) are known as the
high-temperature polynomials, and the set of

i+ D +2) g, ) P+q=11=0,1,2,---,n)

31 A.J. Wakefield, Proc. Cambridge Phil. Soc. 47, 419 (1952).
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can be obtained by equating the coefficients of u* in
(16) and solving the resulting 4+(n + 1)(n + 2) sets of
s simultaneous equations

F* = A"a”" (p4+q=s,s=0,1,2,-,n),
(18)

where F?'? and a?'9 are the column vectors

LFof(, ), f2, 1), -+, £, D]
and

@ a1%, o2,

respectively, and AP¢ is the matrix obtained on
equating coefficients in (16). Since ¢, (¢) is a sym-
metric polynomial of degree < 2(p + ¢), Egs. (18)
suffice to determine the polynomial completely.

Having determined the set of polynomials ¢, (u)
up to order p + g = n, we can use them to partially
determine the low-temperature polynomial £, ,,(u, v),
where the part to be derived is arbitrary, and hence
can be chosen to coincide with that part which is
most difficult to evaluate directly; namely, the contri-
bution from separated configurations. Using (16) and
the 3(n + 1)(n 4 2) polynomials ¢_ (1) (p + q = n),
we can obtain each of the 4(n 4 1)(n + 2) partial
derivatives /22 (1, 1) (p+q=1¢t,t=0,1, 2, - n);
consequently, if all butd(n + 1)(n + 2) of the coeffi-
cients in f,.,(u, v) are obtained by direct counting
methods (see Sec. III), the remaining coefficients can
be obtained by setting up a system of $(n + 1)(n + 2)
simultaneous equations. This implies that only the
configuration of s 4 1 vertices and > s + 1 lines need
be enumerated directly. Thus we may write

le—l(u’ U) = Fn+1(us U) + Gn+1(u’ 0)9 (19)

where F,,,(u, v) is obtained by direct counting and
G, 1(u, v) contains $(n + 1)(n + 2) unknown coefhi-
cients. The 4(n + 1)(n + 2) simultaneous equations
are obtained from (19) by differentiating p times with
respect to # and ¢ times with respect to v, whence we
obtain

szl(l’ 1) =fﬁ’fl(1, 1) - Ffz’-;-ll(la 1)-

The solution of (20) completes the derivation of
fn+1(u’ U)'

The technique is clearly illustrated by the following
outline of the derivation of fy(u, v) for the f.c.c.
lattice given in (11). Direct counting yields

fl = uGU3’

Jo = 3u1%° + 6ullv® — 9ul%p8,

(20)

€1y
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from which we obtain
Poo =1, @10= —06u, @,=—3u,
@a0 = 15u — 21u® + 154°,
@11 = 18u — 18u° + 184°,
Po2 = 3 — 6u® + 3p’.

(22)

The only configurations contributing to Fy(u, v) are
N[C@3, 1)] = 8N, N[C,(3,1)] = 12N,
NIGG, D] =0,  N[G(G3, D] =0,

which correspond to the terms 8ul5® 12u'%5,

0u'™7, and 0u'®® respectively in f3(u, v), which can
now be represented in the matrix form

u18 u17 u16 u15
Sa(u,v) = 0 1 2 3 <«(nn)
v? X1 X X3 8
8 1
v x, x5 12 (23)

0
1

v 21xs O
310
1

= x, 0% + x,0%'7 4 xgv"ul® + x 0818
+ X508l + xg0Tut® 4 8vu® + 120816,
(24)

Using (16) and (20)-(22), we can set up six simultane-
ous equations to obtain

Sfolu, v) = 1420%18 — 1620%u*7 4+ 300%u'® — 938,18
+ 48087 + 15078 + 8o%utd + 120818,
(25)

from which we can derive the high-temperature
polynomials @34, ¢, 5, @21, and ¢, 5, and continue
the process for fi(u, v).

The technique above has been used to obtain the
high-temperature and low-temperature polynomials
for the second neighbor model up to the order of
five overturned spins for the s.c., b.c.c., f.c.c., and
triangular (A”) lattices; for the s.q. lattice the poly-
nomials up to sixth order have been derived. These
polynomials are listed in Appendix A, where the low-
temperature polynomials are given in the form g,(u, v)
of Eq. (13), which is the form needed to derive the
thermodynamic functions. By settingu = v (J, = J),
we obtain the low-temperature polynomials for the
second equivalent neighbor model lattices with co-
ordination number ¢ =¢; + ¢,. The calculations
have also been done for the third equivalent neighbor
model lattices (J; = J, = J;3), where again the poly-
nomials up to fifth order have been derived for the
above lattices except in the case of the f.c.c. lattice,
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where only the first four polynomials have been
obtained. These results are tabulated in Appendix B.

III. ENUMERATIONS OF LOW-TEMPERATURE
CONFIGURATIONS

A review of the techniques employed to obtain the
lattice constants N[G] and [G]y of both high-tem-
perature and low-temperature configurations has
been given by Domb.2 The only new feature introduced
into these techniques by the inclusion of second or
higher neighbor interactions is the occurrence of the
various types of nonequivalent bonds. For the low-
temperature configurations above there is also the
added restraint that no two spins, which are not
connected by a bond, can be first, second, * -+, or rth
neighbors. For example, care is needed to ensure that
all the space types (see below) of C(4,4) are not
confused with C;(4, 2) when first and second neighbor
interactions are present.

The most difficult configurations to count are
those containing separated components; the extreme
case at the nth order of approximation being the »
separated spins. The symbolic method of Domb and
Sykes,?2® where the separated configurations can be
reduced in two stages to involve only the counting of
multiply connected configurations, can be readily
extended to include higher-order interactions. For
example, with first and second neighbor interactions
present, the symbolic equations for [S(2, )]y and
[S(3, 2)]y become

[S2, Dly = NN = 1)[2 — N(q, + ¢2)/2, (26)

and

[SB,2)]y = N(N — )(N — 2)[6 + N(q, + q2)
X (g, + g+ 1 — N)/2 — N[C(3, 1)]
— N[G,(3, )] = N[C,(3, 1]

— N[G(G3, 1), 27)

where the counting of three separated spins is reduced
to the counting of the four possible triangles made up
of first and second neighbor bonds. The effect of
having two types of bond greatly increases the
number of topologically distinct, multiply connected
configurations, of which the lattice constants N[G]
must be determined directly by examining the lattice
and using Wakefield’s3! method of space types. The
number of space types of a given configuration is
simply the number of orientations it can assume on
the lattice, which are not related through rotational
or translational symmetry. The contribution of each
space type to N[G] is the number of rotationally
distinct orientations it can adopt on the lattice (see
Fig. 1). Again the presence of two or more types of
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bond increases the number of space types of a given

configuration.
If we ignore the finer details of longer-range inter-
actions and successively include 1st, 2nd,-- -, nth

neighbor interactions of equal magnitude, we obtain
the equivalent neighbor model, where all bonds are
equivalent. The enumeration of configurations is now
the same as for the n.n. model, and the counting of
configurations is in effect the same as for the n.n.
model with the lattice having a larger coordination
number. As examples, we quote the following results
for the f.c.c.(1), f.c.c.(1, 2) and f.c.c.(1, 2, 3) lattices.

fece(l), ¢=12,  N[C(3,1)] =8N,
N[C(4,3)] =3N,  N[C(4,2)] = 24N
N[C(4, 1)] = 2N,
fcc(1,2), g=18,
N[C(4, 3)] = 9N,

NI[C(3, D] = 20N,
N[C(4,2)] = 84N,
N[C(4, 1)] = 17N, (28)
fce.(l,2,3), g=42, NI[C(3, 1)] = 124N,
N[C(4,3)] = 105N, NI[C(4,2)] = 1320N,
N[C(#4, 1)] = 333N.

In Fig. 2 we list the different space types of the
configuration C(5, 5), containing first and second
neighbor bonds, which can occur on the b.c.c. lattice.
The contributions of each space type to the lattice

constant for the second equivalent neighbor model
are shown in parenthesis, and we obtain

N[C(5, 5)] = 156N. (29)

The configurational data relating to diagrams
containing nonequivalent bonds is too extensive to
be included here; consequently, in Appendix C we
list only the lattice constants of the equivalent
neighbor model configurations. All the configurations

LS R
FAVAN AN

(48N)

(24N) (48N)

%MN)

F1G. 2. The space types containing n.n. and n.n.n. bonds, which
contribute to the lattice constant of Eq. (29).
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of up to 5 separated spins are listed for the second
and third equivalent neighbor model lattices except
for the f.c.c.(1, 2, 3), where the configurations are
only tabulated up to four spins.

IV. THE LOW-TEMPERATURE CRITICAL-
POINT BEHAVIOR OF THE ZERO-FIELD
MAGNETIZATION AND SUSCEPTIBILITY

From the low-temperature polynomials given in
Appendices A and B, and the thermodynamic
relations

My/Nm =1 — 2ailog A, v, @)uey (30
.

and

k’I‘JCo/“Nm2 = %o
0 i
=—Ilog A(u, v,y)[,‘:l + —log A(u, v,,u)]“=1 , (3D
ou ou
we can construct the low-temperature (T < T)
series expansions for the zero-field magnetization M,
and susceptibility y,. Our purpose here is to examine
in detail the critical-point behavior (I'— T,) of
these two functions. We are primarily interested in
the detection of any effects of extending the range of
interaction on the behavior near the critical point.
For this purpose we have elected to examine the

TaLe 1. The zero-field magnetization series for the L(l,2)
lattices, My = 1 — 2u%/% + 491 2:;() au".

f.c.c.(1, 2) s.c.(1,2) bece(l,2) AQ,2) s.q.1,2)
n g=18 g=18 g=14 q=12 g=28
an an Ay an ay

0 —36 —36 —28 —-24 —16
1 38 38 30 26 18
2 0 0 0 0 -24
3 0 0 0 0 —104
4 0 0 0 —60 248
5 0 0 -72 216 —516
6 0 0 —330 +684 —328
7 —120 —120 960 —450 +2292
8 —558 —558 —560 —264 —7200
9 1584 1584 —48 —888 44676
10 —908 —908 —336 —216 414120

11 \] 0 —1560 10602

12 0 0 —1240 -—18360

13 —136 —104 19980 3354

14 —672 —768 —28980  —3528

15 —3432 —3432 8926 429064

16 —3208 —2888 —7296 493900

17 43908 43428 —13128

18 —60564 —60216 54028

19 23806 23542 271032

20 —2310 —1530 —882804

21 —6720 —7800

22 —18532 —21760

23 —43800 —36720

24 146370 155370

25 822848 785660

26 —2445144 —2402604

27 2187864 2163792

28 —752650 —731476
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TasLe II. The low-temperature zero-field susceptibility series
for the L(1, 2) lattices, x, = u¥/*{1 + .| hu"}.

fecc(1,2)  sc(l,2) bee(l,2) A(1,2) s.q(,2)
n q=18 g=18 g=14 g=12 g=28
hy h, hy hy, n

1 0 0 0 0 0
2 0 0 0 0 0
3 0 0 0 0 16
4 0 0 0 0 —18
5 0 0 0 24 36
6 0 0 28 -26 160
7 0 0 —30 0 —340
8 36 36 0 0 980
9 —38 -38 0 90 808

10 0 0 0 324 —3802

11 0 0 108 —1026 16464

12 0 0 495 695 ~7175

13 0 0 — 1440 528 —25864

14 0 0 840 1776

15 180 180 96 492

16 837 837 672 —21009

17 —2376 —2376 3120 37572

18 1362 1362 2480 —4714

19 0 0 —39900 9414

20 g 0 58230 —70128

21 272 208 —16552 230418

22 1344 1536 18258

23 6864 6864 32964

24 6416 5776 —134134

25 —87816 —86856 —674556

26 121158 120432 2216310

27 —47492 —46864

28 5775 3825

29 16800 19500

30 46336 54400

31 109500 91800

32 —365745 — 388245

33 2055824 —1963400

34 6115812 6010182

35 —5456592 —5395656

36 1920365 1859080

equivalent neighbor model lattices, since it is to be
expected that the finer details of the extended range
(relative strengths) will be no more significant than
their existence. The lattices which we have examined
are the two- and three-dimensional second equivalent
neighbor model lattices, and the b.c.c.(l, 2, 3) and
s.c.(1, 2, 3) lattices. The expansions of M, and 7, for
these lattices are given in Tables I, II, and III.

A slight extension of the configurational data in
Appendix C is required to obtain the expansions in
Tables I and II. First a small number of the lower-
order terms in g,,,(«, v) may contribute to the same
order of approximation as the higher-order terms in
8n(u, v) on setting the field equal to zero (u = 1).
These “‘overlap’ contributions arise from the most
closely packed configurations in g, (1, v) and can be
enumerated without much difficulty. On the other
hand we can use this effect to advantage by partially
evaluating f,,1(u, v) and extending the series expan-
sions. For example, the polynomials g,(u, v) to gs(«, v)
yield the series of My(u) on the b.c.c.(1,2) lattice
correct through to terms in #?¢, The initial terms in
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TasLe ITI. The series expansions of M, and y, for the b.c.c.-
(1,2, 3) and s.c.(1, 2, 3) lattices (see Tables I and II for the

notation).

M b.c.c.(1,2,3) s.c.(1,2,3) b.c.c.(1,2,3) s.c.(l,2,3)
° g=126 q=126 q =126 g=26 X0
n n

ay ay, By h,

0 —52 ~52 0 0 1
1 54 54 0 0 11
2 0 0 52 52 12
10 0 0 —54 —54 13
11 —264 —264 0 0 14
12 —1158 —1158 396 396 23
13 3264 3264 1737 1737 24
14 —1844 —1844 —4896 —4896 25
15 0 0 2766 2766 26
20 0 0 0 0 27
21 —456 —536 0 0 32
22 —2304 —2304 912 1072 33
23 — 10824 -—10104 4608 4608 34
24 —8232 -—9512 21648 20208 35
25 129972 130692 16464 19024 36
26 — 178008 — 178008 —259944 —261384 37
27 69854 69774 356016 356016 38
28 0 0 —139708 —139548 39
29 0 0 0 0 40
30 —280 —560 0 0 41
31 —2360 —1920 700 1400 42
32 —8670 —-12510 5900 4800 43
33 —38440 —32920 21675 31275 4
34 —87320 —81120 96100 82300 45
35 — 180000 — 159120 218300 202800 46
36 713670 600030 450000 397800 47
37 3421240 3561480 —1784175 —1500075 48
—8553100 —8903700 49

fs(u, v) are obtained from configurations of six spins
and 15, 14, 13, ... lines; for the b.c.c.(1, 2) lattice
there are no six spin figures with 15 or 14 lines and
only one of 13 lines, which contributes the term 3u%
to fe(u, v). By enumerating the configurations of six
spins and nine or more lines, and those of seven spins
and 16 lines, the series for M; may be extended to
terms in % as recorded in Table I. Similar considera-
tions apply to the other series in Tables I and 11.

The series expansions of M, and %, for the n.n.
model three-dimensional Jattices have been examined
by Baker,% Essam and Fisher,3® Gaunt et al.,* and
Baker and Gaunt.® Interest lies in seeking the
critical point u,[= exp (—4J/kT,)] and the critical
point exponents® § and ', where

M(T) ~ D(T, = TV|p.n,- (32)

32 G. A. Baker, Jr., Phys. Rev. 124, 768 (1961).

33 J. W. Essam and M. E. Fisher, J. Chem. Phys. 38, 802 (1963).

3 D. S. Gaunt, M. E. Fisher, M. F. Sykes, and J. W. Essam,
Phys. Rev. Letters 13, 713 (1964).

35 G. A. Baker, Jr. and D. S. Gaunt, Phys. Rev. 155, 545 (1967).

38 See Fisher’s review for the notation on critical exponents.
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and
Fo(T) ~ C(T, = TV | g~ (33)

In (32) and (33), D and C are the amplitudes of the
singularities at 7 = T,; they represent slowly varying
functions of temperature in the critical region. Using
three basic Padé-approximant techniques®” (also
employed by ourselves below) the Jatest figures for 8
and y’ are given by Baker and Gaunt as

40.003 _

p=03127 0~ (34)
and
, 0.030
Y = 1.310 io.oso ~ 1£ (35)

In establishing these results Baker and Gaunt con-
sidered the low-temperature specific-heat exponent o',
and the critical-isotherm exponent d, and then
employed the rigorous inequalities of Rushbrooke®
and Griffiths.%®

We have analyzed the low-temperature series in
Tables I, II, and III using Padé approximants and
have employed the devices of Baker,** and Essam and
Fisher.?® First we have calculated some of the approxi-
mants for the series

4 log My(u) ~ Bl — 1) + L log D)~ (36)
du du

and
d _ , d
- IOg Jo™~ —Y /(U - uc) + = IOg C(u)lu—*uc-'
du du

(37)

By selecting the appropriate poles of the approximants,
and their corresponding residues, we obtain a sequence
of estimates for u,, 8, and y'. The results of these
calculations for the second equivalent neighbor model
lattices are shown in Tables IV and V; the correspond-
ing results for the b.c.c.(1,2,3) and s.c.(1,2,3)
lattices are given in Table VI. The estimates contained
in these Tables, and in all subsequent tables of this
section, have been obtained from the sequence of
[N, N]and [N, N & 1] approximants.*® Although the
present series are longer than the corresponding n.n.
series considered by Baker and Gaunt, we should not
anticipate any greater accuracy in the results at this
stage. The rate of convergence of the series appears

37 See Refs. 5 and 33.

3% G. S. Rushbrooke, J. Chem. Phys. 39, 842 (1963).

3% R. B. Griffiths, Phys. Rev. Letters 14, 623 (1965).

4 The notation for the [N, M] approximant is the same as
employed by Fisher in Ref. 7.
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TaBLE 1V. Padé approximant estimates of the critical temperatures . and the critical exponents »” and § from d/du log My(«) and d/du log y,(u) for the

three-dimensional lattices with two equivalent neighbor interactions.

fcc.(l,2) s.c.(1,2) b.c.c.(1,2)
[M, N] [M, N] M, N]
M, %o u, from . from ,- M, Xo u. from u, from , M, %o u, from u, from ,
M, Xo p 4 M, Xo f e M, Xo p 4

16,16 11,11 0.7743 0.7971 0.3499 1.5651 16, 16 11, 11 0.7745 0.7975 0.3521 1.5699 10, 10 6,6 0.7023 0.7351 0.2709 1.5684
16,17 11,12 0.7742 0.7971 0.3488 1.5649 16, 17 11,12 0.7744 0.7964 0.3507 1.5553 10, 11 6,7 0.7344 1.5577
17,16 12,11 0.7741 0.7971 0.3483 1.5649 17,16 12,11 0.7743 0.7959 0.3499 1.5464 11,10 7,6 0.7080 0.7338 0.3043 1.5481
17,17 12,12 0.7742 0.7971 0.3493 1.5651 17,17 12,12 0.7744 0.7972 0.3514 1.5664 11, 11 7,7 0.7109 0.7351 0.3248 1.5687
17,18 12,13 0.7739 0.7754 0.3463 1.1898 17,18 12,13 0.7759 1.1976 11,12 7,8 0.7075 0.7464 0.2994 1.7262
18,17 13,12 0.7743 0.7994 0.3507 1.5932 18,17 13,12 0.7745 0.7792 0.3526 1.5914 12,11 8,7 0.7093 0.7367 0.3131 1.5887
18,18 13,13 0.7742 0.7771 0.3495 1.2249 18,18 13,13 0.7745 0.7776 0.3517 1.2304 12,12 8,8 0.7090 0.7334 0.3106 1.5483
18,19 13,14 0.7742 0.7766 0.3492 1.2152 18, 19 13,14 0.7744 0.7772 0.3512 1.2210 12,13 8,9 0.7090 0.7036 0.3106 1.1240
19,18 14,13 0.7742 0.7764 0.3491 1.2112 19,18 14,13 0.7744 0.7769 0.3505 1.2168 13,12 9,8 0.7080 0.7385 0.3106 1.6061
19,19 14,14 0.7742 0.7772 0.3497 1.2266 19,19 14,14  0.7747 0.7776  0.3538 1.2318 13,13 10,10 0.7090 0.7093 0.3106 1.2136
19,20 14,15 0.7826 0.7753 0.3086 1.1874 19, 20 14,15 0.7745 0.7759 0.3520 1.1955 13,14 10, 11 0.7082 0.7069 0.3038 1.1708
20,19 15,14 0.7745 0.7641 0.3520 0.8980 20, 1S 15,14 0.7745 0.7622 0.3517 0.8407 14,13 11,10 0.7094 0.7002 0.3133 1.0266
20,20 15,15 0.7740 0.7695 0.3474 1.0469 20, 20 15,15 0.7746 0.7689 0.3532 1.0231 14, 14 11,11 0.7088 0.7040 0.3088 1.1138
20,21 15,16 0.7737 0.7699 0.3434 1.0580 20, 21 15,16 0.7739 0.7685 0.3437 1.0113 14, 15 11,12 0.7085 0.7041 0.3069 1.1151
21,20 16, 15 0.7729 0.7700 0.3308 1.0599 21,20 16,15 0.7765 0.7685 0.3621 1.0126 15, 14 12,11 0.7080 0.7041 0.3013 1.1152
21,21 16.16 0.7737 0.7708 0.3440 1.0875 21,21 16,16 0.7734 0.7687 0.3389 1.0170 15, 15 12,12 0.7084 0.7040 0.3054 1.1138
21,22 16,17 0.7737 0.7701 0.3434 1.0639 22, 21 16,17 0.7726 0.7686 0.3245 1.0139 15, 16 12,13 0.7081 0.7057 0.3022 1.1529
22,21 17,16 0.7735 0.7702 0.3407 1.0652 21,22 17,16 0.7741 0.7686 0.3477 1.0143 16, 15 0.7083 0.3045

22,22 17,17 0.7740 0.7703 0.3473 1.0699 22,22 17,17  0.7685 0.7682 0.2237 1.0012 16,.16 0.7083 0.3046

17, 18 0.7700 1.0604 17,18 0.7685 1.0132
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TaBLE V. Padé approximant estimates of the critical temperatures #, and the critical exponents " and 8 from dfdu log M(«)
and dfdu log x(u) for the two-dimensional lattices with two equivalent neighbor interactions.

A1, 2) 5.q.(1,2)
(M, N1 (M, N]
M, Xo Uy U ﬁ Wt M, Xo U U 8 ,
from M, from ¥, 4 from M, from y, L4
8,8 55 0.6465 0.6825 0.2234 1.5450 4,4 3,3 0.4670 0.4164 0.1377 0.7223
9,9 6,6 0.6556 0.7021 0.2634 1.7604 4,5 3,4 0.4730 0.4682 0.1488 1.3193
10, 10 7,7 0.6522 0.6358 0.2455 1.0000 5,4 4,3 0.4772 0.4438 0.1583 0.9745
11, 11 7,8 0.6807 0.6390 0.3057 1.0444 55 4,4 0.4801 0.4358 0.1659 0.8889
11,12 8,7 0.6462 0.6382 0.2127 1.0331 5,6 4,5 0.4759 0.4330 0.1545 0.8555
12,11 8,8 0.6531 0.6361 0.2521 1.0043 6,5 5,4 0.4778 0.4320 0.1597 0.8415
12,12 8,9 0.6368 0.6292 0.1527 0.9127 6,6 55 0.4740 0.4351 0.1498 0.8810
12,13 9,8 {0.6825 0.6027 {0.2770 0.5156 6,7 5,6 0.4801 0.1612
9,9 0.6120 0.6019 0.0406 0.5048 7,6 6,5 0.4661 0.4408 0.1242 0.9558
13,12 9,10 {0‘6247 0.6087 {0.0847 0.6079 7,7 6,6 0.4699 0.4106 0.1378 0.8264
10,9 0.7078 0.6026 0.2886 0.5148 7,8 0.4694 0.1360
13,13 10, 10 {0.6249 0.6279 {0.0856 0.9964 8,7 0.4695 0.1363
0.7085 0.2893

to be largely determined by the extent of the con-
figurational information embedded in the expansion
coefficients, and the n.n. model series for M, and ¥,
so far developed actually contain more information
of this type.

As expected, the results for the three-dimensional
lattices in Tables IV and VI are much smoother than
those for the two-dimensional lattices; this is due to
the larger number of terms available. The estimates
for the critical point u, obtained from M, and %,
appear to be converging to a common value for the
three-dimensional lattices; the higher-order approxi-
mants of these functions yield agreement to two
significant figures. Independent estimates of the
critical point J/kT, for the equivalent neighbor model

lattices have been given by Domb and Dalton’? who
used the high-temperature (7> T,) susceptibility
series as a basis for extrapolation. Extrapolations from
above T,, where the ratio methods of Domb and
Sykes® can be used, are generally more consistent in
the estimates of the critical point than the corre-
sponding extrapolations from below 7. In Table VII
we list the most likely values of 2J/kT, and u, to four
significant figures.

The results for the critical exponents £ and »’ of
the two-dimensional lattices shown in Table V are too
erratic to yield meaningful bounds; however, for the
three-dimensional L(1, 2) lattices, 8 appears to be
settling down between 0.30 and 0.34, and y” between
1.00 and 1.11. The estimates of 9’ in Table IV are

TasLe VI. Padé approximant estimates of the critical temperatures . and the critical exponents »” and § from
d/du(log M) and djdu(log x,) for the b.c.c.(1, 2, 3) and s.c.(1, 2, 3) lattices.

bec(1,2,3) s.c(1,2,3)
(M, N} M, N}
M, Xo U, u, B . M, 2o U, u, ,
from M, from y, [ from M, from y, p 4

24,24 19,19 0.8444 0.8580 0.3959 14653 24,24 19,19  0.8441 0.8578 0.3912 1.4602
24,25 19,20 0.8442 0.8610 0.3930 1.5447 24,25 19,20 0.8439 0.8610 0.3889 1.5446
25,24 20,19 0.8436 0.8579 0.3841 14622 25,24 20,19  0.8431 0.8579 0.3761 1.4631
25,25 20,20 0.8438 0.8619 0.3874 1.5605 25,25 20,20 0.8433 0.8619 0.3799 1.5603
25,26 20,21 0.8440 0.8473 0.3895 1.2184 25,26 20,21 0.8435 0.8459 0.3823 1.1875
26,25 21,20 0.8632 1.5785 26,25 21,20 0.8631 1.5782
28,28 21,2 0.8483 0.8476 0.4886 1.2257 28,28 21,21 0.8435 0.8461 0.3825 1.1944
28,29 21,22 0.8442 0.8474 0.3927 1.2198 28,29 21,22 0.8435 0.8459 0.3820 1.1886
29,28 22,21 0.8465 1.1916 20,28 22,21 0.8453 0.8448 0.4167 1.1541
29,29 22,22 0.8440 0.8479 0.3898 1.2364 29,29 22,22  0.8438 0.8466 0.3883 1.2090
29, 30 22,23 0.8441 0.8471 0.3925 1.2108 29,30 22,23 0.8437 0.8456 0.3856 1.1783
30,29 23,22 0.8468 0.8341 0.4482 0.7532 30,29 23,22  0.8435 0.8343 0.3827 0.7976
30, 30 23,23 0.8445 0.8401 0.3997 0.9726 30,30 23,23 0.8438 0.8379 0.3877 0.9248
30, 31 23,24 0.8443 0.8396 0.3941 0.9538 30,31 23,24 0.8438 0.8383 0.3874 0.9372
31, 30 24,23 0.8413 0.8397 0.3481 0.9563 31,30 24,23 0.8438 0.8383 0.3873 0.9392

24,24 0.8400 0.9675 24,24 0.8377 0.9183
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TABLE VII. Over-all best estimate of the critical points of the L(1, 2) and L(1, 2, 3) lattices.

Lattice f.c.c.(1,2) b.c.c.(1,2)
U, 0.7727 0.7092
2JkT, 0.06445 0.08592
Lattice f.c.c(1,2,3) b.c.c.(1, 2, 3)
U, 0.9023 0.8423
2J/kT, 0.0257 0.0429

s.c.(1,2) A, 2) s.q.(1, 2)
0.7724 0.6349 0.4675
0.06450 0.1136 0.1901

s.c.(l1,2,3) AQ,2,3)  s.q(1,2,3)
0.8413 0.7522 0.6351
0.0432 0.0712 0.1135

surprisingly consistent (more so than for the n.n.
series) and also consistently lower than the value of
18 suggested by Baker and Gaunt. The above
figures are only an initial approximation to the bounds
on f and ', and it is well known that the residues at
the singularities of the approximants are extremely
sensitive to the location of the pole. A variation of ¢
in u, is usually amplified to 10¢ in § and y’. For the
s.c.(1, 2, 3) and b.c.c.(1, 2, 3) lattices the estimates of
" are less smooth but also consistently lower than
1% however, the values of # are higher than those
of the L(1, 2) lattices.

We can hope for a sequence of improved estimates
of 8 and y’ if we have available independent estimates
of u, such as those in Table VII. The procedure is to
evaluate the Padé approximants of

(@ — u) - log Myw)
du

~ B4 (= 1) Llog DW|yn, (38)
du

and

d
(u — uy) — log yo(u)
du
~ =y + (u—ug) 4 log C(t)]yor, (39)
du

at u = u,. We have obtained values of # and ' in this
manner using the values of u, in Table VII; the results
for the two- and three-dimensional L(1, 2) lattices are
shown in Table VIII, and those for the s.c.(1, 2, 3)
and b.c.c.(1, 2, 3) lattices in Table IX. We expect the
critical points in Table VII to be correct to within at
most 3 parts in 104, and the fluctuations in # and y’
resulting from this degree of uncertainty in u, are
approximately 4 parts in 10 throughout the Tables
VIII and IX.

In the case of the s.q.(1,2) lattice there are six
low-temperature polynomials available and the esti-
mates of § from the higher-order approximants
suggest that the index is the same as the exact value
of } on the n.n. model two-dimensional lattices. For
the A(1, 2) lattice, only five polynomials are available;
consequently, we adopt the evidence from the

s.q.(1, 2) lattice and conclude that

0.122 < £ 0.134 (40)

for the two-dimensional L(1,2) lattices, and is
probably exactly = 4 as in the n.n. model. The
estimates of ¢ for the two-dimensional L(1,2)
lattices have not improved; there is still too much
scatter to make any conclusion. The figures in Table
VIII for the three-dimensional lattices certainly
suggest that the index B is not affected by extending
the range of interactions. We conclude that

0.308 < < 0.328, A1)

which covers all the lattices and includes the effects
of uncertainties in #,. The bounds in (41) are wider
than those of Baker and Gaunt,?® but are similar to
the earlier work of Essam and Fisher.? If indeed f is
a rational fraction like ¢ as suggested by these
authors, then it would appear safe to conclude that
the same rational fraction is valid for the L(l,2)
lattices.

The results for y’ of the b.c.c.(1, 2) lattices are very
suggestive; the last four diagonal approximants yield
y' = 1212, 1.211, 1.232, and 1.259, respectively. The
estimates for the s.c.(1, 2) lattice are still erratic for the
higher-order approximants; on the basis of the results
for the b.c.c.(1, 2) and f.c.c.(1, 2) lattices, we conclude
that

1.18 <y £ 1.28. 42)

In (42) it can be seen that we are slightly at odds with
the estimate (35) of Baker and Gaunt® and the sug-
gestion that y" = 1%. The results for § in (41) and
those of the high-temperature susceptibility index y
in Sec. VI strongly support the view that these expo-
nents are not affected by including second neighbor
interactions; consequently, we expect y»' to be
similarly unaffected. The center of the range of un-
certainty in (42) lies closer to the value y" = %, and
the value of 1% would appear to be excluded by our
results, especially those for the b.c.c.(1, 2) lattice.
There is an important issue involved here, namely,
the symmetry of the thermodynamic functions about
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TaBLe VIII. Estimates of the critical exponents 8 and p” from the Padé¢ approximants to Eqs. (38) and (39).

[M, N} f.c.c.(1,2) [M, Nl s.c.(1,2) M, N] b.c.c.(1,2) A, 2) S.q.(l, 2)
M, Xo i p’ M, Xo B y’ M, Xo B Y B p’ M, Xo B v’
16,16 11,11 0.3315° 0.7782 16,16 11,11 0.3269 0.7558 10,10 6,6 0.3120 0.8071 55 0.1815 0.3818 4,4 2,2 0.1387 1.2037
16,17 11,12 0.3252 16,17 11,12 0.3191 0.5761 10,11 6,7 0.3126 0.5454 5,6 0.1906 0.9426 4,5 2,3 0.1386 1.1525
17,16 12,11 17,16 12,11 0.3067 0.5783 11,10 7,6 03126 0.5482 6,5 0.1831 0.9606 54 3,2 0.1366 1.1582
17,17 12,12 03352 08562 17,17 12,12 0.3310 0.8175 11,11 7,7 0.3124 0.8000 6, 6 0.2914 1.2727 55 3,3 0.1526 1.1889
17,18 12,13 0.3446 1.1342 17,18 12,13 0.3486 1.1219 11,12 7,8 0.3123 1.3287 6,7 0.1583 0.9899 56 3,4 0.1341 1.3078
18,17 13,12 0.3401 1.1376 18,17 13,12 0.3410 1.1254 12,11 8,7 0.3123 1.3412 7,6 0.1449 1.0032 6,5 4,3 0.1304 1.4927
18,18 13,13 0.3334 1.1267 18,18 13,13 0.3247 1.1129 12,12 8,8 0.3123 1.0225 7,7 0.1284 0.9885 6,6 4,4 0.1292 1.0820
18,19 13,14 0.3074 1.0896 18,19 13,14 03097 1.0600 12,13 8,9 0.3187 1.2115 7,8 0.1395 0.9903 6,7 4,5 0.1295 0.7208
19,18 14,13 0.3788 1.1119 19,18 14,13 0.3035 1.0930 13,12 9,8 0.3130 1.2162 8,7 0.1369 0.9797 7,6 54 0.1295 0.8721
19,19 14,14 0.3235 1.1228 19,19 14,14 0.3151 1.1080 13,13 9,9 0.3123 1.2116 8,8 0.1446  0.9873 7,7 55 0.1293  1.2376
19,20 14,15 03285 1.1272 19,20 14,15 03064 1.1131 13,14 9,10 0.3122 1.2115 8,9 0.1407 0.9892 7,8 5,6 0.1262 1.7492
20,19 15,14 0.3270 1.1288 20,19 15,14 0.2515 1.1146 14,13 10,9 0.3122 1.2077 9,8 0.1394 1.0001 8,7 6,5 0.1304 2.1042
20,20 15,15 03262 1.1344 20,20 15,15 0.3190 1.1206 14,14 10,10 0.3123 1.2112 9,9 0.1403 0.3658 8,8 6,6 0.1300 1.5035
20,21 15,16 03261 1.1615 20,21 15,16 0.3208 1.0709 14,15 10,11 0.3119 1.2114 9,10 0.1406 1.1622
21,20 16,15 03260 07951 21,20 16,15 0.3207 1.1024 15,14 11,10 0.3118 1.2149 10,9 0.1386 1.1801
21,21 16,16 03262 1.1701 21,21 16,16 03203 1.2125 15,15 11,11 03131 1.2321 10,10 0.5962 1.1785
21,22 16,17 0.3246 1.1599 21,22 16,17 0.3202 09991 15,16 11,12 0.3089
22,21 17,16 03388 1.2377 22,21 17,16 0.3201 1.0633 16,15 12,11 0.3071 1.1245
22,22 17,17 0.3255 1.2230 22,22 17,17 03203 09557 16,16 12,12 0.3859 1.2587
17,18 1.1777 17,18 1.0021
18,17 1.2391 18,17 1.0839
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TasLe IX. Estimates of the critical exponents # and 3’ from
the Padé approximants to (38) and (39).

(M. N1 b.cc(l,2,3) M. N] s.c.(1,2,3)
M, Xo B ¥ M, Xo B 9’

25,25 19,19 0.3635 0.5814 25,25 19,19 0.3497 0.1963
25,26 19,20 0.3642 0.7622 25,26 19,20 0.3506 0.7247
26,25 20,19 0.3642 0.7622 26,25 20,19 0.3506 0.7248
26,26 20,20 0.3402 0.8114 26,26 20,20 0.2716 0.7764
26,27 20,21 0.2645 1.0614 26,27 20,21 0.1656 1.0494
27,26 21,20 0.2645 1.0633 27,26 21,20 0.1655 1.0515
27,27 21,21 0.3401 1.0530 27,27 21,21 0.2716 1.0421
27,28 21,22 0.3646 1.0280 27,28 21,22 0.3505 1.0262
28,27 22,21 0.3646 1.0370 28,27 22,21 0.3505 1.0315
28,28 22,22 0.3613 1.0478 28,28 22,22 (0.3495 1.0388
28,29 22,23 0.3637 1.0521 28,29 22,23 0.3516 1.0426
29,28 23,22 0.3637 1.0531 29,28 23,22 0.3515 1.0437
29,29 23,23 0.3630 1.0558 29,29 23,23 0.3486 1.0507
29,30 23,24 03642 1.0394 29,30 23,24 0.3413 1.0838
30,29 24,23 0.3642 1.0494 30,29 24,23 0.3411 1.1441
30,30 24,24 0.3622 1.0655 30,30 24,24 0.3495 11,0598
30, 31 0.3625 30, 31 0.2636

31, 30 0.3625 31, 30 0.2273

the critical point. The scaling laws of Kadanoff*! and
Widom?*? predict equal values for the exponents above
and below T,, ie., y = 9" and o = o, etc. The value
of y is better established at 1.250 4 0.003 than any
other index both for our own equivalent neighbor
model] lattices and for the n.n. model. The symmetry
of 7, about T is almost rigorously established for the
two-dimensional nearest neighbor model lattices;
consequently, for " = 1% a breakdown of symmetry
is indicated in three dimensions. We conclude that our
own figures are inconsistent with this interpretation,
that y" is probably %, and that the transition is
symmetric.

To further investigate the rival claims of " = % or
y' = 17%, we can examine the approximants of
(7o)? and (7p)#%. The function (i)' has a simple pole
atu = u,, and following Baker® we expect greater con-
sistency in the poles of the sequence of approximants
if " is chosen correctly. The differences between the
values of u, obtained in this way and the values shown
in Table VII are listed in Table X (the differences are
recorded in units of 10*). We have taken the sequence
of [N, N + 1] approximants in each case. The two
sequences in Table X indicate that the assumption
y' = % is more consistent with the high-temperature
estimates of u,.

The evidence from Tables VI and IX indicates that
is significantly higher for the third equivalent neighbor
model lattices and suggests that

0.345 < 5 <€ 0.365 (43)
for the s.c.(1,2,3) and b.c.c.(1, 2, 3) lattices. The

4t L. P. Kadanoff, Physics 2, 263 (1966).
42 B, Widom, J. Chem. Phys. 43, 3892, 3898 (1965).
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corresponding values of y” suggested by Table IX are
1.01 <y < 114, (44)

In the light of the results for the L(1, 2) lattices, the
estimates of B for the s.c.(1, 2, 3) and b.c.c.(1, 2, 3)
lattices are puzzling, also the values of y’ are signifi-
cantly lower than expected. We cannot say that (43)
and (44) represent a definite extended-range effect,
only that the bounds have been established in exactly
the same manner as those above and those of previous
authors. Two points must be made here. First, these
estimates are based on expansions involving low-
temperature spin configurations containing a maxi-
mum of five spins. In the corresponding series for the
L(1, 2) lattices several configurations of six and seven
spins were included (see above) by extending the
series. Second, if the partition function is nonuni-
formly convergent in the range of interaction,
progressively more terms in the expansions are
required to obtain a given accuracy in the estimates of
critical parameters such as y” and f. The authors are
therefore inclined to the view that the indices are
unchanged by the inclusion of higher neighbor
interactions.

If the shift between the ranges (41) and (43), and
(42) and (44) is not all accounted for by the above
convergence effect, then (43) may have some bearing
on the gas-liquid critical point. [t has often been
suggested that discrepancies between values of S
obtained from coexistence curve measurements and
the values based on the n.n. Ising model are due to
the site restrictions of atoms in the Ising model.
One way of examining this is to adopt the quantum-
lattice gas model of Matsubara and Matsuda,®
taking into account the kinetic energy of the gas
molecules. The magnetic analog of the quantum-
lattice gas is the anisotropic Heisenberg model. Pre-
liminary work on this model by the present authors
and Fisher® indicates that for the molecules found in
nature a removal of the site restriction is likely to have
no effect on the critical exponents. The value of f
obtained by Fisher’ in an analysis of Weinberger
and Schneider’s®” data on xenon is § = 0.345 +
0.015, which falls in the range (43). It seems very
likely that the quantum-lattice gas will not account
for these discrepancies, and in view of (43) an Ising-
lattice gas model with hard cores of a larger size

43 T. Matsubura and H. Matsuda, Progr. Theoret. Phys. 16, 416,
569 (1956).

4 N. W. Dalton and D. W. Wood, Proc. Phys. Soc. (London)
90, 459 (1967).

45 M. E. Fisher, Phys. Rev. Letters 16, 11 (1966).

48 M. E. Fisher, J. Math. Phys. 5, 944 (1964).

47 M. A. Weinberger and W. G. Schaeider, Can. J. Chem. 30,
422 (1952).
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TasLe X. Difference between u, obtained from the [N, N 4 1] approximants to
(x0)1/v" and the values in Table VII.

f.c.c.(1,2) s.c.(1,2) b.cc.(1,2)
N N
y=% y=I% y=% vy =1% Y=% 7=1%

11 163 200 11 265 6 41 79
12 69 100 12 75 105 7 98 138
13 50 75 13 56 80 8 58 96
14 51 76 14 56 80 9 17 42
i5 26 47 15 11 43 10 18 43
16 16 150 -T2 11 1 23
17 24 —29 17 3 —76 12 —44 —-22

together with an attractive potential of an extended
range may be the answer, where, for example, the
core prevents simultaneous occupation of first neigh-
bor sites and attractive interactions are present up to
third neighbors.

V. HIGH-TEMPERATURE SERIES EXPANSIONS

An extensive literature exists on the high-tempera-
ture development of the Ising model; a complete set
of references can be found in reviews by Domb? and
Fisher.> The calculations proceed by expanding the
partition function in the form

Zy=Tre?% =3 Tr ("} (—1)"p"/n! (45)

and isolating the contributions to successive terms in
the form of high-temperature lattice constants. Recent
calculations of Sykes, Essam, Heap, and Hiley*® have
considerably extended the number of high-temperature
lattice constants available for the nearest neighbor
model, and Sykes, Martin, and Hunter** have employed
these to extend the specific-heat C, expansion for the
f.c.c.(l) lattice. These authors find that C, diverge at
the critical point as

C,~B(T —T)", (46)

where o (the high-temperature specific-heat exponent)

-~ 1
=],

The high-temperature expansions for the second
and third equivalent neighbor model lattices have been
derived by Domb and Dalton,* who obtained the
high-temperature expansions of the zero-field parti-
tion function and susceptibility for the second
equivalent neighbor model to order 7-7 and similarly
for the third equivalent neighbor model to order
7-% These authors discussed the “bulk’ critical

properties such as the critical energy and entropy, and

48 M. F. Sykes, J. W. Essam, B. R. Heap, and B. J. Hiley, J.
Math. Phys. 7, 1557 (1966).

4% M. F. Sykes, J. L. Martin, and D. L. Hunter, Proc. Phys. Soc.
(London) 91, 671 (1967).

examined their asymptotic behavior for large co-
ordination numbers. Finally, Dalton® derived the
expansions of the zero-field partition function and
susceptibility, valid for general spin and arbitrary
second neighbor exchange interaction through to
orders T-% and T3, respectively.

It is our purpose to examine the dependence of the
bulk critical properties of the second neighbor model
(S = %) upon the relative strengths of the nearest
neighbor and next nearest neighbor interactions; for
this we introduce the parameter « = J,/J;. We also
examine the high-temperature susceptibility critical
exponent y for the equivalent neighbor model lattices.

The high-temperature expansions of the zero-field
susceptibility and partition function for the second
neighbor model are in the form

kTyo/Nm® =1+ ¢, (0)K" 47
n=0
and
InZ/N=1n2+ 3 b, ()K", (48)
n=0

where K = 2J,/kT and the coefficients ¢, () and b,(«)
are polynomials of degree » in «. The expansions can
be conveniently reduced to a general form valid for an
arbitrary regular lattice, where they are expressed in
terms of ¢,, ¢, and the lattice constants of multiply
connected diagrams. These expansions are recorded
in Appendix D.

VI. VARIATION OF THE CRITICAL TEM-
PERATURE WITH THE SECOND
NEIGHBOR INTERACTION

For the second neighbor model we have investigated
the variation of K, (= J,/kT,) with « (= Jy/J;) for
values of o in the range 0 < « < 1 (both J, and J,
positive). To determine the critical temperatures, the
Padé approximants to d/dKIn () and (j,)s have
been calculated and the appropriate singularities
selected. The higher-order approximants to both these
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TasLe XI. Values of 2J,/kT,(x) based on the [3, 3] approxi-

mants to (xo)% for the three-dimensional lattices and (xo)f for
the two-dimensional lattices.

3 f.c.c. s.C. b.c.c. A s.q.
0 0.1021 0.2216 0.1573 0.2743  0.4418
0.1 0.09624 0.1759 0.1450 0.2375  0.3870
0.2 0.09123 0.1465 0.1344 0.2132  0.3451
0.3 0.08638 0.1258 0.1253 0.1906  0.3118
0.4 0.08231 0.1107 0.1175 0.1729  0.2849
0.5 0.07862 0.09645 0.1106 0.1587  0.2625
0.6 0.07527 0.08904 0.1045 0.1468  0.2436
0.7 0.07223 0.08123 0.09914 0.1368  0.2274
0.8 0.06944 0.07474 0.09430  0.1282 0.2134
0.9 0.06689 0.06925 0.08994 0.1207  0.2010
1.0 0.06453 0.06452 0.08599 0.1140  0.1902

functions yield agreement in K, to within 3 parts in
10* over the whole range of « for the lattices in
Table XI. The agreement always improves with
increasing values of « and is as little as 1 part in 10*
for the three-dimensional lattices with o >} In
Table XI we present the estimates of K,(x) based on
the {3, 3] approximants to (y,)% for the three-dimen-
sional lattices, and to (x,)7 for the two-dimensional
lattices.

The variation of the critical temperature with the
strength of the second neighbor interaction is shown
in Figs. 3 and 4 where T,(«)/T,(0) is plotted against

30

DOMB POTTS S.Q.

Tl >
v

25
T

Te©

2:0

A

15

v

1-0

N. W. DALTON AND D. W. WOOD

i /
HEISENBERG ~~---~
ISING

30

25

Tee
Te(o)

20

/7
/
/,
/
Vs P
10
o} 25 50 75 1.0
o = \_]2/;1l (J1,J2>O)

FiG. 4. The variation of the critical point of the three-dimen-
sional lattices for the Heisenberg and Ising models with & in the
range 0 < o < 1. The curves for the Heisenberg model are taken
from Dalton and Wood.2?

o« for the two- and three-dimensional lattices,
respectively. Here 7,(0) is the critical temperature of
the n.n. model. In Fig. 3 the results of Domb and
Potts!? for the s.q. lattice are shown for comparison,
and in Fig. 4 we compare the corresponding curves
for the Heisenberg model obtained by the present
authors.? The plots do show a slight curvature which
is more pronounced for the two-dimensional lattices
and is very likely due to the more rapid convergence
for « > }. To a good approximation, the variation of
the critical temperature in the range 0 < « < 1 can
be represented by

Tc(a) = Tc(O){l + mla}’

where the values of m; obtained from Figs. 3 and 4
are compared with the corresponding values for the
Heisenberg model (§ = %) in Table XII. The values
of m, given here for the Ising model reproduce the

(49)

TaeLe XII. Estimates of m, in (49) for the Heisenberg
and Ising models.

Lattice f.c.c. s.c. b.c.c. A'r

5.q.

0 25 50

v

Fi1G. 3. The variation of the critical point for the s.q. and tri-
angular lattices for values of a in the range 0 < o < 1.

75 10

0.61
0.69
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247
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critical temperatures to within 29, for the two-
dimensional lattices and to within 1% for the three-
dimensional lattice. The classical theories of both the
Ising and Heisenberg models predict that 7,(x)/T,(0)
is exactly linear in « with m, given by

m; = 92/91- (50)

Interesting effects occur when « < 0 with J; > 0
and J, < 0, and the question of the type of antiferro-
magnetic ordered state arises. In the case of the
Heisenberg model this problem has recently been
considered by Tahir-Kheli, Callen, and Jarrett® using
a first-order Green-function treatment, the results of
which agree well with a series-expansion approach
discussed by the present authors.?! The results indicate
that T,(o) — 0 as « — a*, where for a < a* ferro-
magnetic ordering gives way to some kind of anti-
ferromagnetic ordering. Unfortunately, the present
expansions (S =3) of the susceptibility quickly
become erratic for « in the range —1 < « < 0, and
we can only suggest the following limits on a*;

fee. —1.0<La* < —-0.7, (51a)
s.C. —04 < a* < —0.2, (51b)
b.cc. —0.8 < a* < —0.6. (51¢)

It is highly probable that «* is independent of spin
and that by examining the general spin expansions
given by Dalton, «* could be obtained to within a
few per cent.

VII. THE CRITICAL EXPONENT OF THE
HIGH-TEMPERATURE SUSCEPTIBILITY

The high-temperature approach to T, of j, is of the

form

Yo~ E(T — TY 7| gur,ts (52)

where y is the critical exponent and E the amplitude
of the singularity. Of all the critical exponents
related to the three-dimensional n.n. model lattices
this is the most firmly established on the basis of
series expansions. The conclusion of the numerical

work is v = 1.250 % 0.003 ~ 1}, (53)

and it is suggested that y = 1} exactly. For the two-
dimensional lattices, y = 1%. (See Ref. 52.)

The expansions of y, above T, are very suitable for
extrapolation, since the terms of the expansion are all
positive and display a smooth behavior. Consequently,
we can employ the ratio methods of Domb and
Sykes?* to obtain estimates of y for the L(1,2) and

50 R. Tahir-Kheli, H. B. Callen, and H. S. Jarrett, J. Phys. Chem.
Solids 27, 23 (1966).

31 D. W. Wood and N. W. Dalton, Phys. Rev. 159, 384 (1967).

52 L. P. Kadanoff, Nuovo Cimento 44, 279 (1966).
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TaBLE XIII. Estimates of y obtained from (55) for the
second equivalent neighbor model lattices.

s.Q.(1,2) A(1,2) sc(l,2) bce(1,2) fec(l,2)

Vn Vn Vn Va Vn
2 1.634 1.499 1.193 1.228 1.191
3 1.709 1.583 1.210 1.240 1.207
4 1.728 1.634 1.219 1.241 1.215
5 1.742 1.643 1.224 1.242 1.221
6 1.749 1.682 1.228 1.242 1.224
7 1.754 1.693 1.231 1.243 1.227
8 1.756

L(1, 2, 3) lattices. The values of K, for these lattices
have been given previously by Domb and Dalton.1
Following Domb and Sykes* the coefficients ¢, in

(47) are assumed to have the asymptotic form
e, ~ Cn' K™, (54)

where C is some constant. From (54) we can form the
sequence {y,}, where

Vo =1+ 0K (n, — {/K)

Hn = cn/cn—l’

(55)
and

yielding successive estimates of y. The values of K|
in (55) should be the over-all best estimates given in
Table VII. In Table XIII and XIV we record these
results for y for the L(1,2) and L(1, 2, 3) lattices,
respectively. The sequences {y,} appear to be increas-
ing to limiting values for both the L(1,2) and L(1, 2, 3)
lattices. The figures for the s.q.(1, 2) lattice certainly
suggest that y = 1§, the same value as for the n.n.
model lattices. Again, assuming y to be a simple
rational fraction, {y,} for the three-dimensional
L(1, 2) lattices appear to be approaching a value of
y = 14

The sequences {y,} for the L(l,2, 3) lattices are
consistently Jower than the corresponding sequences
for the L(1, 2) lattices, although they are converging
at approximately the same rates. The figures for the
s.c.(1, 2, 3) lattices suggest that the final limit is again
likely to be 17.

We have also obtained estimates of ¥ by computing
the Padé approximants to d/dK[log (7,)] and finding

TabLE X1V. Estimates of y obtained from (55) for the
third equivalent neighbor model lattices.

$.gq-(1,2,3) A(1,2,3) s.c(1,2,3) becdl,2,3) fcc(l,2,3)

Yn VYa ¥Yn Vn Yn
2 1.497 1.421 1.160 1.145 1.107
3 1.580 1.514 1.186 1.163 1.127
4 1.630 1.574 1.199 1.176 1.140
5 1.662 1.614 1.210 1.184 1.150
6 1.681 1.642 1.219 1.190 1.167
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TasLE XV. Estimates of the high-temperature susceptibility critical exponent y obtained from
the approximants to d/dK{log .} for the L(1, 2) lattices.

(v, M] sq(1,2) [N, M] AQ,2) [N,M]  sc(l,2) [N,M]  bece(l,2) [N,M] fcec(1,2)
2,2 1.811 2,2 2.559 2,2 1.216 2,2 1.248 2,2 1.210
2,3 1.825 2,3 1.963 2,3 1.221 2,3 1.244 2,3 1.226
3,2 1.852 3,2 1.441 3,2 1.220 3,2 1.245 3,2 1.218
3,3 1.836 3,3 1.952 3,3 1.227 3,3 1.244 3,3 1.221
4,3 1.823 4,2 1.955 4,2 1.228 4,2 1.244 4,2 1.221
3,4 1.832 2,4 1.952 2,4 1.224 2,4 1.244 2,4 1.221

TaBLe XVI. Estimates of the high-temperature susceptibility critical exponent y from the approximants
to d/dK{log y,(K)} for the L(1, 2, 3) lattices.

5.q.- A- S.C.- b.c.c.- f.cc.-

VMY 23 VML a5 INME 75 INME 5 MM (550
2,2 2.411 2,2 2.166 2,2 1.168 2,2 1.181 2,2 1.135
2,3 2.411 2,3 1.979 2,3 1.262 2,3 1.185 2,3 1.144
3,2 2.165 3,2 1.949 3,2 1.187 3,2 1.184 3,2 1.142

’

the residues at the appropriate singularities (see
Sec. III). These results are shown in Tables XV and
XVI. These sequences are less regular than those
obtained using the ratio method; however, the
results for the three-dimensional lattice are in excellent
agreement with those of Tables XIIT and XIV. From
the results over-all, we conclude that the index y is not
affected by extending the range of interaction for either
the two-dimensional or three-dimensional lattices.
On the basis of the figures for the s.q.(1,2) and
b.c.c.(1, 2) lattices, we conclude that

y = 1.25 £ 0.01

(three dimensions)  (56)

and

y =179 £ 0.04 (two dimensions). (57)

VIII. THE CRITICAL ENERGY AND ENTROPY

Those critical properties which change noticeably,
with the type of exchange interactions present, the
range of the interactions and their relative strengths,
are of interest in relation to experimental work. From
these properties information relating to specific
materials can be deduced. The critical properties in
this category are principally the critical point K ;
the critical energy (E. — E.)/kT,, and the critical
entropy (Sw — Sp)/k. The critical energy and entropy
are particularly useful for comparing model calcula-
tions since they are independent of the exchange
constant J;, and in the case of the second neighbor
model depend only on the relative magnitude of J; and
J,, and consequently can be used to detect the presence
of n.n.n. interactions. Both functions are related to the
area under the high-temperature specific-heat curves
(“the tail”") plotted on a reduced scale of temperature

t (= T/T,); the relations are

(E,, — E)KT, = 1/k f C, dt (58)
1

and ®
(S — Sk = 1k f % dt. (59)
1

Domb and Sykes® have examined the effects of
spin on these functions for the Ising and Heisenberg
n.n. model lattices and the present authors®-% have
previously discussed the effects of n.n.n. interactions,
and of anisotropic n.n. interactions for the three-
dimensional Heisenberg lattices. We have also given
a detailed comparison of the statistical theories
with the experimental work of Miedema ef al%
on the ferromagnetic salts CuK,Cl,2H,O and
Cu(NH,),Cl,2H,0, where by the use of (58) and
(59) the exchange integrals Ji/k and Jy/k are esti-
mated.®® A review of such comparisons has been given
by Domb and Miedema.®

The expansions of the critical energy and entropy
can be obtained from the coefficients P, ; in Appendix
D. For example, the expansions for the f.c.c. lattice
are
IE';ETL@ = (6 + 30H)K2 + (24 + 360K

+ (130 + 288a + 1440 + 11ah)K?
+ (800 + 2240x + 2160a° + 7600*)K
+ (5316.8 + 184320 + 244804>

+ 144000 + 36360* + 108.4a)K®,
(60)

53 C. Domb and M. F. Sykes, Phys. Rev. 128, 168 (1962).

5¢ A. R. Miedema, H. Van Kempen, and W. J. Huiskamp,
Physica 29, 1266 (1963).

55D, W. Wood and N. W. Dalton, Proc. Phys. Soc. (London)
87, 755 (1966).
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Exw — E(x . . Sw — S,(a)
TaBLe XVII. Normalized estimates for _i’_k?_‘(_z : TasLe XVIII. Normalized estimates for —k—c—— :
¢
Ising model s = §. Ising model s = 4.

a fec(l,2) sc(l,2) bec(,2) A(1,2) sqf(l,2) o fee(,2) se(l,2) beedl,2) AQ,2)  s.q(1,2)

0 0.150 0.237 0.169 0.549 0.623 0 0.102 0.152 0.107 0.363 0.387

0.1 0.140 0.181 0.159 0.482 0.580 0.1 0.096 0.130 0.104 0.342 0.377

0.2 0.134 0.158 0.150 0.470 0.545 0.2 0.090 0.104 0.100 0.325 0.366

0.3 0.125 0.137 0.143 0.435 0.519 0.3 0.085 0.102 0.096 0.314 0.358

0.4 0.119 0.129 0.137 0.409 0.503 0.4 0.081 0.094 0.094 0.296 0.352

0.5 0.111 0.123 0.135 0.387 0.491 0.5 0.078 0.086 0.093 0.285 0.349

0.6 0.109 0.122 0.134 0.370 0.482 0.6 0.075 0.081 0.092 0.279 0.344

0.7 0.105 0.117 0.132 0.358 0.473 0.7 0.072 0.076 0.090 0.275 0.339

0.8 0.101 0.109 0.131 0.346 0.465 0.8 0.069 0.072 0.089 0.270 0.336

0.9 0.099 0.103 0.130 0.337 0.460 0.9 0.067 0.069 0.087 0.261 0.334

1.0 0.098 0.098 0.129 0.330 0.456 1.0 0.065 0.065 0.086 0.250 0.332
and of the critical energy and entropy in the range
S, 0 <« < 1. These show a greater spread between

——“k-m = (3 4+ 1.5¢)K? + (16 + 240)K>

+ (97.5 4 216« 4 108a% + 8.25aH)K*
+ (640 + 1792c + 1728a* + 6082*)K
+ (44302 + 153600 + 204000
+ 120000 + 3030a" + 90%a%)KE.
(61)
By forming the Padé approximants to these series

and evaluating them at K = K, [values of K,(x) are
obtained from Table X1] we have obtained estimates
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F1G. 5. The variation of the critical energy with the magnitude
of the second neighbor interactions. The curves for the Heisenberg
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successive approximants than the other parameters
discussed above, the reason being that the series are
quite short and the terms have not settled down to
any smooth behavior. The longer series available for
the points « = 0 (n.n. model) and « =1 (second
equivalent neighbor model) makes it possible to deter-
mine these critical parameters at each end of the range
more accurately; and in the case of the two-dimen-
sional lattices we have, of course, exact results at
a = 0. We can take advantage of this by fitting the
critical-energy and entropy curves to pass through the
end points using a normalization method described
by us previously.®® The normalized estimates are given
in Tables XVII and XVIIL. In Figs. 5 and 6 the
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critical-energy and entropy curves for the two- and
three-dimensional lattices are shown, and compared
with the corresponding curves for the Heisenberg
model. The curves illustrate the rapid decrease of the
specific-heat tail for the two-dimensional lattices on
the inclusion of second neighbor interactions, and
also the large differences in the tail on passing from
two to three dimensions. The curves for the Heisen-
berg model in Figs. 5 and 6 illustrate the much larger
tails on the C, curves compared with the corresponding
Ising model lattices.

IX. CONCLUSIONS

In this paper we have discussed some of the effects
of more-distant-neighbor interactions on the critical
and thermodynamic properties of the Ising ferro-
magnet. In considering the critical-point behavior of
the model, we have made use of the concept of the
equivalent neighbor model introduced by Domb and
Dalton.* In this model the range of interaction is
extended to include 2nd, 3rd,--:,nth neighbor
interactions but the exchange constant is maintained
at the same value between all the interactions taken
into account. The equivalent neighbor model has been
used to examine the critical exponents related to the
magnetization M,, and the low- and high-temperature
(T 2 T,) zero-field susceptibility y, for the Ising
model with second and third equivalent neighbor
interactions present. Our philosophy has been that
any detectable effects of an extended range of inter-
action on the critical exponents must be visible in the
equivalent neighbor model, and that for this purpose
it is unnecessary to consider finer details such as the
relative strength of the interactions. The theoretical
approach used is the one of developing power-series
expansions for the partition function and related
thermodynamic functions valid in regions above and
below the transition temperature.

In Sec. II the development of the low-temperature
expansion of the partition function Z, with inter-
actions between nth neighbor pairs present is described
and specific consideration is given to the second
neighbor model, where the high-temperature-low-
temperature transformation of Domb?’ js applied to
deriving the low-temperature polynomials f, (v, v)
appearing in Zy. The first five low-temperature
polynomials are obtained for the second neighbor
model two- and three-dimensional lattices (six poly-
nomials in the particular case of the s.q. lattice). The
same number of polynomials have also been deter-
mined for the second and third equivalent neighbor
model lattice [except for the f.c.c.(1, 2, 3) where only
four polynomials are available]. Some of the aspects

N. W. DALTON AND D. W. wWOOD

related to the enumeration and counting of the low-
temperature spin configurations contributing to the
polynomials f,(u, v) are briefly discussed in Sec. III.
The numerical data related to Secs. II and III is
collected together in Appendices A, B, and C. These
Appendices contain all the high-temperature poly-
nomials ¢, (#) [Eq. (15)] and low-temperature
polynomials g,(w,v) [Eq. (13)] which have been
derived; and also the low-temperature lattice constants
of all the spin configurations (which can occur on the
lattices considered) of up to five spins for the equiva-
lent neighbor model lattices.

The critical exponents § and 7’ relating to M, and
%o (T < T,), respectively, are discussed in Sec. IV
where the Padé-approximant techniques of Baker,®
and Essam and Fisher?® have been employed to form
estimates for the equivalent neighbor model lattices.
In the case of the two- and three-dimensional L(1, 2)
lattices, the estimates of B strongly support the view
that this index remains unchanged from its value in
the n.n. model lattices. The range of uncertainty in the
over-all estimates (41) is such that no shift in 8 is
detectable, and if f§ is a rational fraction then it is
very likely to be the same rational fraction for the
L(1) and L(1, 2) lattices. For the three-dimensional
L(1, 2) lattices we conclude that »' lies within the
limits (42) which excludes the value of 1% suggested
by Baker and Gaunt®s for the n.n. model lattices. For
the b.c.c.(1, 2) lattice, the [13, 13], [14, 14], [15, 15],
and [16, 16] approximants in Table VIII yield the
estimates y = 1.212, 1.211, 1.232, and 1.259, respec-
tively. On the basis of these estimates and those of
the other lattices, we conclude that y’ is probably
if a rational fraction is sought, and that »’ = y for
these lattices, thus supporting the view that y, is
symmetric through the transition in a similar manner
to the two-dimensional n.n. lattices. We have pointed
out the surprising values of § obtained in Table IX
for the three-dimensional L(1,2,3) lattices. These
estimates have been obtained in exactly the same way
as the other values of 8 and are summarized by (43),
which covers the same width of uncertainty as (41)
but which lies considerably above the value of ;.
On the basis of the numerical work alone, (43) should
be regarded with “almost” the same degree of con-
viction as (41), but because of the nonuniform con-
vergence of the series with respect to the range of
interaction, these results are not as reliable as the
corresponding results for the L(1, 2) lattices, which
support the authors’ view that all the critical indices
are independent of the range of force. If, however,
the shift between the ranges (41) and (43) is not
entirely a convergence effect and is in part a real effect,
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then the results (43) and (44) may be able to explain
some of the hitherto unexplained discrepancies
between the experimental evidence for f and the
theoretical predictions of the n.n. Ising model, which
are of the same order as suggested by (43).

Sections V, VI, VII, and VIII are devoted to the
high-temperature series expansions of the second
neighbor model and equivalent neighbor models, and
are concerned with the critical properties that can
be deduced from them. The coefficients of Z and
%o (T > T,)for the second neighbor model arerecorded
in a generalized form in Appendix D, where the
expansions are given through to terms in 77 and
T-%, respectively (S = 4). In Sec. VI the variation
of the critical point with the parameter o (= Jy/J;) is
presented in the range 0 < o < 1. The results are
compared with the corresponding behavior of the
Heisenberg model, and like the Heisenberg model
the variation of T, is given to a good approximation
by the linear relation

Ty(«) = T,(O{1 + ma} O0<a<D).
These results are displayed in Figs. 3 and 4.

The high-temperature susceptibility exponent y for
the L(1,2) and L(1, 2, 3) lattices is discussed in Sec.
VII. Here both the ratio methods of Domb and
Sykes?* and the Padé-approximant methods are used.
The ratio method yields smooth and increasing
sequences {y,} for estimates of . The results over-all
and in particular {y,} for the s.q.(1, 2) and b.c.c.(1, 2)
lattices support the view that the index y is unaffected
by extending the range of interaction and that if y is a

(62)
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rational fraction then it is the same rational fraction
for the L(1), L(1, 2), and L(1, 2, 3) lattice in both two
and three dimensions.

Finally, in Sec. VIII we have presented estimates of
the critical energy (E, — E,)/kT, and the critical
entropy (S. — S,)/k in the range 0 < « < 1 for the
second neighbor model. We have included these
functions along with K,(«) because they are very
useful in comparison with experimental work, where
specific estimates of J,/k and J,/k are attempted on the
basis of measurements of the magnetic specific heat
above T,. The figures in Tables XI, XVII, and XVIII
can be used as a reliable basis for such comparisons.
The variation of the critical energy and entropy is
shown in Figs. 5 and 6 where the Ising model curves
are compared with the corresponding Heisenberg
model results. The authors have previously considered
the effects anisotropy on K, (), (E, — E,)/kT, and
(S — Sp)/k; and also their behavior for the second
neighbor Heisenberg model. With this broad basis of
numerical work it is hoped in a future publication to
present a comprehensive examination of the recent
experimental work on ferromagnetic insulators.
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APPENDIX A

Listed below are the high-temperature polynomials ¢, () and the low-temperature polynomials g,(u, v) for
the second neighbor model lattices. The polynomials are defined in Sec. IT [Egs. (13) and (14)] in relation to
the low-temperature expansion of the partition function.

High-temperature polynomials for the s.c. lattice:

Po.0 = 1,

P10 = —3u,

Po1 = —6u,

Pa0 = 3p — 647 + 342,

@11 = 18u — 18u? 4 18u?,

Po.2 = 15 — 212 + 1543,

Pap= —p + 25u% — 4943 4 25ut — ud,

@1 = —18u + 18042 — 3124° + 180u* — 1845,
@12 = —45u + 369u% — 675u® + 369ut — 45u°,
®os = —20u + 230u2 — 41443 + 2304t — 2045,
g0 = —30u? + 273u% — 486p* + 273u5 — 30u°,

P31 = 6 — 438u2 4+ 2604u® — 43264t + 2604u° — 43848 + 647,
2.5 = 45 — 166542 + 8688u® — 14076u* + 8688u> — 1665u° + 4547,
1.3 = 60u — 2220u2 + 117964% — 19290u¢ + 1179645 — 222048 + 6047,
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@oq = 151 — 885u2 + 5265u® — 8757t + 5265u° — 885u® + 1547,

@s5.0 = 15u% — 600u® + 3351ut — 552605 4 3351u® — 600u” + 1548,

@41 = 450u% — 9180u® 4 40272u* — 629644° + 40272u° — 9180u” + 450u®,

@a0 = — 154 + 316542 — 4671343 + 183693u* — 28020945 + 183693u® — 46713u” + 3165u® — 154°,
Pog = —60u + 771042 — 1035424% + 395046 — 59750445 + 3950464 — 1035427 + 77104° — 6042,
Pra = —45u + 7020u® — 9985543 + 391536u" — 59745945 + 39153648 — 9985547 + 70204 — 45u°,
o5 = — 6 + 192612 — 327961% + 13696240 — 2119385 + 136962u° — 3279647 + 192644 — 648.

Low-temperature polynomials for the s.c. lattice:

gl(ua U) = u3067

ga(u, v) = (=942 + 601) + 3uft?,

gs(u, v) = (1514018 — 180017 4 420" + 80v'%) + 18(—840'® + 48v'7) + 17 (308 4 12017),

g4(u, v) = W(—299750% 4 51900% — 25260% + 2207 + 1230% 4 240° + 2018)
+ u(2337v* — 26160% 4+ 6120% 4 T20%) + u'%(—2864v* — 2760% + 21002 + 240%)
+ u?(30* + 2407 + 480%% + Bv?') + 3ubv®,

gs(u, v) = u'(670821v% — 152172v% 4 11362802 — 222080%7 — 58740% + 4080% + 41602 + 960> + 300%2)
+ w4 (—669720% + 1111200%° — 536640% + 2760027 + 18840 + 2400v% + 24v%)
+ u'3(14778v%0 — 22560%° — 99420% 4 21120% + 7320% + 1080%)
+ u'2(—5880% — 25200%° — 7680 + 752v%7 4 2880 + 24v? + 8v*)
+ (303 4 360%° + 3607 + 264077 + T50% 4+ 120%) + ul%(240% + 24v28).

High-temperature polynomials for the f.c.c. lattice:

@o.0 =1,
P10 = —6p,
®o,1 = — 3

P20 = 15u — 214 + 15%,

Pra = 18u — 18u® 4 1847,

Po,2 = 3p — 6 + 3447,

P50 = —20u + 230u® — 41443 + 230u* — 2045,

@12 = —18u + 180p% — 324u° + 180u* — 184°,

Py = —45u + 36947 — 6634° + 369u* — 4545,

Pos = —p + 254" — 49u® + 25p* — 3,

Pao = 154 — 885u2 + 526543 — 8757u* + 5265u° — 885u° + 1547,

g1 = 60u — 2220u% + 11604u® — 18858u* + 11604u5 — 2220u8 4+ 6047,

@a, = 45u — 1665u% + 87964 — 14328ut + 8796u°> — 1665u® + 4547,

@15 = 6p — 438u? + 2688u® — 45064 + 2688u° — 438u + 647,

Qo4 = —30u? + 273u® — 486" + 273u° — 30us,

@50 = —O6u + 1926u% — 3279643 4 136962u* — 2119384’ + 136962u° — 3279647 + 1926u° — 6u°,
@g1 = —45u + 7020p® — 98415u® + 381174pu* — 579123u> + 381174u8 — 98415u7 + 702018 — 45u°,
@50 = —60u 4 7710p2 — 1036384 + 396150u* — 60001245 + 39615048 — 1036387 + 7710u® — 60u?,
@23 = —15u + 3165u® — 478054 + 191025u* — 2925695 + 191025u° — 47805u” + 3165u® — 1542,
@14 = 450u% — 94324 + 42210u% — 664564° + 422105 — 94327 + 45048,

Pos = 15u2 — 600u® + 3351 — 55264° + 3351 — 60047 + 15u%.

Low-temperature polynomials for the f.c.c. lattice:

g.(u, v) = usvd,

go(u, v) = 11%(—940° + 30%) + 6ulf,

Za(u, v) = 18(151450° — 9608 + 1507) + w'7(—1680° + 480%) + 11%(300° + 1208) + 8ul®?,

g4(u, v) = u*(—3005301% + 28650 — 8891010 + 83¢v° + 3v8) + u?3(4698v12 — 27720t + 39601%)
+ u?2(—1827v'2 + 360" + 13801%) + w1 (—1140"2 4 216011 + 24p19)
+ u?(720'% 4 48v™* 4+ 301%) + 12°(12012 4 12011) 4 2u8p12,
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gs(u, v) = uP(675281v° — 8588401 + 39996013 — T7120'% + 3270 4 48019)
+ 4®(—1355160"® + 1220400 — 35568013 + 3192012 4 60v'1)
+ u28(81888v15 — 31080v1% — 2790p™® + 1236012 + 3601)
+ u?7(—8184p'5 — 108960 + 24000'® + 3840'%)
+ u2%(—45060"° + 5400 + 102001% + 72012 4 30't) 4 u?(9601° + 3600 + 31203 4 240
+ w2 (520" + 24001 4 1560'%) + u23(480%° + 4801%) + u®2(240™ 4 6013),

High-temperature polynomials for the b.c.c. lattice:

®o0 =1,

@10 = —4u,

Po1 = —3u,

P.0 = 6p — 10p® + 644,

o1 = 120 — 12u% + 1243,
Po,2 = 3¢ — 6u® + 343,
@30 = —4p + 64p® — 120u3 4 64u* — 4us,
a1 = —18u + 162u% — 28243 + 162u* — 18u5,
@10 = — 124 + 120p2 — 21648 + 120p* — 1245,
Po3 = —H + 2547 — 49u® + 25u" — pd,
@a0 = p — 13342 + 96143 — 1647u® + 9614° — 133u® + 47,
@31 = 12u — 588u2 + 3228u® — 5304 + 3228u° — 588u® + 1247,
Pag = 181 — T1du? + 37924 — 61564* + 37925 — T14us + 1847,
@18 = 4 — 292u2 + 1792u% — 3004t + 1792u° — 292u¢ + 447,
®o.a = —30u% 4 27343 — 486u* 4 273p° — 30us,
@s.0 = 140p% — 342043 + 16284t — 25964u° + 16284u° — 3420p7 + 14048,
Qa1 = —3p + 10232 — 16803 + 68721u* — 105741u° + 68721 u% — 1680347 + 102348 — 3u®,
@50 = — 12 + 1992u% — 28272u3 4 109740ut — 16689645 + 109740u® — 2827247 + 1992u8 — 12u°,
@a3 = —6p + 134642 — 205864 + 82206ut — 125682u° + 82206u° — 2058647 + 134642 — 6uf,
@14 = 300p% — 6288u3 + 28140u* — 4430445 + 28140u¢ — 6288u” + 30045,
Qo5 = 15u% — 6003 + 3351u® — 5526p5 + 33518 — 6007 4 15us.
Low-temperature polynomials for the b.c.c. lattice:
gu(u, v) = v,
go(u, v) = ¥(—740% + 3v°) + 4u™b,
ga(u, v) = u'*(9340° — 7208 + 1507) + u'(—880° + 2418) + ut9(160° + 120%),
ga(u, v) = ut8(—144030'% 4 16350 — 646500 + 831° + 3v%)
+ 215(1920012 — 11520 + 180010 + 214(—7140'2 — 18001 + 96010)
+ 33(720'% + 9601 + 36010) 4+ u2(6vM! + 6010).
gs(u, v) = u®(250964v'% — 375240 + 216660 — 5484012 + 37201 4 48u1%)
+ u%(—430640'5 + 405840 — 131040"3 + 137602 4 240™)
+ u18(24204075 — 393601 — 3444p13 + 74402 4 2401 4 17(—518401% — 4248 4 3600'?)
+ u18(354015 + 46801t + 294013 + 140012 + 60') + ul3(480M 4 120013 + 480'%) + 12up12,

High-temperature polynomials of the s.q. lattice:

(p0,0 = 1!
@10 = —24,
Po1 = —24,

@0 = 4 — 3® + i,

P11 = 4p — 4 + 4,

Po,2 = p — 3uP + pd,

@0 = 64 — 144 + 64,

@o1 = —24 + 260 — 42u3 4 26u* — 2u5,
P12 = —24 + 26u® — 46u® + 26ut — 2u°,
Po,8 = 6p® — 14u® + 6,

Qa0 = —2u% + 4243 — 84ut + 42u5 — 2uS,
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@53 = —32u% + 224 — 372u* + 22445 — 3248,

g0 =@ — 65u% + 377u® — 615u* + 377u® — 65u° + pu,

@13 = —32u® + 240u% — 412u* 4 240u5 — 3248,

Po.a = —2‘142 + 42,“3 - 84#4 + 42,“5 - 2/16,

@50 = —34u® + 320put — 580u° 4 320u° — 3447,

@y = 10u? — 4124% + 2096u% — 335245 + 2096u° — 41247 + 1048,
@30 = 60u% — 1160u® 4+ 4912u* — 760245 + 491248 — 1160u” + 60u®,
@3 = 60u® — 12004° + 5184u* — 8038y’ 4- 5184 — 1200u" + 60u8,
®y,4 = 10u? — 43643 + 2338u* — 3816u° + 2338u® — 43647 + 1048,
Po.5 = —34ud + 320t — 580u° + 320u® — 34u7,

Pe.o = Sp® — 423ut + 259145 — 4365u8 + 25917 — 423u + 8u2,

P51 = 280u® — 4948u* + 202764° — 310964 + 202767 — 494848 + 2804,
Qoo = —18u2 + 1562u% — 17395u¢ + 6097645 — 90154u° + 6097647 — 1739548 + 1562u° — 18419,
Pp5 = —A8u2 + 2672u3 — 26724u" + 902124 — 13212448 + 902127 — 267248 + 2672u® — 43,10,

@, = —18u® + 1642u — 18962u* 4+ 6777645 — 100638u° + 677764 — 18962u® + 1642u° — 18410,
@15 = 296u° — 5484u* 4 23368u° — 36344u° 4 23368u7 — 5484u° + 296u°,
@o.6 = Su® — 423u* + 2591u° — 4365u8 + 25917 — 423u® + 8ul.
Low-temperature polynomials for the s.q. lattice:
g, 0) = 120?,
go(u, v) = ut(—44v* + 20%) + 21,
gs(u, v) = us(3250° — 280v° + 60%) + w¥(—240° + 8v°) + u*(20° + 4v%),
ga(u, v) = uB(—2834% + 36207 — 1500° + 1805 + v*) + u7(2900® — 20807 + 360°)
+ ub(—610v% — 4407 + 200°) + uP(208 + 8v7 + 80%) + uh®,
gs(u, v) = 277140 — 46720° + 28660° — 71207 + 34v° + 8v°)
+ u®(—36040'° + 40080v° — 143208 + 15207 + 405)
+ u8(1238010 4 520° — 4560° + 8807 + 4v%) + u7(— 112010 — 2720 — 640% 4 48v7)
+ u8(20"° 4 120° + 120° + 1607 + v8) + Bubv?,
ge(u, v) = 1'%(—2909630v'2 4+ 60860011 — 4946410 4 18768%0° — 281808 — 8207 4 400° + 20%)
~+ 211(45830012 — 6922401t + 3788000 — 84800° + 466v° + 48v7)
+ 129(—219200'2 4 1087201 + 480400 — 32320° + 2960° + 36v7)
+ u?(357220"% + 476001 — 166001 — 9200° + 2240® + 1607)
+ ud(—178v'% — 76401t — 7240 — 80v® + 87v% + 8v7) + uw?(20'% + 160 + 2001 — 720° + 6408)
+ ub(8v° + 2808 + 4v7) + 2uPrd,
High-temperature polynomials for the A'" lattice:

®o0=1,
P10 = —3u,
®o,1 = —3u,

Pa0 = 3u — 642 + 34,

P11 = 9p — 9u? + 9,

Po,e = 3p — 6u® + 3443,

Pa0 = —p + 25u% — 4743 + 25ut — pb,

Po1 = — 9% + 90u? — 156u% + I0ut — 9us,

@12 = —9% + 90u® — 162u® + 90u* — 9us,

Po.s = —p + 25047 — 47p® + 254" — p®,

@0 = —30u% 4 26143 — 456p* + 261u° — 30uS,

Pa1 = 3u — 21947 + 1284u% — 211548 + 128445 — 21948 + 347,

©g,2 = u — 387u% 4 2103u® — 34294 + 2103u® — 387u® + 947,

@13 = 3u — 219u% + 13264 — 2223u* + 13264° — 219u® + 347,

@o,a = —30u® 4+ 26143 — 456u* + 261u° — 30u8,

@50 = 15u% — 57048 + 3072u% — S004u3 + 307246 — 57047 + 1548,

@g1 = 225p% — 4482u3 4 19278u* — 299465 + 19278u® — 4482u7 4 22548,
@32 = —3p + 723u* — 110944 + 44079u* — 67287u° + 44079u® — 110947 + 723u8 — 3u2,
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Pas = —3u + T23u? — 1126243 + 453331 — 69447ub + 4533348 — 1126207 + 723u® — 32,
Pra = 225u% — 46083 + 20385u¢ — 3202245 + 2038548 — 4608u7 + 2254°,
Pos = 15u% — 57043 + 30724 — 50045 + 3072u® — 570u7 + 154,

Low-temperature polynomials for the A’ lattice:

ga(u, ) = 1,

ga(u, v) = u(—640° + 3v°) + 3usrh,

gs(u, v) = uP(6840° — 600v® + 907 + 20°) + u¥(—540° + 240%) + " (30° + 60°) + 2ub0®,

g4(u, v) = u?(—87831v12 + 1128p! — 3734010 — 210° 4 1208 + 307) + 4*1(963v1% — 82501 + 132010 4 181°)
+ wt0(—1755012 — 600! + 51010 + 60°) + 4°(—39012 + 3001 + 1200 + 20°) + 12480 + 3u"ol,

gs(u, v) = u?%(1262330'° — 213000 + 1110603 — 96002 — 4950™ — 300'° 4 21v° + 60°)
+ u(—176160'5 + 222300 — 7560013 — 7202 + 1920 + 300'°) + u'3(56670'% — 20700
— 1254013 4 19802 + 840! + 1201%) + u'2(4560'° — 13740 + 9603 + 11202 + 240! + 6019)
4 w(—1590% — 2220 4 1500"® + 360'% 4+ 180') + w!%(—60v** + 780'%) 4+ u®(15013 + 6012)

+ 6utv13,
APPENDIX B

Listed below are the low-temperature polynomials g,(«, v) for the third equivalent neighbor model Iattices.
s.c.(1, 2, 3) lattice:
g1(u) = u'?,
ga(u) = 13u®5 — 13302,
ga(u) = 44038 4 193187 — 5443 + 3074u%,
g4(u) = 6Tu*® 4 28817 4+ 1263 4 1189u*° — 163364050 + 22251u°1 — 87215152,
gs(1) = 56u55 4 192u5¢ 4 1251057 + 3292058 4 811245 4 15912450 — 6000345 — 356148452
4 1037346u% — 929860u5* + 279850Lu5.
fec.(1,2,3) lattice:
&i(u) = u¥,
ga(1) = 21 — 214042,
23(w) = 124080 + 48941 — 1392452 + 7795103,
g4(u) = 333u™ + 132007 4 5709450 4 334148 — 659264u8% + 9045918 — 352353u84.
b.c.c.(1, 2, 3) lattice:
gi(u) = u,
ga(u) = 13u® — 133u%,
ga(u) = 441 1 193 — 5444 + 30740,
ga(w) = 57u® 4 288u'7 4 135348 + 102914 — 162463u50 + 2225115 — 87313u52,
gs(u) = 28u 4 236u%® 4 867157 + 3844158 + 8732u5® + 1800018 — 71367uf! — 342124452
+ 103211445 — 93108045 + 280750140,
A'"(1, 2, 3) lattice:
gl(u) = u99
g2o(u) = 9ut” — 9ut8,
ga(u) = 2Tu® + T2u% — 243u% + 1444u%,
g4(u) = 384 + 1170 + 3754%% — 175u% — 40815 + 6402u35 — 26753u6,
gs(w) = 27u + 1113¢ + 324037 + 963u™ + 925u%° + 828120 — 188611 — 36806142 + 168471143
— 171408u* + 554261u%.
5.q.(1, 2, 3) lattice:
gi(u) = i,
g2o(u) = 61t — 64112,
ga() = 10u® + 3601 — 114417 + 683118,
Za(w) = 6u'® + 30u!® + 11102 + 2242 — 1389422 + 210042° — 880Lu*,
g5(1) = v 4+ Bu® + 53122 + 134u® + 30312 4 32842 — 3230u2% — 10688427
+ 39660128 — 39262u%° + 12693143,
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APPENDIX C
The tables below contain the lattice constants of the
low-temperature spin configurations on the second
and third equivalent neighbor model lattices. Tables
XIX and XXI contain connected graphs only; the
number of occurrences of a connected graph G is

denoted by N[G] (see Sec. II), and the numbers [G]
are recorded in the tables. The lattice constants of
separated configurations [G]y are given in Tables XX
and XXII, where two numbers are recorded for each
figure. The upper entry is equal to [G]y—; and the
lower entry is the coefficient of N in [G]y.

TasLe XIX. Low-temperature lattice constants of connected graphs containing up to
five spins for the second equivalent neighbor model lattices.

L.T. f.c.c.(1,2) s.c.(1,2) b.c.c.(1,2) A1, 2) 5.q.(1,2)
Graph q=18 qg=18 g=14 g=12 g=28
c2,1) 9 9 7 6 4
ca3, 1) 20 20 12 10 4
c3,2) 93 93 55 36 16
c@4,1) 17 13 6 5 1
Cc@4,2) 84 96 42 33 8
C4,3) 9 9 3 3 1
C4,4) 420 420 192 108 28
Cc@4,5) 957 933 427 210 64
C(4, 6) 160 152 64 26 8
c@s, 1) 24 0 0 0 0
C(5,2) 132 108 24 24 4
(s, 3) 0 36 8 6 0
cs,4) 0 0 0 0 0
C(, 5) 348 468 156 102 12
C(5, 6) 0 0 0 0 0
cG5,7) 216 120 48 30 8
C(5, 8) 15 33 6 9 1
C(5,9) 24 4 12 12 0
C(5, 10) 6 0 0 0 0
c(, 11 324 276 96 48 4
Cc(,12) 756 852 276 126 20
c(,13) 1296 1368 480 252 48
C(5, 14) 354 384 138 57 8
C(5, 15) 252 228 72 36 12
C(5, 16) 4332 4212 1488 648 116
c(,17) 2784 2856 984 372 56
C(5,18) 636 528 156 42 8
C(5,19) 4872 4320 1440 414 88
C(5, 20) 93 75 25 3 1
C(5,21) 9657 9369 3307 1224 252
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TaBLE XX. Low-temperature lattice constants of separated graphs containing up to five spins for the
second equivalent neighbor model lattices.

L.T. f.c.c.(1,2) s.c.(1,2) b.c.c.(1, 2) A, 2) s.q.(1,2)
Graph g=18 qg=18 qg=14 g=12 g=28
-9 —9 —7 —6 —4
S@. 1 —9% —9} —7} —6 —43
—255 —255 —153 —108 —48
SG, 1) —264 —264 —160 114 -52
SG.2) +142 +142 +86 +62 +28
, +1514 +1513 +931 +68% +323
S4.1 —696 —704 —324 —214 —56
, —716 —724 —336 —224 —60
—1731 —1719 —797 —456 —135
5(4,2) —1771} —1759} ~8213 —474 —143
s, 3 3624 —3576 —1636 —864 —260
: —3717 —3669 —1691 —900 —276
S@4,4) +7218 +7182 +3346 +1941 +584
’ +7563 47527 3555 42091 +652
s, 5) —2814 —2806 —1323 —-792 —243
, —3005% —~29973 —14403 —878} —283}
SG. 1y —669 —523 —186 —117 —15
, —686 —536 —~192 —122 —16
S6.2) —3564 —4056 —1374 —831 —136
, —3648 —4152 —1416 —864 —144
—426 —396 —~111 78 —20
86,3 —435 —405 —114 —81 —21
S —9240 —9264 —3300 —~1758 —308
G4 —9420 — 0444 —3384 —1818 324
—19020 —19068 —6672 —2988 —508
86,5 —19440 19488 — 6864 —3096 —536
S +21720 +22028 +7836 +4164 +728
G, 6 +22616 +22032 +8256 14448 +804
s —8004 —7284 —2408 —762 —164
6,7 —8164 —7436 —2472 788 —172
—47205 —45333 —16043 —6300 —1300
56,8 —48162 — 46266 —16470 —6510 —1364
— 47997 —47109 —16637 —7068 —1408
SG,9) —48834 —47946 —17022 —7284 —1472
+114564 113202 140632 418849 +3769
565, 10) +118671 +117297 +42549 +19989 +4112
+120699 +117723 141829 417898 +3660
56, 11 +125253 +122229 +43905 +19014 +4000
—210183 —207963 —~75311 —35769 —~7304
86,12 —221400 —219144 —80588 —38916 —8276
463204 +62766 423029 11355 42368

SG,13) +67528% 167082} +250963 +12623% +27713
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TaBLE XXI. Low-temperature lattice constants of connected graphs containing up to five
spins for the third equivalent neighbor model lattices.

LT fece(1,2,3) sc(1,2,3) bee(l,2,3)  AQ,2,3) sq.(1,2,3)
Graph qg=42 q=26 q =26 q=18 q=12
c, 1) 21 13 13 9 6
C3, 1) 124 44 44 27 10
C(3,2) 489 193 193 72 36
c@4, 1) 333 67 57 38 6
C4,2) 1320 288 288 117 30
c@4,3) 105 51 21 3 3
C@4,4) 5604 1212 1332 372 108
c,5) 11385 2833 2833 606 216
C@,6) 1904 544 464 58 28
CcG, 1) 48 72 12 4
CG,2) 636 516 42 28
C(s, 3) 192 108 18 0
C(5,4) 24 0 0 0
(s, 5) 1380 2028 495 82
C(5,6) 132 0 0 0
cGs, 7D 1152 780 312 48
C@, 8) 99 87 12 5
C@5,9 192 236 111 8
C(s, 10) 56 28 27 1
(s, 11) 1588 1708 450 52
C(5,12) 3180 3660 450 116
C(5,13) 6552 6096 1368 252
C(5,14) 1392 1788 336 52
C(5, 15) 2292 636 60 44
C(, 16) 18132 19500 3282 664
C(5,17) 10008 12984 1623 350
C(5,18) 3060 2712 186 58
C(5,19) 22440 20136 1458 488
C(s, 20) 707 343 5

3
CG, 21) 40957 41173 4953 1258
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TabLE XXII. Low-temperature lattice constants of separated graphs containing up to five spins for the
third equivalent neighbor model lattices.

L.T. f.cc(1,2,3) s.c.(1,2,3) b.cc.(1,2,3) A(1,2,3) 5.q.(1, 2, 3)

Graph q=42 q=26 q=26 qg=18 g=1
21 ~13 —13 -9 —6

S, 1 —21} —13} —13} —9} —6}
—1371 —531 —531 —234 —108
53, 1) —1392 —544 —544 —243 —~114
4758 +294 +294 +135 +62

56,2 +779% 13074 +3074 +144} 1683
—9824 2144 —2224 —812 —212

S@4,1) —9948 —2188 —2268 —839 -2
—21489 —5171 —5201 —1449 —459
54,2) —217094 —52554 —52854 —1489% —477
—43728 —10888 —10768 —2520 —876

54,3 —44217 —11081 —10961 —2592 —912
S 4 +88626 +21538 421538 46078 +1950
@49 +90459 +22251 422251 +6402 +2100
54,9 —34236 —8330 —8340 —2491 —794

, —35235% —8721% —87313 —2675% — 8804
s —3605 —-3271 —1233 —139
G, D —3672 —3328 —1271 —145
S65.2) —17340 —17616 —4218 —-762
, —17628 —~17904 —4335 —792
—3516 —1302 —123 —86
SG,3) —3567 —1323 —126 —89
56,4 —41008 —42564 —9858 —~1756
, —41580 —43136 —10101 —1816
S6.5) —77748 —87228 — 14676 —2968
; —78960 — 88560 —15048 —3076
6.6 1494512 +100020 +22548 +4114
. 497272 +102860 +23630 +4396
6. 7) —38924 —32836 —2562 —868
. —39468 —33300 —2620 —896
S6.8) —202145 —199985 —26322 —6568
, —204978 —202818 —26928 —6784
56,9) —206465 —206357 —30240 ~7188
. —208974 —208866 —30888 —7404
S6. 10) 1490986 1493548 485830 +19047
: +503229 +505821 +89466 420190
SG.1D 4520527 +512823 475765 +18342
s +534117 1526293 +79005 +19470
6. 12) —896715 —897935 —161604 —36106
, —929860 —931080 —171408 —39262
4267222 +268112 451495 +11423

56, 13) +279850% +280750% 554261 +126933
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The connected and separated graphs which are listed in the tables are tabulated below. Each graph is

denoted by either C(x, y) (connected) or S(x, y) (separated), where x is the number of vertices of the
graph and y serves to identify distinct topological types.

/

C(2.1)

AL A

c(3,1) C(3,2)

cla,1) Cc@,2) ca3) C(4,4) C(4,5) cl4,6)
R N e Rn
c(s51) C(5,2) C(5,3) c(5,4) C(5,5) c(5,6) C(5,7) C(5,8) C(5,9)
@ ) ! ) ] ¢ “C& ) ) A » 3 A
c(5,10) c(5,11) c(5,12) c(s13) c(5,14) C(5,15) c(5,18) c(5,17)
NN X AN

C(5,8) c(5,19) C(5,20) C(5,21)

[ ] [ ]

s(2,1)

VS

s(3.1n) 5(3,2)

N7 NG oo

S(4,1) S(4,2) $(4.3) 5(4,4) $(4,5)
R 7 S 15 AN NAVAVVANN ol
S(5,1) S(5,2) 5(5,3) S(5,4) s(5,5) 5(5,6) 8(5,7)
N AN N
S(5,8) 5(5,9) $(5,10) s(s1) $(5,12) $(5,13)
The high-temperature (I" > T,) expansions of the kT 1492 < b st
- o — X = D15,
zero-field susceptibility and zero-field partition func- m? %o + ” +§=1 eUrR

tion in Egs. (47) and (48) are most easily derived by 4nd

using the Van der Waerden identity (for details see

Domb?), by means of which the series are expressed log Z = log 2 + 4q, log {cosh (2J,/kT)}

in ascending powers of v, {= tanh (2J,/kT)} and ® -
v, {= tanh (2J,/kT)}. The expansion can be put in + 32 log {cosh (2J,/kT)} + 2 3P r,sV102

r4s=
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where b, , and P, ;can be expressed in terms of ¢, and
g, and the lattice constants of multiply connected

1301

The only new configurations introduced here are the
two diagrams

diagrams containing n.n. and n.n.n. bonds. These
expansions are valid for any regular lattice-structure.

Listed below are the coefficients b, , and P, , up to
orders six and seven, respectively. The coefficients
b,, and P, , can be obtained from b, ; and P, ; by
interchanging ¢, and g,, and n.n. bonds C(2, 1) with
n.n.n. bonds C,(2, 1). The notation scheme used below
to identify the different configurations contributing to
the expansion coefficients is fully explained by Dalton.'s

G Ky

which contribute to P, ., r + 5 = 7.

The High-Temperature Zero-Field Susceptibility Coefficients b, g

r+s=1:
byo = 1q:.
r+s=2:
byo = $q:(q, — 1),
b1 = 4142
r+s=3:

bs,o = }q,(q: — 1)2 - 3{1],
b2,1 = $0:19:(3q; — 2) — 3[T,].

r+s=4:

b4,0 = 3q:(q: — 1)3 — 4[S:] — 6(q; — DI[T,], _
b3,1 = %‘12(2‘1% —3q; + 1) — 4[S,] — 64,[T1] ~ (6q, — NI[T:],
bz,z = $0192(64:19> — 3q; — 3qs + 2) — 4Z,[S,] — (6q, — )[T;] — (69, — )[T;).

r+s=25;
bs,o = 3q9:(q1 — 1)‘1 — 5[P1] + 4[F\] — (84, — 8)[S:] — (945 — 18q, + 6)[T,],
by, = %“11‘12(5‘1§ - 12‘1% + 99, — 2) — 5[P,] + 4%,[F,] — 84,[S;] — (8¢, — 6)[S.]
— (184,94, — 12¢,)[Ty] — (94} — 14g; + (T,
by, = §(10qiq; — 129193 — 4qiqs + 39143 + 6qid> — 2q:95) — SE,[P1] + 43,[F,]
— (8q: — 2)[Ss] — (8q1 — DL,[S;] — (993 — 64.)[T]
~ (18419, — 449, — 84)[T3] — (947 — 10q, + 2)[T;].

r+s=6:
beo = 3q:(q: — 1)° — 6[H,] + 4[C,] + 4[B,] + 4[4,] — (10g, — 10)[P,] + (8¢, + 6)[F,]
~ (12g7 — 244, + 8)[S,] — (124§ — 364} + 30q, — 9)[T;],
bs1 = (3‘1$‘h — ¢19:)(q1 — 1)3 — 6[H,] + 4Z,[C,] + 4%,[B,] 4 4%,[C,] — 10g,[P,]
— (10g, — 8)[P;] + 8q,[F1] + 84.[F,] + (8¢, + 6)[F5] — (24419, — 164,)[S,]
—~ (12¢1 — 209, + 6)[S:] — (369,47 — 54419, + 1292)[T3] — (g, — 1)(12¢% — 18¢, + H)[T;],
b4,2 = $¢:92(q: — 1)(15‘1%‘12 — 15q:9, — 5‘1% + 7q1 + 3q, — 2) — 62,[H,] + 4%,[C,]
+ 4%,[B1] + 4Z,[A4,] — (10g, — 2)[P,] — (10g, — 6)X;[P1] + (8g, + 6)[F,)
+ 8¢x[F5] + 8q1[F,] + (84, + 6)(Zs[F,] — [F,)) — (12q§ — 8¢2)[S4]
— (244, — 12, — 44))[S:] — (12¢7 — 16g, + HZ,[S,] — (364,45 —
— (36419, — 42419, — 6q% + 49, + 8q, — 3)[T,] — (12¢% — 24¢% + 14q, — 2)[T3],
bs,s = 4:9x(109195 ~ 10giq> — 104,95 + 84192 + 24} + 44:9: + 2¢5 — 3q, — 3q, + 1)
— 6%,[H,] + 4%,[(C] + 4%,[B,] + 4%5[4,] — (10gy — HZ,[P]
— (10q, — HZ4[P,] + (89, + 6)[F,] + (8q: + 6)[F4] + 8go(Z,[F,] — [F,]D
+ 8q,(Zs[F1] — [Fa]) — (1295 — 12g, + 2)[S,] — (1247 — 12q, + 2)[S3]
— (249192 — 84: — 8qx)X,[S,] — (1243 — 18¢3 + 6¢,)[T,] ~ (1245 — 184} + 64,)[T,]
— (364193 — 1295 — 30q1q» + 84; + 4g)[T.] — (364iq> — 124% — 30,4, + 8q, + 44,)[Tsl.

184.9, — 1843 + 12¢,)[T;]
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The High-Temperature Zero-Field Partition
Function Coeficients P, ,

r+s=3:

Pyo = [13],

P2,1 = [T,].
r+s=4:

Py = [S.1,

P3,1 = [S,),

Py = [Ss] + [S4)
r+s=25:

Pso= {P.l,

Py, = [P.],

P3,2 = [Ps] + [P,].
r+s=6:

Pgo = [Hi] — [F,] = }[13],

JOURNAL OF MATHEMATICAL PHYSICS

N. W. DALTON AND D. W. WOOD

Py, = Z,[Hy] — [Fs],

P4,2 = 2,[H,] - (F5] — [Fe] — [F7] — [Fa] — T,

Pyg = Z5[H,] — [Fo] — [F3]).

r+s=7:

P = [G,] — 2[K,] — [B,] — 2[F,],

P, = Z4[Gi] = 2%,[K,] — [B;]
— [Bd] — [Bs] — 2[F;] — [F4],

Py, = 2,[G,] — 2%,[K,] — [B,] — [B,]
— [Bi1o] = [By2] — [Bis] — [Budl
— [Fs] = [F,] — [F],

Pyy = Z[Gy] — 255[K1] — [Bs] — [B;]
— [Bs] — [Ba1] — [By] — [Bas]
— [324] - [325] - [B26] - [F4]
— 2[F5] = 2[F¢] — [F7].
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Proof of the Symmetrization Postulate
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Institute of Theoretical Science and Department of Physics
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It is proved within the framework of nonrelativistic quantum mechanics that identical particles are
either boson or fermions. The starting assumptions are: (a) if y(x, - * - x,) is in the space X of allowed
states, then so is Py for every permutation P; (b) [Py|® = |y|? for all y € &, all allowed configurations
(x1-+"x,), and all y € X; (¢) ¥ is a vector space (principle of superposition); (d) every » € X is con-
tinuous along every path in the n-particle configuration space C; and (e) there is at least one physical
observable connecting each pair of irreducible components of C.

The available observational evidence is all con-
sistent with the postulate, called the symmetrization
postulate by Messiah,1? that allowed states of a system
of identical particles are either all symmetric or all
antisymmetric under permutations. Correct proofs of
the symmetrization postulate involve not only general
properties of physical observables and states of
identical particles, but also topological considerations
related to the connectivity properties of the configura-
tion space.>* These enter because symmetries more
complicated than Bose and Fermi are incompatible
with the continuity of allowed wavefunctions along

L A. Messiak, Quantum Mechanics (North-Holland Publ. Co.,
Amsterdam, 1962), Vol. 11, p. 595.

2 A. M. L. Messiah and O. Greenberg, Phys. Rev. 136, B248
(1964).

3 M. D. Girardeau, Phys. Rev. 139, B500 (1965).

4 M. Flicker and H. S. Leff, Phys. Rev. 163, 1353 (1967).

every path in configuration space; a path is connected
by definition.

Previous proofs were restricted either to systems
with spatially-connected configuration spaces® or to
particles without spin or other internal degrees of
freedom.* The proof sketched here lifts both of these
restrictions.

Consider a system of » identical particles with
allowed wavefunctions (x, - - x,), where x; stands
for the position r; and any internal variables (in-
cluding spin) of the jth particle. It will be necessary
to make use of several lemmas relating to the geometry
of configuration space. The extended one-particle
configuration space 8, is defined as the set of all x
(x stands for a typical x,). The forbidden one-particle
configuration space 8, is the set of all points of 8, at
which a/l allowed y vanish (i.c., ¥ vanishes when any
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every path in configuration space; a path is connected
by definition.

Previous proofs were restricted either to systems
with spatially-connected configuration spaces® or to
particles without spin or other internal degrees of
freedom.* The proof sketched here lifts both of these
restrictions.

Consider a system of » identical particles with
allowed wavefunctions (x, - - x,), where x; stands
for the position r; and any internal variables (in-
cluding spin) of the jth particle. It will be necessary
to make use of several lemmas relating to the geometry
of configuration space. The extended one-particle
configuration space 8, is defined as the set of all x
(x stands for a typical x,). The forbidden one-particle
configuration space 8, is the set of all points of 8, at
which a/l allowed y vanish (i.c., ¥ vanishes when any
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X; € 8,) as a result of constraints or boundary con-
ditions. The one-particle configuration space 8 =
8, — 8,. The distance between two points in § is

v ¥
x-xl=[e- 43— O

where 7, * - - 7, (assumed defined so as to be real) are
all internal variables (assumed discrete) included in
the one-particle configuration x. The extended con-
figuration space C, is the set of all ordered n-tuples
X = (x; - - - x,,) for which every x; € 8. The forbidden
configuration space C, is the set of all points of C, at
which every allowed (X) vanishes. C, need not be
null because of the possibility of two-particle con-
straints (e.g., hard cores). The configuration space
C = G, — C,. The distance between two points in Cis
n %
X = X| = [Zl(lxj - x;l)z] . )

=
Lemma 1: C,, C;, and C are all closed under

permutations.

Here permutations P are regarded as linear opera-
tors in C,, defined by X — PX where PX differs from
X by a permutation of x; ‘- x,. The lemma is a
trivial consequence of the previous definitions,
provided that p(PX)e I if and only if y(X)eI;
this we assume as part of the definition of identical
particles. Here JC is the space of allowed states of the
system.

Lemma 2: If C is not connected, then its connected
subspaces C, are permuted bodily under the action
of the transformations X — PX. C, which are images
of each other under permutations are congruent in
the usual geometrical sense.

This is a consequence of the fact that the permuta-
tions are orthogonal operators on C, i.e.,

|PX — PX'| = |X — X'|.

Divide the set of all C, into classes J;, such that
all C, in a given class are congruent but the C, in
different classes are not. If all the C, in J; are images
of each other under permutations, then the subspace
of C composed of the union of all C, € X; is said to
be irreducible ; otherwise it is reducible. Every reducible
subspace can be decomposed into irreducible ones.

Lemma 3: C can be decomposed into irreducible
subspaces each of which is either connected or is the
union of congruent subspaces each of which is
connected.
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Lemma 4: Assume the following: (a) if p(x, - - x,)
is in the space J of allowed states, then so is Py for
every permutation P, (b) |Py[* = |y|* for all P, all
allowed configurations (x,---x,), and all pe X,
(c) ¥ is a vector space (principle of superposition),
(d) every v € X is continuous along every path in the
n-particle configuration space C, and suppose that C
is irreducible. Then either all ¢ € J are completely
symmetric, or else all are completely antisymmetric.

We note first that the same conclusion has already
been established* for the special case of connected C.
This restriction is severe; in particular, it rules out
particles with spin or other internal degrees of freedom,
as a consequence of (1) and (2). However, the same
method of proof shows34 that in the general case

Py(X) = Cp(X)p(X), 3
where

CQP(X) = CQ(X)CP(X)s QCp(X) = Cp(X). (4)

Since C is irreducible, it consists of congruent con-
nected subspaces C, which are all images of each other
under appropriate permutations. It follows from the
first Eq. (4) that the Cp(X) form a scalar representa-
tion of the permutation group at each fixed X, so
that Cp(X) = +1 at each X. By the definition of C
(G excluded from C), at each X eC there is a
yp € X such that p(X) 5 0. If Cp(X) jumped from
+1 to —1 at the point X € C,, the wavefunction
Py € X would be discontinuous at X, contradicting
hypothesis (d). Hence Cp(X) is constant in each C,:

Cp(X)=Cp,, XeC,. (5
By irreducibility of C, for any X €C, and any
there is a permutation Q such that QX € C,. It then

follows from (5) and the second Eq. (4) that Cp,
is, in fact, independent of «, i.e.,

Py(X) = Cpy(X) (6)

for all X € C. Since the Cp form a scalar representa-

tion of the permutation group, the conclusion of
Lemma 4 follows.

Lemma 5: Assume hypotheses (a), (b), (c), and (d).
Denote the irreducible subspaces of C by C*. Then

Py(X) = Cpp(X), XeC, (7
where, for each fixed », C}, is either the Bose repre-

sentation C}, = 1 (all P) or the Fermi representation
Clv_) — (_l)p(P)'

This follows from Lemmas 3 and 4.
To complete the proof of the symmetrization
postulate it is necessary to dispose of the possibility
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that the Bose representation might hold in some C¥
and the Fermi representation in others. This can be
done by making use of properties of physical observ-
ables. We note first that every physical observable O
commutes with every permutation of identical parti-
cles:

[0, P]=0. (8

This is not an additional assumption; it follows®
from the assumptions® that Oy € J€ if p € X and that

[Pyl? = [y

Theorem (Symmetrization): Assume hypotheses (a)-
(d), and (e) there is at least one physical observable
connecting each pair of irreducible components of C
in the sense that, for every pair of irreducible sub-
spaces C#, C¥, one assumes the existence of at least
one physical observable O** which connects C* and
Cin the sense that

O*y¥(X) 5 0 for some y* € i and some X € C#,

where "(X) =0 for all X ¢ C*. (9)

Then either all y € J€ are completely symmetric, or
else all are completely antisymmetric.

Note first that

PO (X)) = 0[Py’ (X)] = O"'[Cpy'(X)]
= CLO"y'(X), all Xe€C, (10)

where the first equality follows from (8) and the
second equality follows from Lemma 5 if XeC,
and otherwise follows trivially from the vanishing of
9'(X) [hence, Py*(X)]if X ¢ C" (recall that |Py*|2 =
[¥*[®). Applying Lemma 5 again with p = O*"y" and
X € C#, one has

X e C*,

P[0""y"(X)] = CH[O*y"(X)], (11)

Thus,
(Cp — C1)OMp(X) =0, XeCH (12)

Then, by (9), C{. = C}).forall pand v, ie., C4 = Cp,

5 It was shown in the course of a previous proof (see Ref. 3) that
[Py)l(X)]*Pzpz(X)=1pf(X)w2(X) as a consequence of |Py(X)|?=
[@(X)|? for all y € J€ and the linearity of 3. Take y, = P~ Yy, ,y, =
Oy where {y,} is any complete orthonormal set. Then straight-
forward algebra yields (yq, POyp) = (a, OPyg), from which (8)
follows.

§ Strictly speaking, one should only require that Oy be defined
on a dense subset of JC. This complicates the analysis but does not
change the conclusion (8).

M. D. GIRARDEAU

independent of u. The theorem then follows by the
usual argument (the Cp form a scalar representation
of the permutation group).

In order to make the theorem relevant to the real
world it is necessary to show that physical observables
O™ satisfying (9) can be found. Note first that such
an 0" can be represented as an integral” operator

O*'y(X) =fK‘“(X, XX dX’ (13)

with a kernel K*¥ which is nonvanishing when X is in
some subspace of C* and X’ in some subspace of C.
The requirement (8) is satisfied by O#* if

K™(PX, PX') = K™(X, X'). (14)

As an example, consider a system of # electrons in a
box. Then each irreducible component of C consists
of all configurations with the same value of the z
component of total spin angular momentum; there
are 25 + 1 such C*, where S = in. The K*” can then
be chosen so that each O*¥ is an appropriate power of
S, or S_ where S, =S, £ iS,and S, S,, S, are the
components of the total spin angular momentum.
Eq. (9) is then satisfied for these O**. It might be
objected that if n ~ 10%%, some of the required O*"
are very high powers of S, or S_, which one might
object to regarding as physically observable. How-
ever, the proof of the symmetrization theorem could
be refined in this case by proving equality of C% and
C} only for “adjacent” subspaces C* and C*; equality
for all such special choices implies equality for all u
and ».

It is not possible to give a mathematical proof of
the existence of physical observables O** satisfying
(9) for the case of a completely general system of
identical particles. However, such a proof should not
be sought; the existence of such 0*” should really be
regarded as part of the definition of identical particles.
If two subspaces of € could net be connected by any
conceivable physical process, then the particles
associated with those subspaces would behave as
operationally distinct species.
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